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Preface

Welcome to "Mastering the AMC 10: A Comprehensive Guide to Success in
Math Competitions." This book is the result of countless hours of dedication
and passion, designed to help you excel in AMC 10.

This guide is crafted to be your steadfast companion on your path to
mastering the AMC 10. Whether you’re an experienced participant or a
newcomer embarking on this journey, this book caters to all levels. It is
divided into four crucial sections: algebra, geometry, number theory, and
combinatorics.

Each chapter commences with a concise summary of key points, en-
compassing essential formulas, pivotal concepts, and problem-solving tech-
niques. Following this are a range of practice problems, drawn from both
past AMC 10 contests and other reputable math competitions, ensuring your
readiness for any challenge that may arise.

Achieving success in math competitions extends beyond mere mathe-
matical prowess; it involves mindset, dedication, and practice. We provide
valuable tips and strategies for effective time management, overcoming
test anxiety, and ensuring thorough preparation for exam day.

We aspire for this comprehensive guide to serve as the catalyst unlocking
your full mathematical potential, propelling you toward success in the AMC
10 and beyond. Remember, the journey is as significant as the destination,
and we encourage you to embrace the learning process while savoring the
beauty of mathematics along the way.
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Chapter 1

Algebra

1.1 Formula List

Exponent Rules

1. 0 = 1, if  ̸= 0.

2. − = 1
 .

3. b = +b, 


b
= −b.

4. ()b = b = (b).

5. 210 = 1024,442 = 1936,452 = 2025,762 = 5776.

Quadratics

1. Vertex form: 2 + b + c = ( − h)2 + k reaches its min/max where
h = − b

2 .

2. Factor form: 2 + b + c = ( − 1)( − 2).

3. 2 + b + c = 0 has real solutions  = −b±
p
b2−4c
2 when the discrimi-

nant b2 − 4c ≥ 0.

4. Vieta’s Theorem: 1 + 2 = − b , 12 =
c
 .

Simon’s Favorite Factoring Trick

1. b +  + b + 1 = ( + 1)(b + 1).

2. b − 3 − 4b + 12 = ( − 4)(b − 3).

3. 2b − 6 − 5b + 15 = (2 − 5)(b − 3)

Perfect square and cube

1. ( ± b)2 = 2 ± 2b + b2.

2. ( ± b)3 = 3 ± 32b + 3b2 + b3.

1



2 CHAPTER 1. ALGEBRA

Binomial Theorem

1. ( + y)n =
∑n
k=0

�n
k

�

kyn−k.

2. Let  = y = 1. Then 2n =
∑n
k=0

�n
k

�

.

3. Let  = 1, y = −1. Then
∑� n

een

�

=
∑� n

odd

�

.

4. Multinomial Theorem:

(1 + 2 + · · · + k)n =
∑

j1,j2,...,jk
0≤j≤n for each 
and j1+...+jk=n

�

n

j1, j2, . . . , jk

�


j1
1 

j2
2 · · ·

jk
k

where
� n
j1,j2,...,jk

�

=
n!

j1! · j2! · · · jk!
.

Difference of Powers

1. 2 − y2 = ( − y)( + y).

2. 3 − y3 = ( − y)(2 + y + y2).

3. 4 − y4 = ( − y)(3 + 2y + y2 + y3).

4. n − yn = ( − y)(n−1 + n−2y + · · · + yn−2 + yn−1).

5. n − yn is always divisible by  − y.

Sum of Powers

1. 3 + y3 = ( + y)(2 − y + y2).

2. n + yn = (+ y)(n−1 − n−2y + ...+ (−1)kn−1−kyk + ...+ yn−1), if n is
odd.

3. n + yn is always divisible by  + y, if n is odd.

4. 1k + 2k + ... + nk is always divisible by 1 + 2 + ... + n for odd integer k.

5. Sophie Germain Identity: 4 + 4b4 = (2 + 2b2 − 2b)(2 + 2b2 + 2b)

Inequality

1. Trivial Inequality: 2 ≥ 0.

2. AM-GM Inequality: For any real numbers 1, 2, . . . , n ≥ 0,

1 + 2 + · · · + n
n

≥ n
p

12 · · ·n

with equality if and only if 1 = 2 = · · · = n.
Special case: 2 + y2 ≥ 2y;  + y ≥ 2py.
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3. Cauchy-Schwarz Inequality: For any list of reals 1, 2, . . . , n and b1, b2, . . . , bn,

(21 + 
2
2 + · · · + 

2
n
)(b21 + b

2
2 + · · · + b

2
n
) ≥ (1b1 + 2b2 + · · · + nbn)2,

with equality if and only if there exists a constant t such that  = tb
for all 1 ≤  ≤ n, or if one list consists of only zeroes.

4. Triangle Inequality: The sum of the lengths of any two sides of a non-
degenerate triangle is greater than the length of the third side.

Radical

1.
Æ

 + b ± 2
p
b =
q

(
p
 ±
p
b)2 =

p
 ±
p
b

2.
Æ

3 + 2
p
2 =
p
2 + 1

3.
Æ

8 − 2
p
15 =

p
5 −
p
3

4.
Æ

74 − 12
p
30 =
Æ

74 − 2
p
1080 =
Æ

54 + 20 − 2
p
54∗ 20 =

p
54−
p
20

5.
Æ

6 +
p
11 +
Æ

6 −
p
11 =

√

√
�Æ

6 +
p
11 +
Æ

6 −
p
11
�2
=
p
22

More than Two Variables

1. ( + 1)(b + 1)(c + 1) = bc + (b + c + bc) + ( + b + c) + 1

2. ( + b + c)2 = 2 + b2 + c2 + 2(b + bc + c)

3. 2 + b2 + c2 ± (b + bc + c) = 1
2( ± b)

2 + 1
2(b ± c)

2 + 1
2(c ± )

2

4. ( + b + c)3 = 3 + b3 + c3 + 3( + b)( + c)(b + c)

5. 3 + b3 + c3 − 3bc = ( + b + c)(2 + b2 + c2 − b − c − bc)

6. 1+2+32+ ...+(n+1)n+nn+1+ ...+2n = (1++2+3+ ...+n)2

7. Vieta’s theorem for cubic polynomial: Let P() = 33+ 22+ 1+ 0
with roots r, s, t, then r + s + t = − 23 , rs + rt + st =

1
3
, and rst = − 03 .

Sequences

1. 1 + 2 + ... + n = n(n + 1)/2

2. 12 + 22 + 32 + ...n2 = n(n + 1)(2n + 1)/6

3. 13 + 23 + 33 + ... + n3 = (1 + 2 + ... + n)2 = [n(n + 1)/2]2

4. Arithmetic sequence: n = 1 + (n − 1)d, Sn = 1+n
2 n.

5. Geometric sequence: n = 1rn−1, Sn = 1 + 2 + ... + n =
1(1−rn)
1−r ,

S∞ = 1 + 2 + ... + n + ... =
1
1−r , when |r| < 1.

Speed, Time, Distance
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1. Distance=Speed*Time.

2. Average Speed=Total Distance
Total Time , not the average of speeds.

3. Problem Solving Strategy: For the each scenario, list the Distance=Speed*Time
equation; Use the common variable in different scenarios.

Examples

1. If  = 3, b = 2, find ( + b)(2 + b2)(4 + b4)(8 + b8).
Solution:

( + b)(2 + b2)(4 + b4)(8 + b8) = ( − b)( + b)(2 + b2)(4 + b4)(8 + b8)
= (2 − b2)(2 + b2)(4 + b4)(8 + b8)
= (4 − b4)(4 + b4)(8 + b8)
= (8 − b8)(8 + b8)
= 16 − b16

= 316 − 216.

2. 2006 iTest Problem 25: The expression

(1 + 2 + · · · + 10)(13 + 23 + · · · + 103)

(12 + 22 + · · · + 102)2

reduces to m
n , where m and n are relatively prime positive integers.

Find m + n.
Solution:It is equal to

10·11
2 · (

10·11
2 )2

(10·11·216 )2
=
55

49
.

Thus, m + n = 104.

3. 2 + b2 + c2 = b + bc + c, find  + b − 2c.
Solution: 2+b2+c2− (b+bc+c) = 1

2(−b)
2+ 1

2(b−c)
2+ 1

2(c−)
2 =

0. So  − b = b − c = c −  = 0,  = b = c. Thus  + b − 2c = 0.

4. Solve
p

32 − 4 + 26 +
p

32 − 4 + 17 = 9
Solution: Let y =

p

32 − 4 + 17. Then
q

y2 + 9 + y = 9, y2 + 9 = 81 − 18y + y2, y = 4.

32 − 4 + 17 = 16,  = 1or1/3.

5. 2018 AMC 10A Problem 10: Suppose that real number  satisfies
Æ

49 − 2 −
Æ

25 − 2 = 3.

What is the value of
p

49 − 2 +
p

25 − 2?

Solution: Consider
�p

49 − 2 +
p

25 − 2
� �p

49 − 2 −
p

25 − 2
�

=

(49 − 2) − (25 − 2) = 24. Thus
p

49 − 2 +
p

25 − 2 = 8.
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6. 2013 AMC 12B Problem 17: Let , b, and c be real numbers such that

 + b + c = 2,

2 + b2 + c2 = 12

What is the difference between the maximum and minimum possible
values of c?
Solution: 2 + b2 ≥ 2b. (+ b)2 = 2 + b2 + 2b ≤ 2 + b2 + 2 + b2 =
2(2 + b2). Then (2 − c)2 ≤ 2(12 − c2),−2 ≤ c ≤ 10/3.

7. 2010 AIME I Problem 3: Suppose that y = 3
4 and y = y. Find  + y.

Solution: Substitute y = 3
4 into y = y: 

3
4 =
�

3
4
�
, then 

3
4 = 3

4,


1
4 = 4

3 .  =
256
81 , y =

192
81 .  + y =

448
81 .

8. Find the largest integer smaller than or equal to

T =

√

√

20 +

s

20 +

r

20 +
q

20 +
p

20.

Solution: Let  =

s

20 +

r

20 +
Ç

20 +
Æ

20 +
p
20 + .... Then 2 =

20 + ,  = 5. So
p
20 < T <  = 5. [T] = 4.

9. If










































 + b + c + d + e = 1
b + c + d + e + ƒ = 2
c + d + e + ƒ + g = 3
d + e + ƒ + g +  = 4
e + ƒ + g +  + b = 5
ƒ + g +  + b + c = 6
g +  + b + c + d = 7

.

What is g?
Solution: Add all equations together to have 7(+b+c+d+e+ ƒ+g) =
28 so  + b + c + d + e + ƒ + g = 4. Thus











































ƒ + g = ( + b + c + d + e + ƒ + g) − ( + b + c + d + e) = 4 − 1 = 3
g +  = 2
 + b = 1
b + c = 0
c + d = −1
d + e = −2
e + ƒ = −3

.

Then  + b + c + d + e + ƒ = 1 − 1 − 3 = −3. So g = 4 − (−3) = 7.
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10. 1990 AIME Problem 15: Find 5 + by5 if the real numbers , b, , and
y satisfy the equations

 + by = 3,

2 + by2 = 7,

3 + by3 = 16,

4 + by4 = 42.

Solution: Let An = n + byn. Then, A1 = 3, A2 = 7, A3 = 16, A4 = 42,
also

An ∗ ( + y) = An+1 + (y)∗ An−1

A2 ∗ ( + y) = A3 + (y)∗ A1

A3 ∗ ( + y) = A4 + (y)∗ A2

Solve the equation for  + y and y :  + y = −14 and y = −38.
Substitute them into A4 ∗ ( + y) = A5 + (y)∗ A3. 5 + by5 = 20.

1.2 Algebra Manipulation Practice Problems

1. Evaluate
Ç

5 −
Æ

13 +
p
48.

2. Evaluate
Æ

9 − 6
p
2 +
Æ

9 + 6
p
2.

3. Evaluate
Æ

3p4 − 1 +
Æ

3p16 − 3p4.

4. , and b are positive numbers such that  + 1
b = 5, and b + 1

 = 7.
compute b + 1

b

5.
¨

 + y +
p

 + y = 30
 − y +
p

 − y = 12
.

6. Solve ( + 1)( + 2)( + 3) = 3 for x.

7. Solve (1 + 2)2 − 2 − 3 = 0 for x.

8. Computer the value

s

10
r

80
Ç

10
Æ

80p....

9. Computer the value

s

21 +
r

22 +
q

24 +
p

28 + ....

10. If 3 − y2 = 2, find 9 − 63y2 − y6.

11. Given 
b =

b
c =

c
d , find
�

+b+c
b+c+d

�3
− 

d .

12. Given −c
b+c +

b−
+c +

c−b
+b = 1, find +b

b+c +
b+c
+c +

c+
+b = 1.
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13. Given 
b+c =

b
+c =

c
+b , find (+b)2

c2
+ (+c)

2

b2
+ (b+c)

2

2

14. Given 1
−b +

1
b−c +

1
c− =

3
2 , find 1

(−b)2 +
1

(b−c)2 +
1

(c−)2

15. Given bc = 1, find 1
1++b +

1
1+b+bc +

1
1+c+c .

16. Given b+c
 = c+

b = +b
c , find (+b)(b+c)(c+)

bc .

17. Given  + b/c = b + c/ = c + /b = 1, find b + bc + c.

18. Given 2 + b = b2 + c = c2 + , find (2 − b2) + b(b2 − c2) + c(c2 − 2).

19.






y + z = 8 − 2

y + yz = 12 − y2

yz + z = −4 − z2
.

20. Given










 + 1
y = 4

y + 1
z = 1

z + 1
 =

7
3

.

Find yz.

21. Let n2 − 6n + 1 = 0, find n6 + n−6.

22. Find the positive difference between roots of 2 − p + (p2 − 1)/4 = 0.

23. Let r be a root of 2 − 2 + 3, find the value of r4 − 4r3 + 2r2 + 4r + 3.

24.  + b + c = 7 and b + bc + c = −5, find 2 + b2 + c2.

25. Find 2 + b2 + c2 − (b + bc + c) if  = 2021, b = 2022, c = 2023.

26. If  + b + c = 0, find 3 + b3 + c3 − 3bc.

27. Given 3 + y3 = 9 and 2y + y2 = 6, find  + y

28. Find all pairs of primes whose square difference is prime.

29. Solve 5 + 54 + 103 + 102 − 5 + 1 = 10.

30. Let ƒ () =
Æ

k2 − 2(k − 3) + 4 be defined for all values  ≥ 0. find the
range of k.

31. Find the sum of the roots of 35+1 + 34−1 − 33+2 + 32−1 + 9 = 0.

32. Given 1/ + 1/b + 1/c = 0, find b
c2
+ bc

2
+ c

b2

33. Given 1/( + b + c) = 1/ + 1/b + 1/c, find 1
3+b3+c3

− 1
3
− 1

b3
− 1

c3

34. If  + b + c = 24 find the maximum value of b + bc + c
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35. Solve ( + 1)9 + ( + 1)8( − 1) + ... + ( − 1)9 = 0.

36. 1978 ARML: ( − 3)3 + ( + 4)3 = (2 + 1)3 hint: let A =  − 3, and
B =  + 4.

37. 1998 HMMT: Assume three of the roots of 4 + 2 + b + c = 0 are -2,
-3, and 5, find  + b + c.

38. 2002 Indonesia MO Problem 3: Find all real solutions from the following

system of equations:







 + y + z = 6
2 + y2 + z2 = 12
3 + y3 + z3 = 24

39. Mock AIME 1 Pre 2005 Problem 9:p, q, and r are three non-zero integers
such that p + q + r = 26 and

1

p
+
1

q
+
1

r
+
360

pqr
= 1

Compute pqr.

40. Mock AIME 3 Pre 2005 Problem 4: ζ1, ζ2, and ζ3 are complex numbers
such that

ζ1 + ζ2 + ζ3 = 1

ζ21 + ζ
2
2 + ζ

2
3 = 3

ζ31 + ζ
3
2 + ζ

3
3 = 7

Compute ζ71 + ζ
7
2 + ζ

7
3.

41. 2004 Indonesia MO Problem 5: Given a system of equations:






1 + 42 + 93 + 164 + 255 + 366 + 497 = 1
41 + 92 + 163 + 254 + 365 + 496 + 647 = 12
91 + 162 + 253 + 364 + 495 + 646 + 817 = 123

Then determine the value of S = 161 + 252 + 363 + 494 + 645 +
816 + 1007.

42. 2005 Indonesia MO Problem 6: Find all triples (, y, z) of integers which
satisfy

(y + z) = y2 + z2 − 2

y(z + ) = z2 + 2 − 2

z( + y) = 2 + y2 − 2

43. 2006 Indonesia MO Problem 1: Find all pairs (, y) of real numbers
which satisfy 3 − y3 = 4( − y) and 3 + y3 = 2( + y).
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44. 2007 Indonesia MO Problem 6: Find all triples (, y, z) of real numbers
which satisfy the simultaneous equations

 = y3 + y − 8

y = z3 + z − 8

z = 3 +  − 8.

45. 2006 Cyprus MO/Lyceum Problem 6: What is the value of the expres-
sion K =
Æ

19 + 8
p
3 −
Æ

7 + 4
p
3?

(A) 4 (B) 4
p
3 (C) 12 + 4

p
3 (D) − 2 (E) 2

46. 2006 ARML: The two equations y = 4 − 52 −  + 4, and y = 2 −
3 intersect at four points (1, y1), (2, y2), (3, y3), (4, y4). Computer
y1 + y2 + y3 + y4.

47. 2007 Cyprus MO/Lyceum Problem 11: If X = 1
2007

p
2006+2006

p
2007

and

Y = 1p
2006
− 1p

2007
, which of the following is correct?

(A) X = 2Y (B) Y = 2X (C) X = Y (D) X = Y2 (E) Y = X2

48. 2007 Cyprus MO/Lyceum Problem 13: If 1, 2 are the roots of the
equation 2 +  + 1 = 0 and 3, 4 are the roots of the equation
2 + b + 1 = 0, then the expression 1

234
+ 2

134
+ 3

124
+ 4

123
equals to

(A) 2+b2−2 (B) 2+b2 (C) 
2+b2
2 (D) 2+b2+1 (E) 2+

b2 − 4

49. 2007 UNCO Math Contest II Problem 4: If  is a primitive cube root of
one (this means that 3 = 1 but  ̸= 1) compute the value of

2006 +
1

2006
+ 2007 +

1

2007
.

50. 2008 UNCO Math Contest II Problem 7: Determine the value of  so that
the following fraction reduces to a quotient of two linear expressions:

3 + ( − 10)2 −  + ( − 6)

3 + ( − 6)2 −  + ( − 10)

51. 2006 iTest Problem 31: The value of the infinite series

∞
∑

n=2

n4 + n3 + n2 − n + 1

n6 − 1

can be expressed as p
q where p and q are relatively prime positive

numbers. Compute p + q.
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52. 2006 iTest Problem U1: Find the real number  such that
p

 − 9 +
p

 − 6 =
p

 − 1.

53. 2007 iTest Problem 39: Let a and b be relatively prime positive integers
such that a/b is the sum of the real solutions to the equation 3p3 − 4+
3p5 − 6 = 3p

 − 2 + 3p7 − 8. Find  + b.

54. 2008 iTest Problem 76: During the car ride home, Michael looks back
at his recent math exams. A problem on Michael’s calculus mid-term
gets him starting thinking about a particular quadratic,

2 − s + p,

with roots r1 and r2. He notices that

r1 + r2 = r21 + r
2
2 = r

3
1 + r

3
2 = · · · = r

2007
1 + r20072 .

He wonders how often this is the case, and begins exploring other
quantities associated with the roots of such a quadratic. He sets out to
compute the greatest possible value of

1

r20081

+
1

r20082

.

Help Michael by computing this maximum.

55. 2008 iTest Problem 85: Let (, b, c, d) be a solution to the system

 + b = 15,
b + c + d = 78,
d + bc = 160,

cd = 96.

Find the greatest possible value of 2 + b2 + c2 + d2.

56. 2008 iTest Problem 86: Let , b, c, and d be positive real numbers such
that

2 + b2 = c2 + d2 = 2008,
c = bd = 1000.

If S =  + b + c + d, compute the value of ⌊S⌋.

57. 2010 UNCO Math Contest II Problem 4: Factor n4 + 2n3 + 2n2 + 2n + 1
completely.

58. 2014 PUMAC: Given 4( + y + z) = 2 + y2 + z2, find the minimal and
maximum of y + yz + z
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59. Math league 1982-1983:

2 − y + y2 = 7
 − y + y = −1

60. Math league 1990-1991:

2 + y + y2 = 84
 +
p
y + y = 14.

61. 2014 UNM-PNM Statewide High School Mathematics Contest II Problem
6: How many triples (, y, z) of rational numbers satisfy the following
system of equations?

 + y + z = 0
yz + 4z = 0

y + z + yz + 2y = 0

62. 2017 UNM-PNM Statewide High School Mathematics Contest II Problem
5: Find all real triples (, y, z) which are solutions to the system:

3 + 2y + 2z = 40

y3 + y2 + y2z = 90

z3 + z2 + z2y = 250

63. 1963 AHSME Problem 21: The expression 2 − y2 − z2 + 2yz + + y − z
has:

(A) no linear factor with integer coefficients and integer exponents
(B) the factor −  + y + z
(C) the factor  − y − z + 1
(D) the factor  + y − z + 1
(E) the factor  − y + z + 1

64. 1963 AHSME Problem 40: If  is a number satisfying the equation
3p
 + 9 − 3p

 − 9 = 3, then 2 is between:

(A) 55 and 65 (B) 65 and 75 (C) 75 and 85
(D) 85 and 95 (E) 95 and 105

65. 1980 AHSME Problem 27: The sum
3
Æ

5 + 2
p
13 +

3
Æ

5 − 2
p
13 equals

(A) 3
2 (B)

3p65
4 (C) 1+ 6p13

2 (D) 3p2 (E) none of these

66. 1980 AHSME Problem 29: How many ordered triples (x,y,z) of integers
satisfy the system of equations below?

2 − 3y + 2y2 − z2 = 31
−2 + 6yz + 2z2 = 44
2 + y + 8z2 = 100
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(A) 0 (B) 1 (C) 2
(D) a finite number greater than 2
(E) infinitely many

67. 1986 AHSME Problem 30: The number of real solutions (, y, z,) of the
simultaneous equations 2y = + 17 ,2z = y+

17
y ,2 = z+

17
z ,2 =+

17


is

(A) 1 (B) 2 (C) 4 (D) 8 (E) 16

68. 1987 AHSME Problem 28: Let , b, c, d be real numbers. Suppose that
all the roots of z4 + z3 + bz2 + cz + d = 0 are complex numbers lying
on a circle in the complex plane centered at 0 + 0 and having radius
1. The sum of the reciprocals of the roots is necessarily

(A)  (B) b (C) c (D) −  (E) − b

69. 1991 AHSME Problem 20: The sum of all real  such that (2 − 4)3 +
(4 − 2)3 = (4 + 2 − 6)3 is

(A) 3
2 (B) 2 (C) 5

2 (D) 3 (E) 7
2

70. 2000 AMC 10 Problem 15: Two non-zero real numbers,  and b, satisfy
b =  − b. Find a possible value of 

b +
b
 − b.

71. 2002 AMC 10A Problem 16: Let  + 1 = b + 2 = c + 3 = d + 4 =  + b +
c + d + 5. What is  + b + c + d?

(A) − 5 (B) − 10/3 (C) − 7/3 (D) 5/3 (E) 5

72. 2015 AMC 10A Problem 16: If y + 4 = ( − 2)2,  + 4 = (y − 2)2, and
 ̸= y, what is the value of 2 + y2?

(A) 10 (B) 15 (C) 20 (D) 25 (E) 30

73. 2007 AMC 10A Problem 20: Suppose that the number  satisfies the
equation 4 =  + −1. What is the value of 4 + −4?

(A) 164 (B) 172 (C) 192 (D) 194 (E) 212

74. 2010 AMC 10A Problem 21: The polynomial 3 − 2 + b − 2010 has
three positive integer roots. What is the smallest possible value of ?
(A) 78 (B) 88 (C) 98 (D) 108 (E) 118

75. 2012 AMC 10A-24: Let ,b, and c be positive integers with  ≥ b ≥ c
such that 2−b2−c2+b = 2011, and 2+3b2+3c2−3b−2c−2bc =
−1997, what is ?

76. 2013 AMC 10B Problem 11: Real numbers  and y satisfy the equation
2 + y2 = 10 − 6y − 34. what is  + y?

77. 2018 AMC 10A Problem 10: Suppose that real number  satisfies
Æ

49 − 2 −
Æ

25 − 2 = 3.

What is the value of
p

49 − 2 +
p

25 − 2?
(A) 8 (B)

p
33 + 8 (C) 9 (D) 2

p
10 + 4 (E) 12
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78. 2020 AMC 10A Problem 21: There exists a unique strictly increasing
sequence of nonnegative integers 1 < 2 < ...,< k such that

2289 + 1

217 + 1
= 21 + 22 + ... + 2k .

What is k?
(A) 117 (B) 136 (C) 137 (D) 273 (E) 306

79. 2000 AMC 12 Problem 22: The graph below shows a portion of the
curve defined by the quartic polynomial P() = 4 + 3 + b2 + c+ d.
Which of the following is the smallest?
(A) P(−1)
(B) The product of the zeros of P
(C) The product of the non-real zeros of P
(D) The sum of the coefficients of P
(E) The sum of the real zeros of P

80. 2002 AMC 12B Problem 19: If , b, and c are positive real numbers
such that (b + c) = 152, b(c + ) = 162, and c( + b) = 170, then bc
is

(A) 672 (B) 688 (C) 704 (D) 720 (E) 750

81. 2003 AMC 12A-25: Let ƒ () =
p

2 + b. For how many real values of
 is there at least one positive value of b for which the domain of ƒ and
the range of ƒ are the same set.

82. 2004 AMC 12B Problem 17: For some real numbers  and b, the equation83+
42 + 2b +  = 0has three distinct positive roots. If the sum of the
base-2 logarithms of the roots is 5, what is the value of ?

(A) − 256 (B) − 64 (C) − 8 (D) 64 (E) 256

83. 2004 AMC 12A Problem 23: A polynomial

P() = c20042004 + c20032003 + ... + c1 + c0
has real coefficients with c2004 ̸= 0 and 2004 distinct complex zeroes
zk = k + bk , 1 ≤ k ≤ 2004 with k and bk real, 1 = b1 = 0, and

2004
∑

k=1

k =
2004
∑

k=1

bk.



14 CHAPTER 1. ALGEBRA

Which of the following quantities can be a non zero number?

(A)c0 (B)c2003 (C)b2b3...b2004 (D)
∑2004
k=1 k (E)

∑2004
k=1 ck

(A) 2 (B) 10
3 (C) 4 (D) 16

3 (E) 20
3

84. 2011 AMC 12B-problem 21: the arithmetic mean of two distinct posi-
tive integers x and y is a two-digit integer. The geometric mean of x
and y is obtained by reversing the digits of the arithmetic mean. What
is |x-y|?

85. 2013 AMC 10B Problem 21: Two non-decreasing sequences of nonneg-
ative integers have different first terms. Each sequence has the prop-
erty that each term, beginning with the third, is the sum of the previous
two terms, and the seventh term of each sequence is N. What is the
smallest possible value of N?

(A) 55 (B) 89 (C) 104 (D) 144 (E) 273

86. 1983 AIME Problem 5: Suppose that the sum of the squares of two
complex numbers  and y is 7 and the sum of the cubes is 10. What is
the largest real value that  + y can have?

87. 1984 AIME Problem 15: Determine 2 + y2 + z2 + 2 if

2

22 − 1
+

y2

22 − 32
+

z2

22 − 52
+

2

22 − 72
= 1

2

42 − 1
+

y2

42 − 32
+

z2

42 − 52
+

2

42 − 72
= 1

2

62 − 1
+

y2

62 − 32
+

z2

62 − 52
+

2

62 − 72
= 1

2

82 − 1
+

y2

82 − 32
+

z2

82 − 52
+

2

82 − 72
= 1

88. 1986 AIME Problem 2:Evaluate the product
�p

5 +
p

6 +
p

7
� �p

5 +
p

6 −
p

7
� �p

5 −
p

6 +
p

7
� �

−
p

5 +
p

6 +
p

7
�

.

89. 1987 AIME Problem 5:Find 32y2 if  and y are integers such that y2 +
32y2 = 302 + 517.

90. 1987 AIME Problem 8: What is the largest positive integer n for which
there is a unique integer k such that 8

15 <
n

n+k <
7
13?

91. 1990 AIME Problem 2: Find the value of (52+6
p
43)3/2−(52−6

p
43)3/2.

92. 1990 AIME Problem 4: Find the positive solution to

1

2 − 10 − 29
+

1

2 − 10 − 45
−

2

2 − 10 − 69
= 0.
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93. 1991 AIME Problem 1: Find 2+ y2 if  and y are positive integers such
that

y +  + y = 71,

2y + y2 = 880.

94. 1991 AIME Problem 7: Find A2, where A is the sum of the absolute
values of all roots of the following equation:

 =
p
19 + 91p

19+ 91
p
19+ 91
p
19+ 91
p
19+ 91

95. 1993 AIME Problem 4: How many ordered four-tuples of integers (, b, c, d)
with 0 <  < b < c < d < 500 satisfy  + d = b + c and bc − d = 93?

96. 1995 AIME Problem 2: Find the last three digits of the product of the
positive roots of

p
1995log1995  = 2.

97. 1996 AIME Problem 5: The three roots of 3 + 32 + 4 − 11 = 0 are ,
b, and c. The roots of 3 + r2 + s + t = 0 are  + b, b + c, c + . Find
r, s and t.

98. 2000 AIME I Problem 7: Suppose that , y, and z are three positive
numbers that satisfy the equations yz = 1,  + 1

z = 5, and y + 1
 = 29.

Then z + 1
y =

m
n , where m and n are relatively prime positive integers.

Find m + n.

99. 2001 AIME I Problem 3:Find the sum of the roots, real and non-real, of

the equation 2001 +
�

1
2 − 
�2001

= 0, given that there are no multiple
roots.

100. 2002 AIME II Problem 6: Find the integer that is closest to 1000
∑10000
n=3

1
n2−4 .

101. 2004 AIME I Problem 7: Let C be the coefficient of 2 in the expansion
of the product (1 − )(1 + 2)(1 − 3) · · · (1 + 14)(1 − 15). Find |C|.

102. 2005 AIME I Problem 6: Let P be the product of the nonreal roots of
4 − 43 + 62 − 4 = 2005. Find ⌊P⌋ .

103. 2005 AIME I Problem 8: The equation 2333−2 + 2111+2 = 2222+1 + 1
has three real roots. Given that their sum is m

n where m and n are
relatively prime positive integers, find m + n.

104. 2005 AIME II Problem 7: Let  = 4
(
p
5+1)( 4

p
5+1)( 8

p
5+1)( 16

p
5+1)

. Find ( +

1)48.

105. 2006 AIME I Problem 5: The number
Æ

104
p
6 + 468

p
10 + 144

p
15 + 2006

can be written as 
p
2 + b

p
3 + c
p
5, where , b, and c are positive in-

tegers. Find bc.
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106. 2008 AIME II Problem 7: Let r, s, and t be the three roots of the equation

83 + 1001 + 2008 = 0.

Find (r + s)3 + (s + t)3 + (t + r)3.

107. 2010 AIME I Problem 5: Positive integers , b, c, and d satisfy  > b >
c > d,  + b + c + d = 2010, and 2 − b2 + c2 − d2 = 2010. Find the
number of possible values of .

108. 2010 AIME I Problem 9: Let (, b, c) be the real solution of the system
of equations 3 − yz = 2, y3 − yz = 6, z3 − yz = 20. The greatest
possible value of 3 + b3 + c3 can be written in the form m

n , where m
and n are relatively prime positive integers. Find m + n.

109. 2015 AIME I Problem 1: The expressions A = 1× 2+ 3× 4+ 5× 6+ · · ·+
37×38+39 and B = 1+2×3+4×5+ · · ·+36×37+38×39 are obtained
by writing multiplication and addition operators in an alternating pat-
tern between successive integers. Find the positive difference between
integers A and B.

1.3 Sequences

Arithmetic sequence

1. Definition: 1, 2 = 1 + d, ..., n = 1 + (n − 1)d.

2. Sum: Sn = 1 + 2 + ... + n = (1 + n)n/2.

3. S1 = 1, Sn − Sn−1 = n, for n ≥ 2.

4. The mean of the sequence is (1 + n)/2 = (2 + n−1)/2 = (k +
n−k+1)/2, or the middle term if n is odd, or the average of the middle
two terms if n is even.

5. Difference : n = m + (n −m)d, 5 = 3 + 2d.

6. Paired sum: 1 + n = 2 + n−1 = ... = k + n+1−k.

7. The quantities , b and c form an arithmetic sequence if and only if
2b =  + c.

8. For any linear function ƒ (), the sequence ƒ (0), ƒ (1), ..., is an arithmetic
sequence.

9. New sequence: Let b1 = 1 + 2 + ... + 5, b2 = 6 + 7 + ... + 10,
b3 = 11+12+ ...+15, then b1, b2, b3... is also an arithmetic sequence
with common difference 25d.

Geometric sequence

1. Definition: 1, 2 = 1 ∗ r, ..., n = 1rn−1.
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2. Sum: Sn = 1 + 2 + ... + n =
1(1−rn)
1−r .

3. 1 + 2 + 22 + ... + 2n = 2n+1 − 1.

4. Sum of series: S∞ = 1 + 2 + ... + n + ... =
1
1−r .

5. S1 = 1, Sn − Sn−1 = n, for n ≥ 2.

6. The geometric mean of the sequence is
p
1n =

p
2n−1.

7. Paired product: 1 ∗ n = 2 ∗ n−2.

8. Difference : n = m ∗ rn−m.

9. The quantities , b and c form a geometric sequence if and only if
b2 = c.

10. For any exponential function ƒ () = 1r, the sequence ƒ (0), ƒ (1), ..., is
a geometric sequence.

11. Repeating decimal is a sum of geometric sequence: 0.3 = 0.3+0.3(0.1)+
0.3(0.12) = 0.3

1−0.1 =
1
3 .

Arithmetic-Geometric Sequence
S =
∑n
k=1 kbk, where {k} is an arithmetic sequence, and {bk} is a

geometric sequence.
We use the same strategy in geometric sequence to find S: multiple a

common ratio to construct a new sequence, and subtract it from the original
sequence.

S = 1∗ 20 + 2∗ 21 + 3∗ 22 + ... + n2n−1 + ... + 11∗ 220

2S = 1∗ 21 + 2∗ 22 + 3∗ 23 + ... + n2n + ... + 11∗ 210 + 11∗ 211

S − 2S = 1∗ 20 + (2∗ 21 − 1∗ 21) + ... + (11∗ 210 − 11∗ 210) − 11∗ 211

−S = 1∗ 20 + (1∗ 21) + (1∗ 22) + ... + (1∗ 210) − 11∗ 211

−S =
211 − 1

2 − 1
− 11∗ 211

S = 1 + 10∗ 211.

Difference Method: If the difference of a sequence is a known sequence
like arithmetic or geometric sequence: n − n−1 = bn, for all n ≥ 2, then
add all of equations together:

(n − n−1) + (n−1 − n−2) + ... + (2 − 1) =
n
∑

k=2

bk.

So n = 1 +
∑n
k=2 bk.

Periodic Sequence: A sequence repeats regularly. If difference method
does not work, try some to see if it has some pattern.

1. 1 = , n+1 = −1/(n + 1), find 4,n.
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2. If 1 = 2 = 1, and n+2 = (n+ + 1)/n . compute 19985.

3. A sequence of integers 1, 2, 3, ... is chosen so that n = n−1 − n−2
for each n ≥ 3.

Telescoping Series: A telescoping sequence is a sequence whose partial
sums eventually only have a finite number of terms after cancellation. For
example,

S =
1

1∗ 2
+

1

2∗ 3
+

1

3∗ 4
+ ... +

1

99∗ 100

=
1

1
−
1

2
+
1

2
−
1

3
+
1

3
−
1

4
+ ... +

1

99
−

1

100

=
1

1
−

1

100

=
99

100
.

Problem solve strategy:

1. For arithmetic or geometric sequence, express everything in the form
of 1, n, d or 1, n, r.

2. Shift the index strategy in given equation.

3. Find pattern, like period, if the sequence definition looks weird or the
question is about remainder.

4. Use the Multiply-Ratio method if a sum includes geometric sequence.

5. For telescoping series, split the general term into subtraction if it’s a
sum; split the general term into fraction if it’s a product.

Examples

1. If a and b are the two roots of 112 − 4 − 2 = 0, then compute the
product (1 +  + 2 + ...)(1 + b + b2 + ...).
Solution: By Vieta’s Theorem,  + b = 4/11, b = −2/11. Both roots
2±
p
26

11 are between -1 and 1, so (1 +  + 2 + ...)(1 + b + b2 + ...) =
1
1−

1
1−b = 1/(1 − 4/11 − 2/11) = 11/5.

2. Evaluate the sum 1
21
+ 2
22
+ 3
23
+ ...

Solution:

S =
1

21
+
2

22
+
3

23
+ ...

2S =
1

20
+
2

21
+
3

22
+ ...

2S − S = 1 +
1

21
+
1

22
+ ...

S = 1 +
1/2

1 − 1/2
= 2.
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3. 2012 AIME II problem 2: Two geometric sequences 1, 2, 3, . . . and
b1, b2, b3, . . . have the same common ratio, with 1 = 27, b1 = 99, and
15 = b11. Find 9.

Solution: 15 = 1 · r14 = b11 = b1 · r10 =⇒ r4 = 99
27 =

11
3 =⇒ 9 =

1 · r8 = 1 · (r4)2 = 27 ·
�

11
3

�2
= 27 · 1219 = 363.

4. 2020 AMC 10A Problem 11: What is the median of the following list of
4040 numbers?

1,2,3, . . . ,2020,12,22,32, . . . ,20202

Solution: Need to find the average of the 2020th adn 2021st num-
bers. Because 442 = 1936, and 452 = 2025, the numbers 12,22, . . . ,442

are in between 1 and 1936. So there are 1936+44=1980 numbers be-
tween 1 and 1936. The 2020th number is 1936+40=1976. The median
of 1976 and 1977 is 1976.5.

5. Find the expression of n if 0 = 0, n = n−1 + 2n − 1.
Solution:
∑n
k=1 k =
∑n
k=1(k−1 + 2k − 1), so n = 0 + n2 = n2.

6. Evaluate
∑∞
n=1

1
n(n+1)(n+2)

Solution:

∞
∑

n=1

1

n(n + 1)(n + 2)

=
∞
∑

n=1

1

2

�

1

n(n + 1)
−

1

(n + 1)(n + 2)

�

=
1

2

�

1

1∗ 2
−

1

2∗ 3
+

1

2∗ 3
−

1

3∗ 4
+ ...
�

=
1

2

1

2
=
1

4
.

7. HHMT 2002: Determine the value of the sum 3
12∗22

+ 5
22∗32

+ 7
32∗42

+

... + 29
142∗152

.
Solution:

3

12 ∗22
+

5

22 ∗32
+

7

32 ∗42
+ ... +

29

142 ∗152

=
22 − 12

12 ∗22
+
32 − 22

22 ∗32
+
42 − 32

32 ∗42
+ ... +

152 − 142

142 ∗152

=
1

12
−
1

22
+
1

22
−
1

32
+ ... +

1

142
−

1

152

=
1

12
−

1

152
=
224

225
.
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8. 2016 AMC 12B Problem 21: Let ABCD be a unit square. Let Q1 be the
midpoint of CD. For  = 1,2, . . . , let P be the intersection of AQ and
BD, and let Q+1 be the foot of the perpendicular from P to CD. What
is

∞
∑

=1

Area of △DQP ?

(A) 1
6 (B) 1

4 (C) 1
3 (D) 1

2 (E) 1

Solution: Easy to find the area of the first triangle is [DQ1P1] =
1
2
1
2
1
3

and [DQ2P2] =
1
2
1
3
1
4 so the sum of all △DQ


P

is equal to

1

2

∞
∑

n=2

1

n(n + 1)
=
1

4
.

9. 1985 AIME Problem 5: A sequence of integers 1, 2, 3, . . . is chosen
so that n = n−1 − n−2 for each n ≥ 3. What is the sum of the first
2001 terms of this sequence if the sum of the first 1492 terms is 1985,
and the sum of the first 1985 terms is 1492?
Solution: Assume 1 =  and 2 = b. Then 3 = b−, 4 = (b−)−b =
−, 5 = −−(b−) = −b, 6 = −b−(−) = −b, 7 = (−b)−(−b) = 
and 8 = − (−b) = b. The sequence will repeat every six: n+6k = n
for all integers n and k. And the sum of the first 6 terms is zero. So
∑1492
=1  = (1489 + 1490 + 1491 + 1492) +

∑1488
=1  = (+ b+ (b− ) +

(−)) = 2b−  = 1985, and
∑1985
=1  = (1+ 2+ 3+ 4+ 5) = b−  =

1492. Thus  = −999, b = 493, and then

2001
∑

=1

 = 1 + 2 + 3 +
1998
∑

=1

 =  + b + (b − ) = 2b = 986.

10. 1995 AIME Problem 13: Let ƒ (n) be the integer closest to 4pn. Find
∑1995
k=1

1
ƒ (k) .

Solution: When
�

k − 1
2

�4
≤ n <
�

k + 1
2

�4
, ƒ (n) = k. There are 4k3 + k

terms ƒ (n) = k:

�

k +
1

2

�4

−
�

k −
1

2

�4

=
�

k4 + 2k3 +
3

2
k2 +

1

2
k +

1

16

�

−
�

k4 − 2k3 +
3

2
k2 −

1

2
k +

1

16

�

= 4k3 + k.

∑k=6
k=1(4k

3+ k) = 1785. Then
∑1785
n=1

1
ƒ (k) =
∑k=6
k=1(4k

3+ k) · 1k =
∑k=6
k=1 4k

2+

1 = 370. There are 1995 −
∑k=6
k=1(4k

3 + k) = 210 terms with ƒ (n) = 7.
Thus the total is 370+210/7=400.
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1.4 Sequence Practice Problems:

1. Each term of a sequence is the sum of all the previous terms. If 19 =
99, find 20.

2. Let 0 = 2 and b0 = 3, then recursively define n+1 = 2n/bn, and bn+1 =
b2
n
/n, for n ≥ 0. Determine b8.

3. If ƒ (n + 1) = n(−1)n+1 − 2ƒ (n), ƒ (1) = ƒ (1986), find the sum of ƒ (1) +
ƒ (2) + ... + ƒ (1985).

4. In an increasing sequence of four positive integers, the first three terms
form an arithmetic progression, the last three terms form a geometric
progression, and the first and the fourth terms differ by 30. Find the
sum of the four numbers.

5. An infinite geometric series has sum 2005. A new series, obtained by
squaring each term of the original series, has sum 10 times the sum of
the original series. Find the common ratio of the original series.

6. Set A consists of m consecutive integers whose sum is 2m, and set
B consists of 2m consecutive integers whose sum is m. The absolute
value of the difference between the greatest element of A and the
greatest element of B is 99. Find m.

7. If the sum of the first 3n positive integers is 150 more than the sum of
the first n positive integers, then what is the sum of the first 4n positive
integers?

8. Evaluate
∑100
n=1(3n

2 − 2n + 2).

9. The pages of a book are numbered 1 through n. when the page num-
bers of the book are added, one of the page numbers was mistakenly
added twice, resulting in the incorrect sum of 1986. What was the
number of the page that was added twice?

10. Prove 1 + 3 + 5 + ... + (2n − 1) = n2.

11. Find the expression of n if 0 = 0, n = 3n−1 + n

12. Evaluate the sum 1
71
+ 2
72
+ 1
73
+ 2
74
+ ...

13. Evaluate the sum 5
31
+ 8
32
+ 11
33
+ ...

14. Let n be a sequence with 0 = 1, 2 = 3, and n = 2n−1 + n−2. Find
the remainder when 2023 is divided by 4.

15. Evaluate 1
4 +

1
28 +

1
70 +

1
130 + ...

16. Evaluate 1
1∗2 +

1
2∗3 +

1
3∗4 +

1
4∗5 + ...

17. Evaluate 1p
1+
p
2
+ 1p

2+
p
3
+ 1p

3+
p
4
+ ... + 1p

99+
p
100
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18. Evaluate
∑100
n=1

1
n2+3n+2

19. Evaluate
∑100
n=1

n
(n+1)!

20. Evaluate
∑∞
n=1

1
n(n+1)(n+2)(n+3)

21. Evaluate
∏∞
2

�

1 − 1
n2

�

22. Evaluate
∑100
n=1

1
n2−1

23. Evaluate
∑100
n=1

1+2+...+n
13+23+...+n3

24. Evaluate
∑∞
n=1

1
(n3)

25. Evaluate
∑∞
n=1

n3+(n2+1)2

(n4+n2+1)(n2+n)

26. 1952 AHSME Problem 50: A line initially 1 inch long grows according to
the following law, where the first term is the initial length.

1 +
1

4

p

2 +
1

4
+
1

16

p

2 +
1

16
+
1

64

p

2 +
1

64
+ · · ·

If the growth process continues forever, the limit of the length of the
line is:

(A) ∞ (B) 4
3 (C) 8

3 (D) 1
3(4 +

p
2) (E) 2

3(4 +
p
2).

27. 1980 AHSME Problem 25: In the non-decreasing sequence of odd in-
tegers {1, 2, 3, . . .} = {1,3,3,3,5,5,5,5,5, . . .} each odd positive
integer k appears k times. It is a fact that there are integers b, c, and
d such that for all positive integers n, n = b⌊

p
n + c⌋ + d, where ⌊⌋

denotes the largest integer not exceeding . The sum b + c + d equals

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4

28. 1992 ARML: consider the sequence 1,2,2,3,3,3,4,4,4,4,... where the
integer n appears n times. Compute the 2020th term of this sequence.

29. Mock AIME 3 Pre 2005 Problems/Problem 6: Let S denote the value of
the sum

9800
∑

n=1

1
q

n +
p

n2 − 1

S can be expressed as p + q
p
r, where p, q, and r are positive integers

and r is not divisible by the square of any prime. Determine p + q + r.

30. USAMTS 1999: Determine the value of

S =

√

√

√

1 +
1

12
+
1

22
+

√

√

√

1 +
1

22
+
1

32
+ ... +

√

√

√

1 +
1

19992
+

1

20002
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31. HMMT 2003: Find the value of 1
32+1

+ 1
42+2

+ 1
52+3

+ ...

32. HMMT 2006: Find
�

22

22−1

��

32

32−1

��

42

42−1

�

...
�

20062

20062−1

�

.

33. HMMT 2006 Feb Problem 9: Evaluate
∑∞
n=2

n4+3n2+10n+10
2n(n4+4)

34. 2008 iTest Problem 42: Joshua’s physics teacher, Dr. Lisi, lives next
door to the Kubiks and is a long time friend of the family. An unusual
fellow, Dr. Lisi spends as much time surfing and raising chickens as
he does trying to map out a Theory of Everything. Dr. Lisi often poses
problems to the Kubik children to challenge them to think a little deeper
about math and science. One day while discussing sequences with
Joshua, Dr. Lisi writes out the first 2008 terms of an arithmetic pro-
gression that begins −1776,−1765,−1754, . . .. Joshua then computes
the (positive) difference between the 1980th term in the sequence, and
the 1977th term in the sequence. What number does Joshua compute?

35. 2008 Mock ARML 1 Problem 5: The positive real numbers 1, 2, . . . , 10
are in arithmetic progression in that order. They also satisfy

21 − 
2
2 + 

2
3 − · · · − 

2
10 = 1 + 2 + · · · + 10.

Compute the common difference of this arithmetic progression.

36. 2008 Mock ARML 2 Problem 8: Given that
∑n
=0 n− = 1 and n > 0

for all non-negative integers n, evaluate
∑∞
j=0

j
2j

.

37. 2011 UNCO II Problem 4: Let A =
�

2,5,10,17, · · · , n2 + 1, · · ·
	

be the set
of all positive squares plus 1 and B =

�

101,104,109,116, · · · ,m2 + 100, · · ·
	

be the set of all positive squares plus 100.

(a) What is the smallest number in both A and B?

(b) Find all numbers that are in both A and B.

38. 2016 UNCO II Problem 7: Evaluate

S =
∞
∑

n=2

4n

(n2 − 1)2
.

39. Mandelbrot: Let F0 = 0, F1 = 1, and Fn = Fn−1 + Fn−2. Find the value of
the sum

1

3
+
1

9
+
2

27
+ ... +

Fn

3n
+ ...

40. 2002 AMC 10B Problem 19: Suppose that {n} is an arithmetic se-
quence with

1 + 2 + · · · + 100 = 100 and 101 + 102 + · · · + 200 = 200.

What is the value of 2 − 1?
(A) 0.0001 (B) 0.001 (C) 0.01 (D) 0.1 (E) 1
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41. 2004 AMC 10A Problem 18: A sequence of three real numbers forms
an arithmetic progression with a first term of 9. If 2 is added to the
second term and 20 is added to the third term, the three resulting
numbers form a geometric progression. What is the smallest possible
value for the third term of the geometric progression?

(A) 1 (B) 4 (C) 36 (D) 49 (E) 81

42. 2006 AMC 10A Problem 14: A number of linked rings, each 1 cm thick,
are hanging on a peg. The top ring has an outside diameter of 20 cm.
The outside diameter of each of the other rings is 1 cm less than that
of the ring above it. The bottom ring has an outside diameter of 3 cm.
What is the distance, in cm, from the top of the top ring to the bottom
of the bottom ring?

(A) 171 (B) 173 (C) 182 (D) 188 (E) 210

43. 2006 AMC 10B Problem 18: Let 1, 2, ... be a sequence for which 1 =
2 , 2 = 3, and n =

n−1
n−2

for each positive integer n ≥ 3. What is 2006?

(A) 12 (B) 23 (C) 32 (D) 2 (E) 3

44. 2007 AMC 10A Problem 11: The numbers from 1 to 8 are placed at the
vertices of a cube in such a manner that the sum of the four numbers
on each face is the same. What is this common sum?

(A) 14 (B) 16 (C) 18 (D) 20 (E) 24

45. 2008 AMC 10B Problem 11: Suppose that (n) is a sequence of real
numbers satifying n+2 = 2n+1 + n, and that 3 = 9 and 6 = 128.
What is 5?

(A) 40 (B) 53 (C) 68 (D) 88 (E) 104

46. 2008 AMC 10B Problem 13: For each positive integer n, the mean of
the first n terms of a sequence is n. What is the 2008th term of the
sequence?

(A) 2008 (B) 4015 (C) 4016 (D) 4,030,056 (E) 4,032,064
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47. 2009 AMC 10A Problem 15: The figures F1, F2, F3, and F4 shown are
the first in a sequence of figures. For n ≥ 3, Fn is constructed from
Fn−1 by surrounding it with a square and placing one more diamond on
each side of the new square than Fn−1 had on each side of its outside
square. For example, figure F3 has 13 diamonds. How many diamonds
are there in figure F20?

(A) 401 (B) 485 (C) 585 (D) 626 (E) 761

48. 2010 AMC 10A Problem 25: Jim starts with a positive integer n and
creates a sequence of numbers. Each successive number is obtained
by subtracting the largest possible integer square less than or equal
to the current number until zero is reached. For example, if Jim starts
with n = 55, then his sequence contains 5 numbers:

55
55 − 72 = 6
6 − 22 = 2
2 − 12 = 1
1 − 12 = 0

Let N be the smallest number for which Jim’s sequence has 8 numbers.
What is the units digit of N?

(A) 1 (B) 3 (C) 5 (D) 7 (E) 9

49. 2014 AMC 10A Problem 24: A sequence of natural numbers is con-
structed by listing the first 4, then skipping one, listing the next 5,
skipping 2, listing 6, skipping 3, and, on the nth iteration, listing n + 3
and skipping n. The sequence begins 1,2,3,4,6,7,8,9,10,13. What
is the 500,000th number in the sequence?

(A) 996,506 (B) 996,507 (C) 996,508
(D) 996,509 (E) 996,510

50. 2017 AMC 10A Problem 13: Define a sequence recursively by F0 =
0, F1 = 1, and Fn = the remainder when Fn−1 + Fn−2 is divided by
3, for all n ≥ 2. Thus the sequence starts 0,1,1,2,0,2, . . . What is
F2017 + F2018 + F2019 + F2020 + F2021 + F2022 + F2023 + F2024?

(A) 6 (B) 7 (C) 8 (D) 9 (E) 10

51. 2018 AMC 10B Problem 8: Sara makes a staircase out of toothpicks as
shown:
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This is a 3-step staircase and uses 18 toothpicks. How many steps
would be in a staircase that used 180 toothpicks?

(A) 10 (B) 11 (C) 12 (D) 24 (E) 30

52. 2018 AMC 10B Problem 20: A function ƒ is defined recursively by ƒ (1) =
ƒ (2) = 1 and

ƒ (n) = ƒ (n − 1) − ƒ (n − 2) + n

for all integers n ≥ 3. What is ƒ (2018)?

(A) 2016 (B) 2017 (C) 2018 (D) 2019 (E) 2020

53. 2019 AMC 10A Problem 15:

A sequence of numbers is defined recursively by 1 = 1, 2 =
3
7 , and

n =
n−2 · n−1
2n−2 − n−1

for all n ≥ 3. Then 2019 can be written as p
q , where p and q are

relatively prime positive integers. What is p + q?

(A) 2020 (B) 4039 (C) 6057 (D) 6061 (E) 8078

54. 2020 AMC 10B Problem 15: Steve wrote the digits 1, 2, 3, 4, and 5
in order repeatedly from left to right, forming a list of 10,000 digits,
beginning 123451234512 . . . . He then erased every third digit from
his list (that is, the 3rd, 6th, 9th, . . . digits from the left), then erased
every fourth digit from the resulting list (that is, the 4th, 8th, 12th, . . .
digits from the left in what remained), and then erased every fifth digit
from what remained at that point. What is the sum of the three digits
that were then in the positions 2019,2020,2021?

(A) 7 (B) 9 (C) 10 (D) 11 (E) 12

55. 2021 Spring AMC 10A Problem 20: In how many ways can the sequence
1,2,3,4,5 be rearranged so that no three consecutive terms are in-
creasing and no three consecutive terms are decreasing?

(A) 10 (B) 18 (C) 24 (D) 32 (E) 44
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56. 2021 Spring AMC 10B Problem 8: Mr. Zhou places all the integers
from 1 to 225 into a 15 by 15 grid. He places 1 in the middle square
(eighth row and eighth column) and places other numbers one by one
clockwise, as shown in part in the diagram below. What is the sum of
the greatest number and the least number that appear in the second
row from the top?
(A) 367 (B) 368 (C) 369 (D) 379 (E) 380

57. 2021 Fall AMC 10B Problem 22: For each integer n ≥ 2, let Sn be the
sum of all products jk, where j and k are integers and 1 ≤ j < k ≤ n.
What is the sum of the 10 least values of n such that Sn is divisible by
3?
(A) 196 (B) 197 (C) 198 (D) 199 (E) 200

58. 2022 AMC 10A Problem 20:A four-term sequence is formed by adding
each term of a four-term arithmetic sequence of positive integers to
the corresponding term of a four-term geometric sequence of positive
integers. The first three terms of the resulting four-term sequence are
57, 60, and 91. What is the fourth term of this sequence?

(A) 190 (B) 194 (C) 198 (D) 202 (E) 206

59. 2022 AMC 10B Problem 9: The sum
1

2!
+
2

3!
+
3

4!
+ · · · +

2021

2022!

can be expressed as  − 1
b! , where  and b are positive integers. What

is  + b?

(A) 2020 (B) 2021 (C) 2022 (D) 2023 (E) 2024

60. 2022 AMC 10B Problem 25: Let 0, 1, 2, . . . be a sequence of num-
bers, where each k is either 0 or 1. For each positive integer n, define

Sn =
n−1
∑

k=0

k2k

Suppose 7Sn ≡ 1 (mod 2n) for all n ≥ 1. What is the value of the sum

2019 + 22020 + 42021 + 82022?

(A) 6 (B) 7 (C) 12 (D) 14 (E) 15
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61. 2002 AMC 12B Problem 9: If , b, c, d are positive real numbers such
that , b, c, d form an increasing arithmetic sequence and , b, d form
a geometric sequence, then 

d is

(A) 1
12 (B) 16 (C) 14 (D) 13 (E) 12

62. 2002 AMC 12B Problem 13: The sum of 18 consecutive positive inte-
gers is a perfect square. The smallest possible value of this sum is

(A) 169 (B) 225 (C) 289 (D) 361 (E) 441

63. 2002 AMC 12B Problem 21: For all positive integers n less than 2002,
let

n =











11, if n is divisible by 13 and 14;
13, if n is divisible by 14 and 11;
14, if n is divisible by 11 and 13;
0, otherwise.

Calculate
∑2001
n=1 n.

(A) 448 (B) 486 (C) 1560 (D) 2001 (E) 2002

64. 2004 AMC 12A Problem 25: For each integer n ≥ 4, let n denote the
base-n number 0.133n. The product 45 · · ·99 can be expressed as
m
n! , where m and n are positive integers and n is as small as possible.
What is m?

(A)98 (B)101 (C)132 (D)798 (E)962

65. 2008 AMC 12B Problem 23: The sum of the base-10 logarithms of the
divisors of 10n is 792. What is n?

(A) 11 (B) 12 (C) 13 (D) 14 (E) 15

66. 2010 AMC 12A Problem 10: The first four terms of an arithmetic se-
quence are p, 9, 3p − q, and 3p + q. What is the 2010th term of this
sequence?

(A) 8041 (B) 8043 (C) 8045 (D) 8047 (E) 8049

67. 2010 AMC 12A Problem 20: Arithmetic sequences (n) and (bn) have
integer terms with 1 = b1 = 1 < 2 ≤ b2 and nbn = 2010 for some n.
What is the largest possible value of n?

(A) 2 (B) 3 (C) 8 (D) 288 (E) 2009

68. 2011 AMC 12B Problem 21: The arithmetic mean of two distinct posi-
tive integers  and y is a two-digit integer. The geometric mean of 
and y is obtained by reversing the digits of the arithmetic mean. What
is | − y|?
(A) 24 (B) 48 (C) 54 (D) 66 (E) 70

69. 1984 AIME Problem 1: Find the value of 2 + 4 + 6 + 8 + . . . + 98 if
1, 2, 3 . . . is an arithmetic progression with common difference 1,
and 1 + 2 + 3 + . . . + 98 = 137.
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70. 1990 AIME Problem 1: The increasing sequence 2,3,5,6,7,10,11, . . .
consists of all positive integers that are neither the square nor the cube
of a positive integer. Find the 500th term of this sequence.

71. 1993 AIME Problem 2: During a recent campaign for office, a candidate
made a tour of a country which we assume lies in a plane. On the first
day of the tour he went east, on the second day he went north, on the
third day west, on the fourth day south, on the fifth day east, etc. If the
candidate went n2

2 miles on the nth day of this tour, how many miles

was he from his starting point at the end of the 40th day?

72. 1993 AIME Problem 3: The table below displays some of the results
of last summer’s Frostbite Falls Fishing Festival, showing how many
contestants caught n fish for various values of n .

n 0 1 2 3 . . . 13 14 15
number of contestants who caught n fish 9 5 7 23 . . . 5 2 1

In the newspaper story covering the event, it was reported that

(a) the winner caught 15 fish; (b) those who caught 3 or more fish
averaged 6 fish each; (c) those who caught 12 or fewer fish averaged 5
fish each. What was the total number of fish caught during the festival?

73. 1997 AIME Problem 6: Point B is in the exterior of the regular n-sided
polygon A1A2 · · ·An, and A1A2B is an equilateral triangle. What is the
largest value of n for which A1, An, and B are consecutive vertices of a
regular polygon?

74. 2000 AIME I Problem 10: A sequence of numbers 1, 2, 3, . . . , 100
has the property that, for every integer k between 1 and 100, inclusive,
the number k is k less than the sum of the other 99 numbers. Given
that 50 = m/n, where m and n are relatively prime positive integers,
find m + n.

75. 2002 AIME II Problem 11: Two distinct, real, infinite geometric series
each have a sum of 1 and have the same second term. The third term
of one of the series is 1/8, and the second term of both series can be
written in the form

p
m−n
p , where m, n, and p are positive integers and

m is not divisible by the square of any prime. Find 100m + 10n + p.

76. 2003 AIME I Problem 8: In an increasing sequence of four positive inte-
gers, the first three terms form an arithmetic progression, the last three
terms form a geometric progression, and the first and fourth terms dif-
fer by 30. Find the sum of the four terms.

77. 2003 AIME II Problem 8: Find the eighth term of the sequence 1440,
1716, 1848, . . . , whose terms are formed by multiplying the corre-
sponding terms of two arithmetic sequences.

78. 2004 AIME II Problem 9: A sequence of positive integers with 1 = 1 and
9 + 10 = 646 is formed so that the first three terms are in geomet-
ric progression, the second, third, and fourth terms are in arithmetic
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progression, and, in general, for all n ≥ 1, the terms 2n−1, 2n, 2n+1
are in geometric progression, and the terms 2n, 2n+1, and 2n+2 are
in arithmetic progression. Let n be the greatest term in this sequence
that is less than 1000. Find n + n.

79. 2005 AIME I Problem 2: For each positive integer k, let Sk denote
the increasing arithmetic sequence of integers whose first term is 1
and whose common difference is k. For example, S3 is the sequence
1,4,7,10, . . . . For how many values of k does Sk contain the term
2005?

80. 2005 AIME II Problem 3: An infinite geometric series has sum 2005.
A new series, obtained by squaring each term of the original series,
has 10 times the sum of the original series. The common ratio of the
original series is m

n where m and n are relatively prime integers. Find
m + n.

81. 2005 AIME II Problem 11: Let m be a positive integer, and let 0, 1, . . . , m
be a sequence of reals such that 0 = 37, 1 = 72, m = 0, and k+1 =
k−1 − 3

k
for k = 1,2, . . . ,m − 1. Find m.

82. 2005 AIME II Problem 11: Let m be a positive integer, and let 0, 1, . . . , m
be a sequence of reals such that 0 = 37, 1 = 72, m = 0, and k+1 =
k−1 − 3

k
for k = 1,2, . . . ,m − 1. Find m.

83. 2006 AIME I Problem 9: The sequence 1, 2, . . . is geometric with 1 =
 and common ratio r, where  and r are positive integers. Given that
log8 1 + log8 2 + · · · + log8 12 = 2006, find the number of possible
ordered pairs (, r).

84. 2006 AIME II Problem 11: A sequence is defined as follows 1 = 2 =
3 = 1, and, for all positive integers n, n+3 = n+2 + n+1 + n. Given
that 28 = 6090307, 29 = 11201821, and 30 = 20603361, find the
remainder when

∑28
k=1 k is divided by 1000.

85. 2007 AIME I Problem 14: A sequence is defined over non-negative in-
tegral indexes in the following way: 0 = 1 = 3, n+1n−1 = 2n+ 2007.

Find the greatest integer that does not exceed
22006+

2
2007

20062007
.

86. 2008 AIME II Problem 1: Let N = 1002+992−982−972+962+ · · ·+42+
32 − 22 − 12, where the additions and subtractions alternate in pairs.
Find the remainder when N is divided by 1000.

87. 2008 AIME II Problem 6: The sequence {n} is defined by

0 = 1, 1 = 1, and n = n−1 +
2
n−1

n−2
for n ≥ 2.
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The sequence {bn} is defined by

b0 = 1, b1 = 3, and bn = bn−1 +
b2
n−1

bn−2
for n ≥ 2.

Find b32
32

.

88. 2011 AIME II Problem 5: The sum of the first 2011 terms of a geometric
sequence is 200. The sum of the first 4022 terms is 380. Find the sum
of the first 6033 terms.

89. 2012 AIMEI Problem 2: The terms of an arithmetic sequence add to
715. The first term of the sequence is increased by 1, the second term
is increased by 3, the third term is increased by 5, and in general, the
kth term is increased by the kth odd positive integer. The terms of the
new sequence add to 836. Find the sum of the first, last, and middle
term of the original sequence.

1.5 Graph Functions

Summary:

1. Line: y =m + b, slope m = tn(α).

2. tn(15◦) = 2 −
p
3, tn(30◦) = 1p

3
, tn(45◦) = 1, tn(60◦) =

p
3,

tn(120◦) = −
p
3, tn(135◦) = −1, tn(150◦) = − 1p

3
.

3. Absolute function: y = | − h| + k is a symmetrical "V" shaped figure
with vertex (h, k) and slopes ±.

4. Quadratics: y = 2 + b + c = ( − h)2 + k = ( − 1)( − 2)

(a) is a parabola symmetric about  = h = − b
2

(b) If  > 0, the parabola opens upward and y reaches its minimum
value k at  = h.

(c) If  < 0, the parabola downward upward and y reaches its maxi-
mum value k at  = h.

(d) always has y-intercept c.

(e) has two x-intercepts 1, 2 if the discriminant b2 − 4c > 0;
has one x-intercept 1 = 2 (parabola is tangent to x axis) if b2 −
4c = 0;
has no x-intercept if b2 − 4c < 0.

5. Circle: ( − 0)2 + (y − y0)2 = r2 represents a circle with the center
(0, y0) and radius r.

Examples
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1. 2016 AMC 10B Problem 21: What is the area of the region enclosed by
the graph of the equation 2 + y2 = || + |y|?
Solution: Graph the equation in four quadrants. In the first quadrant,
2+ y2 = + y, (− 1

2)
2+ (y− 1

2)
2 = (

p
2
2 )

2. This is a circle with center at

(12 ,
1
2) and radiur=

p
2
2 . The enclosed region in the first quadrant can be

cut into a right triangle and a semicircle. The length of the hypotenuse
of the triangle is

p
2 so using special right triangles, we see that the

area of the triangle is 1
2 . The semicircle has the area of 14π. It has the

same region area in all four quadrants.The total area is π + 2

2. 2018 AMC 10A Problem 21: Which of the following describes the set of
values of  for which the curves 2 + y2 = 2 and y = 2 −  in the real
y-plane intersect at exactly 3 points?
Solution: Substituting y = 2 −  gives 2 + (2 − )2 = 2, which
simplifies to 2 + 4 − 22 + 2 = 2. This further simplifies to 2(1 +
2 − 2) = 0. Thus, either 2 = 0, or 2 = 2 − 1. Three intersection
points means three solutions. Only when 2 − 1 > 0,  > 1

2 , there are
three solutions.

3. 1987 AIME Problem 4: Find the area of the region enclosed by the graph
of | − 60| + |y| =

�

�


4

�

� .
Solution: The graph is symmetrical about the x-axis because |y| is the
only y "term" in this equation. WLOG, assume y ≥ 0. Do the casework
on  values to remove absolute sign:

� When  < 0, 60 −  + y = − 4 , y = 0.75 − 60;

� 0 <=  < 60, 60 −  + y = 0.25, y = 1.25 − 60;

� When  ≥ 60,  − 60 + y = 0.25, y = −0.75 + 60.

Sketch the lines and reflect them over x-axis to get the enclosed region.
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The quadrilateral is defined by the points (48,0), (60,15), (80,0), (60,−15).
The area is 2 · 12(80 − 48)(15) = 480.

1.6 Graph Function Practice Problems

1. 2011 AMC 10B Problem 24: A lattice point in an y-coordinate system
is any point (, y) where both  and y are integers. The graph of y =
m + 2 passes through no lattice point with 0 <  ≤ 100 for all m such
that 1/2 <m < . What is the maximum possible value of ?

(A) 51
101 (B) 50

99 (C) 51
100 (D) 52

101 (E) 13
25

2. 2014 AMC 10A Problem 21: Positive integers  and b are such that the
graphs of y =  + 5 and y = 3 + b intersect the -axis at the same
point. What is the sum of all possible -coordinates of these points of
intersection?

(A) −20 (B) −18 (C) −15 (D) −12 (E) −8

3. 2015 AMC 10A Problem 17:A line that passes through the origin inter-
sects both the line  = 1 and the line y = 1 +

p
3
3 . The three lines

create an equilateral triangle. What is the perimeter of the triangle?

(A) 2
p
6 (B) 2 + 2

p
3 (C) 6 (D) 3 + 2

p
3 (E) 6 +

p
3
3

4. 2015 AMC 10B Problem 13: The line 12+5y = 60 forms a triangle with
the coordinate axes. What is the sum of the lengths of the altitudes of
this triangle?

(A) 20 (B)
360

17
(C)

107

5
(D)

43

2
(E)

281

13

5. 2017 AMC 10A Problem 12: Let S be a set of points (, y) in the coor-
dinate plane such that two of the three quantities 3,  + 2, and y − 4
are equal and the third of the three quantities is no greater than this
common value. Which of the following is a correct description for S?

(A) a single point (B) two intersecting lines
(C) three lines whose pairwise intersections are three distinct points
(D) a triangle (E) three rays with a common endpoint
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6. 2017 AMC 10B Problem 10: The lines with equations  − 2y = c and
2 + by = −c are perpendicular and intersect at (1,−5). What is c?

(A) − 13 (B) − 8 (C) 2 (D) 8 (E) 13

7. 2017 AMC 10B Problem 24: The vertices of an equilateral triangle lie
on the hyperbola y = 1, and a vertex of this hyperbola is the centroid
of the triangle. What is the square of the area of the triangle?

(A) 48 (B) 60 (C) 108 (D) 120 (E) 169

8. 2018 AMC 10A Problem 12: How many ordered pairs of real numbers
(, y) satisfy the following system of equations?

 + 3y = 3
�

�|| − |y|
�

� = 1

(A) 1 (B) 2 (C) 3 (D) 4 (E) 8

9. 2021 Spring AMC 10A Problem 19: The area of the region bounded by
the graph of

2 + y2 = 3| − y| + 3| + y|

is m + nπ, where m and n are integers. What is m + n?

(A) 18 (B) 27 (C) 36 (D) 45 (E) 54

10. 2021 Spring AMC 10A Problem 24: The interior of a quadrilateral is
bounded by the graphs of ( + y)2 = 42 and ( − y)2 = 2, where 
is a positive real number. What is the area of this region in terms of ,
valid for all  > 0?

(A) 82

(+1)2
(B) 4

+1 (C) 8
+1 (D) 82

2+1
(E) 8

2+1

11. 2021 Spring AMC 10B Problem 25: Let S be the set of lattice points in
the coordinate plane, both of whose coordinates are integers between
1 and 30, inclusive. Exactly 300 points in S lie on or below a line with
equation y = m. The possible values of m lie in an interval of length

b , where  and b are relatively prime positive integers. What is  + b?

(A) 31 (B) 47 (C) 62 (D) 72 (E) 85

12. 2021 Fall AMC 10A Problem 14: How many ordered pairs (, y) of real
numbers satisfy the following system of equations?

2 + 3y = 9

(|| + |y| − 4)2 = 1

(A) 1 (B) 2 (C) 3 (D) 5 (E) 7

13. 2021 Fall AMC 10A Problem 16: The graph of

ƒ () = |⌊⌋| − |⌊1 − ⌋|
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is symmetric about which of the following? (Here ⌊⌋ is the greatest
integer not exceeding .)

(A) the y-axis (B) the line  = 1 (C) the origin

(D) the point
�

1

2
,0
�

(E) the point (1,0)

14. 2021 Fall AMC 10B Problem 17: Distinct lines ℓ and m lie in the y-
plane. They intersect at the origin. Point P(−1,4) is reflected about
line ℓ to point P′, and then P′ is reflected about line m to point P′′. The
equation of line ℓ is 5 − y = 0, and the coordinates of P′′ are (4,1).
What is the equation of line m?

(A) 5 + 2y = 0 (B) 3 + 2y = 0 (C)  − 3y = 0
(D) 2 − 3y = 0 (E) 5 − 3y = 0

15. 1998 AIME Problem 3: The graph of y2 + 2y + 40|| = 400 partitions
the plane into several regions. What is the area of the bounded region?

1.7 Vieta’s Theorem

Quadratic Vieta’s Theorem: Let 1 and 2 be the two roots of 2+ b+
c = 0, then

1 + 2 = −
b


, 12 =

c


.

Polynomial Vieta’s Theorem: Let P() = nn + n−1n−1 + · · ·+ 1+ 0
be any polynomial with complex coefficients with roots 1, 2, . . . , n, and
let sj be the jth elementary symmetric polynomial of the roots.

Then

s1 = 1 + 2 + · · · + n = −
n−1

n

s2 = 12 + 13 + · · · + n−1n =
n−2

n
...

sn = 123 · · ·n = (−1)n
0

n
.

This can be compactly summarized as sj = (−1)j
n−j
n

for some j such that
1 ≤ j ≤ n.
Symmetric forms of roots: Vieta’s theorem can be used to find values
of symmetric forms of roots without solving the equation: n1 + 

n
2,

1
1
+ 1

2
,

(1 + 2)(2 + 2),
1

1−1 +
1

2−1 +
1

3−1 ... They can be expressed in terms of
1 + 2 and 12 by factoring or recursive identities.
Example 1: Let 1 and 2 be the two roots of 2 + − 3 = 0, find the value
of 51 + 

5
2.
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Solution 1: By Vieta’s theorem, 1 + 2 = −1, 12 = −3. So

21 + 
2
2 = (1 + 2)

2 − 212 = 7,

31 + 
3
2 = (1 + 2)(

2
1 + 

2
2 − 12) = −1(7 + 3) = −10

Consider

(21 + 
2
2)(

3
1 + 

3
2) = 

5
1 + 

5
2 + 

2
1

3
2 + 

3
1

2
2 == 

5
1 + 

5
2 + (12)

2(1 + 2)

So
= 51 + 

5
2 = 7∗ (−10) − (−3)

2(−1) = −61.

Solution 2: Use recursive identities: 1 is a root, so 21 + 1 − 3 = 0, then

n+21 + n+11 − 3n1 = 0. Similarly, n+22 + n+12 − 3n2 = 0. Add both together to
get

(n+21 + n+22 ) + (n+11 + n+12 ) − 3(n1 + 
n
2) = 0.

Let Sn = n1 + 
n
2. We have

Sn+2 = −Sn+1 + 3Sn,

where S1 = 1 + 2 = −1, and S2 = 21 + 
2
2 = 7. Then

S3 = −S2 + 3S1 − 10,

S4 = −S3 + 3S2 = 31,

S5 = −S4 + 3S3 = −61.

Example 2: 2019 AMC 12A Problem 17: Let sk denote the sum of the kth
powers of the roots of the polynomial 3 − 52 + 8 − 13. In particular,
s0 = 3, s1 = 5, and s2 = 9. Let , b, and c be real numbers such that
sk+1 = sk + bsk−1 + c sk−2 for k = 2, 3, .... What is  + b + c?

Solution: Similar to the above procedure, we have

sk+1 + (−5)sk + (8)sk−1 + (−13)sk−2 = 0,

so
sk+1 = 5sk − 8sk−1 + 13sk−2,

we get the answer as 5 + (−8) + 13 = 10.
Vieta’s theorem also provide equations for number theory problems.
Example 3:2022 AMC 10B Problem 7: For how many values of the constant
k will the polynomial 2 + k + 36 have two distinct integer roots?

Solution: Assume that m and n are two different roots of 2 + k + 36. By
Vieta’s Formulas, we have m + n = −k and mn = 36. So m and n are the
paired (may be negative) factors of 36. The possibilities of {m,n} are

±{1,36},±{2,18},±{3,12},±{4,9}.
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Each unordered pair gives a unique value of k. Therefore, there are 8 values
of k, namely ±37,±20,±15,±13.

Equation from root: If r is a root of 2 + b + c = 0, then

r2 = −
b


r −

c


,

and

rn+2 = −
b


rn+1 −

c


rn.

This can be used to simplify expressions of r.
Example 4: Let r be a root of the equation 2 − 7 + 2 = 0. Find the value
of 2r5 − 11r4 − 16r3 − 5r2 + 30r − 2.

Solution: For any n, rn+2 = 7rn+1− 2rn. So 2r5− 11r4− 16r3− 5r2+ 30r− 2.

2r5 − 11r4 − 16r3 − 5r2 + 30r − 2
=2(7r4 − 2r2) − 11r4 − 16r3 − 5r2 + 30r − 2
=3r4 − 20r3 − 5r2 + 30r − 2
=3(7r3 − 2r2) − 20r3 − 5r2 + 30r − 2
=r3 − 11r2 + 30r − 2
=(7r2 − 2r1) − 11r2 + 30r − 2
= − 4r2 + 28r − 2
= − 4(7r − 2) + 28r − 2
=6

Example 5: Find the sum of all 10th powers of the roots of 10 − 9+ 1 = 0

Solution: For each , 10 = 9 − 1. So

101 + 
10
2 + ... + 

10
10

=91 − 1 + 92 − 1 + ... + 910 − 1
=9(1 + 2 + ... + 10) − 10

=9(−
9

10
) − 10 ,by Vieta’s Theorem

=9∗ 0 − 10
= − 10.

1.8 Vieta’s Theorem Practice Problems

1. Let r and s be two roots of the equation 2 −  − 5 = 0. Find the value
of r7 + s7.



38 CHAPTER 1. ALGEBRA

2. Let r be a root of the equation 2 +  − 3. Find the value of r4 + 4r3 +
2r2 − 7r + 10.

3. What is the smallest possible integer k such that the quadratic equa-
tion 52 − (4 − k) + k − 2 has two negative solutions?

4. For how many values of the constant k will the polynomial 2 − (k +
7) + k have two distinct integer roots?

5. Find the sum of all positive values of k such that the equation k22 +
k + 1 − 7k2 = 0 has two integer solutions.

6. For how many values of the constant k will the polynomial 2+12−k2
have integer roots?

7. Given two integers m,n such that the equation 2 + m + n = 0 has a
solution

p
5 + 1, what is the value of mn?

8. Both roots of the quadratic equation 2 − 32 + n = 0 are prime num-
bers. What is the sum of all possible values of n?

9. Let r, s be two roots of the equation 32 − 5 − 7 = 0. Find the sum of
p, q such that 1r +

1
s and (r− s)2 are roots of the equation 2+p+q = 0.

10. A function ƒ () has the property that ƒ (2 + 1) = 32 +  + 2. What is
the sum of all possible values  such that ƒ (5 − 4) = 7?

11. How many pairs of real numbers (r, s) are there such that r, s are two
solutions to the equation 2 + r + s = 0?

12. What is the sum of all solutions to the equation 2 − |2 − 1| − 4 = 0?

13. How many integers k are there such that both solutions to the equation
2 + (k − 1) + k + 2 = 0 are positive?

14. If m ̸= n, and m2 = 5m + 1, and n2 = 5n + 1, what is the remainder
when m2020 + n2020 is divided by 7?

15. How many pairs of (b, c), where b, c ∈ 1,2,3,4,5,6, are there such that
the quadratic equation 2 + b + c = 0 has real solutions?

16. For how many values of , the equations 2++1 = 0 and 2−− =
0 have a common solution?

17. If , b, c, d are nonzero real numbers such that, c, d are solutions to
the equation 2 +  + b = 0, and .b are solutions to the equation
2 + c + d = 0. What is the value of  + b + c + d?

18. The equation 2 + 5 + 1 = 0 has two solutions , b; the equation 2 +
3+ 1 = 0 has two solutions c, d. What is the value of (− c)(b− c)(+
d)(b + d)?
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19. When solving a quadratic equation 2 + b + c = 0, Andy misread 
and got two solutions 3, 6. Sally misread the sign of a coefficient, and
got the double roots 4, 4. What is the value of b+c

 ?

20. Given 3 + y3 = 9 and 2y + y2 = 6, find  + y

21. How many real numbers satisfy the equation (2− − 1)2−−2020 = 1?

22. Solve the equation 2 + 25 + 52 = 3
p

2 + 25 + 80.

23. 1998 HMMT: Assume three of the roots of 4 + 2 + b + c = 0 are -2,
-3, and 5, find  + b + c.

24. 2006 ARML: the two equations y = 4 − 52 −  + 4, and y = 2 − 3
intersect at four points (1, y1), (2, y2), (3, y3), (4, y4) computer y1+
y2 + y3 + y4.

25. 2006 AMC 10B Problem 14: Let  and b be the roots of the equation
2 − m + 2 = 0. Suppose that  + 1

b and b + 1
 are the roots of the

equation 2 − p + q = 0. What is q?

(A) 5
2 (B) 7

2 (C) 4 (D) 9
2 (E) 8

26. 2007 AMC 10A Problem 20: Suppose that the number  satisfies the
equation 4 =  + −1. What is the value of 4 + −4?

(A) 164 (B) 172 (C) 192 (D) 194 (E) 212

27. 2015 AMC 10A Problem 23:The zeroes of the function ƒ () = 2−+2
are integers. What is the sum of the possible values of ?

(A) 7 (B) 8 (C) 16 (D) 17 (E) 18

28. 2015 AMC 10B Problem 14: Let , b, and c be three distinct one-digit
numbers. What is the maximum value of the sum of the roots of the
equation ( − )( − b) + ( − b)( − c) = 0?

(A) 15 (B) 15.5 (C) 16 (D) 16.5 (E) 17

29. 2020 AMC 10A Problem 14: Real numbers  and y satisfy + y = 4 and
 · y = −2. What is the value of

 +
3

y2
+
y3

2
+ y?

(A) 360 (B) 400 (C) 420 (D) 440 (E) 480

30. 2021 AMC 10B Problem 15: The real number  satisfies the equation
 + 1

 =
p
5. What is the value of 11 − 77 + 3?

(A) − 1 (B) 0 (C) 1 (D) 2 (E)
p
5
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31. 2022 AMC 10A Problem 16: The roots of the polynomial 103 − 392 +
29 − 6 are the height, length, and width of a rectangular box (right
rectangular prism). A new rectangular box is formed by lengthening
each edge of the original box by 2 units. What is the volume of the
new box?

(A) 24
5 (B) 42

5 (C) 81
5 (D) 30 (E) 48

32. 2022 AMC 10B Problem 7: For how many values of the constant k will
the polynomial 2 + k + 36 have two distinct integer roots?

(A) 6 (B) 8 (C) 9 (D) 14 (E) 16

33. 2021 AMC 12A Problem 12:

All the roots of the polynomial z6− 10z5+ Az4+ Bz3+ Cz2+Dz+ 16 are
positive integers, possibly repeated. What is the value of B?

(A) −88 (B) −80 (C) −64 (D) −41 (E) −40

34. 1986 AIME: What is the sum of the solutions to the equation 4p =
12

7− 4
p

?

35. 1995 AIME Problem 2: Find the last three digits of the product of the
positive roots of

p
1995log1995  = 2.

36. 1996 AIME Problem 5: The three roots of 3 + 32 + 4 − 11 = 0 are ,
b, and c. The roots of 3 + r2 + s + t = 0 are  + b, b + c, c + . Find
r, s and t.

37. 2003 AIME II Problem 9: Consider the polynomials P() = 6− 5− 3−
2 −  and Q() = 4 − 3 − 2 − 1. Given that z1, z2, z3, and z4 are the
roots of Q() = 0, find P(z1) + P(z2) + P(z3) + P(z4).

38. 2004 AIME I Problem 7: Let C be the coefficient of 2 in the expansion
of the product (1 − )(1 + 2)(1 − 3) · · · (1 + 14)(1 − 15). Find |C|.

39. 2005 AIME I Problem 6: Let P be the product of the nonreal roots of
4 − 43 + 62 − 4 = 2005. Find ⌊P⌋ .

40. 2005 AIME I Problem 8: The equation 2333−2 + 2111+2 = 2222+1 + 1
has three real roots. Given that their sum is m

n where m and n are
relatively prime positive integers, find m + n.

41. 2008 AIME II Problem 7: Let r, s, and t be the three roots of the equation

83 + 1001 + 2008 = 0.

Find (r + s)3 + (s + t)3 + (t + r)3.

42. 2010 AIME I Problem 9: Let (, b, c) be the real solution of the system
of equations 3 − yz = 2, y3 − yz = 6, z3 − yz = 20. The greatest
possible value of 3 + b3 + c3 can be written in the form m

n , where m
and n are relatively prime positive integers. Find m + n.
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1.9 Polynomials

Definition:

1. Definition: p() = nn + n−1n−1 + ... + 22 + 1 + 0, where n is
not zero

2. If n = 1, it is called monic polynomial.

3. Degree: Deg(p) = n.

4. If n > 0, p() goes to infinity as  goes to infinity

5. If n < 0, p() goes to negative infinity as  goes to infinity

Polynomial Division:

1. p() is divided by d(): p() = d()q()+r(), where Deg(P) = Deg(d)+
Deg(q), and Deg(r) < Deg(d)

2. If d() = X − , then r() = p(). This is called Remainder Theorem.

3. Extended Remainder Theorem: when p() is divided by a quadratic
polynomial,the remainder is a linear function or a constant(Deg(r) ≤
1).

Other Theorem and Properties:

1. Fundamental Theorem of Algebra: Each one-variable polynomial of de-
gree n has exactly n complex roots.

2. Identity Theorem: Let p() and q() be polynomials of degree at most
n. If p() = q() works for n + 1 distinct values of , then p() = q()
for all .

3. Rational Root Theorem: If an integer polynomial p() has a rational
root r = p/q in lowest terms, then p|0 and q|n.
This theorem is most often used to guess the roots of polynomials.

4. Factor Theorem: A polynomial p() has −  as a factor if and only if 
is a root.Generally, p() = n(− r1)(− r2)...(− rn), where r1, r2, ...rn
are all n roots.

5. Complex Conjugate Root Theorem: If a polynomial with real coeffi-
cients has  + b as a root, then  − b is also a root.

6. Irrational Conjugate Root Theorem: If a polynomial with real coeffi-
cients has  + b

p
c as a root, then  − b

p
c is also a root.

7. If g() is a factor of ƒ (), then all roots of g() must also be roots of
ƒ (). But if all roots of g() are the roots of ƒ (), we cannot say g() is
a factor of ƒ (). E.g, g() = ( − 1)3, ƒ () = ( − 1).
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8. Common divisor of polynomials: If h() is a factor of ƒ () and g(),
then h() is a factor of ()ƒ () + b()g() for any polynomial (),
and b().

9. If p() is a polynomial with integer coefficients, then P(m) − P(n) is
divisible by m − n, for integers m, and n.

10. p(1) = n + n−1 + ... + 1 + 0.

11. sign and root: If  < b and p()∗ p(b) < 0, there must be at least one
root p(0) = 0, where 0 is between  and b.

12. A cubic function p() = 3 + b2 + c + d has either one or three real
roots if  ̸= 0.

13. Multinomial Theorem:

(1 + 2 + · · · + k)n =
∑

j1,j2,...,jk
0≤j≤n for each 
and j1+...+jk=n

�

n

j1; j2; . . . ; jk

�


j1
1 

j2
2 · · ·

jk
k

where
� n
j1;j2;...;jk

�

=
n!

j1! · j2! · · · jk!
. This is a direct generalization of the

Binomial Theorem, when k = 2 it simplifies to

(1 + 2)n =
∑

0≤j1,j2≤n
j1+j2=n

�

n

j1; j2

�


j1
1 

j2
2 =

n
∑

j=0

�

n

j

�


j
1

n−j
2

Examples

1. What is the sum of all coefficients of even powers in the polynomial
p() = (2 − 3 + 1)100
Solution: Let A=the sum of all coefficients of even powers, B= the
sum of all coefficients of odd powers. p(1) = (1 − 3 + 1)100 = 1 = A + B
and p(−1) = (1 + 3 + 1)100 = 5100 = A − B. So A = 1+5100

2 .

2. p() is a polynomial with integer coefficients such that p()− p(b) = 1.
what’s | − b|, if , b are both integers?
Solution: Since all coefficients of p() are integers, p() − p(b) is
divisible by  − b. So ( − b) = ±1. | − b| = 1.

3. If ƒ () is a monic quartic polynomial such that ƒ (1) = −1, ƒ (2) = −4, ƒ (3) =
−9, and ƒ (4) = −16, find ƒ (−1).
Solution: Let g() = ƒ () + 2. So g() is also a monic quartic poly-
nomial with the roots 1,2,3 and 4: g(1) = g(2) = g(3) = g(4) = 0. By
the factor theorem, g() = ( − 1)( − 2)( − 3)( − 4). So g(−1) =
ƒ (−1) + 1 = (−1 − 1)(−1 − 2)(−1 − 3)(−1 − 4) = 120. ƒ (−1) = 119.
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4. The polynomials ƒ () = 3 + 2 + 7 − 6 and g() = 3 − 2 + b + 3
have two common roots for some integers  and b. find  and b.
Solution: The strategy is to find two quadratic equations which just
have the common roots. We can eliminate the leading term or the
constant term using linear combinations. Consider ƒ () − g() = ( +
1)2 + (7 − b) − 9, and ƒ () + 2g() = 33 + ( − 2)2 + (7 − 2b) =
(32 + ( − 2) + (7 + 2b)). Since  = 0 is not the common root, the
two roots must be the roots of ƒ () − g() and ƒ () + 2g(), so the
corresponding coefficients should be in the same ratio: +1

3 = 7−b
−2 =

−9
7−2b . Then ( + 1)(7 + 2b) − 27. Because both  and b are integers,
 + 1 and 7 + 2b are paired factors of -27. Try all possible cases to get
 = −4, b = 1. The two polynomials have the common roots: 1 ±

p
2.

5. 2020 AMC 10A Problem 21: There exists a unique strictly increasing
sequence of nonnegative integers 1 < 2 < ... < k such that

2289 + 1

217 + 1
= 21 + 22 + ... + 2k .

What is k?

Solution: This solution includes the factorization of the sum of odd
powers and the difference of powers. By sum of odd powers factoriza-
tion,

2289 + 1

217 + 1
= 217

16
− 217

15
+ 217

14
− 217

13
+ ... + 217

2
− 217

1
+ 1.

By difference of powers factorization,

217
2k
− 217

2k−1
= 217

2k−1 �
217 − 1
�

= 217
2k−1 �

216 + 215 + ... + 1
�

,

for k = 1, ...,8. And there is no overlap for different k. So there are
17*8+1 terms in the final expanded expression.

6. 2019 AMC 10A Problem 24: Let p, q, and r be the distinct roots of
the polynomial 3 − 222 + 80 − 67. It is given that there exist real
numbers A, B, and C such that

1

s3 − 22s2 + 80s − 67
=

A

s − p
+

B

s − q
+

C

s − r

for all s ̸∈ {p, q, r}. What is 1
A +

1
B +

1
C?

Solution: By the factor theorem, S3 − 22S2 + 80S − 67 = (S − p)(S −
q)(S − r). Multiplying both sides by (s − p)(s − q)(s − r) yields

1 = A(s − q)(s − r) + B(s − p)(s − r) + C(s − p)(s − q).
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Now this equation is true for any s including p, q, r. Let s = p, we have
1
A = (p − q)(p − r). Similarly, we can find 1

B = (q − p)(q − r) and 1
C =

(r − p)(r − q). Summing them up, we get that

1

A
+
1

B
+
1

C
= p2 + q2 + r2 − pq − qr − pr.

By vieta’s theorem, p + q + r = 22 and pq + qr + pr = 80. So

1

A
+
1

B
+
1

C
= (p + q + r)2 − 3(pq + pr + qr) = 244.

7. 2008 iTest Problem 80: Let

p() = 2008+ 2007+ 2006+ · · ·+ + 1, and let r() be the polynomial
remainder when p() is divided by 4 + 3 + 22 +  + 1. Find the re-
mainder when |r(2008)| is divided by 1000.

Solution: 4 + 3 + 22 + + 1 = (2 + 1)(2 + + 1). We consider the
remainders when p() is divided by (2 + 1) and 2 +  + 1:

p() = (2008 + 2007 + 2006) + · · · + (4 + 3 + 2) +  + 1 ≡  + 1
(mod 2 +  + 1); and

p() = (2008+ 2006)+ (2007+ 2005)+ · · ·+ (4+ 2)+ (3+ )+ 1 ≡ 1
(mod 2 + 1).
Assume p() = +1+k()∗(2++1). Hence p() = +1+k()∗(2+
+ 1) ≡ (k()+ 1)+ 1 ≡ 1 (mod 2+ 1), so k() =m()(2+ 1)− 1, for
some polynomial m(). Substituting it back yields p() =m()∗ (2 +
1)(2++1)−2 ⇒ r() = −2 ⇒ |r(2008)| = 20082 ≡ 64 (mod 1000).

8. 2008 AMC 12A Problem 19: In the expansion of

�

1 +  + 2 + · · · + 27
� �

1 +  + 2 + · · · + 14
�2
,

what is the coefficient of 28?
Solution: Let A1 =

�

1 +  + 2 + · · · + 14
�

, A2 =
�

1 +  + 2 + · · · + 14
�

and
B =
�

1 +  + 2 + · · · + 27
�

. Notice that 28 is one more than the degree
of B(). When we expand the product of the three polynomials, assume
we expand A1()A2() but don’t combine like term, no matter which
one is from A1()A2(), there is only one term in B() such that the
product is equal to 28, except both A1 and A2 provide 1. So there are
152 − 1 = 224 possible combinations of A1()A2(). The coefficient is
just 224.

9. 2022 AMC 12B Problem 20: Let P() be a polynomial with rational coef-
ficients such that when P() is divided by the polynomial 2+ + 1, the
remainder is  + 2, and when P() is divided by the polynomial 2 + 1,
the remainder is 2 + 1. There is a unique polynomial of least degree
with these two properties. What is the sum of the squares of the coef-
ficients of that polynomial?
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Solution: Try cubic polynomial P() and method of undetermined coef-
ficients: Assume P() = (2++1)(+b)++2 = (2+1)(+d)+2+
1. By identity theorem, we have d = +b;+b+1 = +2;b+2 = d+1.
Easy to find (, b, c, d) = (1,2,3,3). The sum of the squares is 23.

1.10 Polynomial Practice Problems:

1. The polynomial p() and q() have the same set of integer coeffi-
cients (their orders are different) prove that the difference p(2021)
and q(2021) is a multiple of 2020.

2. Find the remainder when 13 + 1 is divided by  − 1.

3. Prove that A() = ( − 2)100 + ( − 1)50 − 1 is divisible by B() = 2 −
3 + 2.

4. Residue from division of p() on expressions  − 2 and  − 3 are 5 and
7 respectively. Find the residue from division of p() on 2 − 5 + 6.

5. p() is a polynomial such that when p() is divided by  − 1, the re-
mainder is 5, and when p() is divided by  + 2, the remainder is 2.
what is the remainder when p() is divided by ( − 1)( + 2)?

6. For what a and b the polynomial p() = (+ b)5 + b2 + 1 is divisible
by 2 − 3 + 2?

7. If ƒ () is a polynomial with degree=3, ƒ () has three roots 1, 2, and 3,
and ƒ (0) = 6, find ƒ (4).

8. Let P() = 4 + 3 + b2 + c + d, if P(1) = 10, P(2) = 20, P(3) = 30,
compute P(12) + P(−8).

9. The polynomial 3 − 2 + b − 2010 has three positive integer roots,
what is the smallest possible value of ? what is b when  is the
smallest?

10. Let P() = 34 + 53 − 492 + 11+ 30 and P(−2/3) = P(3) = 0, find all
four roots of P().

11. For what values of  is  + 2 a factor of 4 − 23 + 2 −  + 7?

12. Determine all real numbers  such that the two polynomials 2++1
and 2 +  +  have at least one root in common.

13. Find  and b so that the equations ƒ () = 3 + 2 + 11 + 6 = 0 and
g() = 3 + b2 + 14 + 8 = 0 have two roots in common.

14. The equations 3 − 72 + p+ q = 0 and 3 − 92 + p+ r = 0 have two
roots in common. If the third root of each equation is represented by
1 and 2, respectively, compute the ordered pair (1, 2).
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15. 1987 ARML: ƒ () = 4 − 33 − 6 has exactly two real roots r and s, find
[r] + [s],

16. 2000ARML: Let ƒ () = (−1)(−2)2(−3)3...(−1999)1999(−2000)2000.
how many values of x for which |ƒ ()| = 1?

17. 1986 AHSME Problem 24: Let p() = 2 + b + c, where b and c are
integers. If p() is a factor of both 4+62+25 and 34+42+28+5,
what is p(1)?

(A) 0 (B) 1 (C) 2 (D) 4 (E) 8

18. 2008 iTest Problem 53: Find the sum of the 2007 roots of (− 1)2007 +
2( − 2)2006 + 3( − 3)2005 + · · · + 2006( − 2006)2 + 2007( − 2007).

19. Math leaguer HS 2011-2012: if  is a real number, what is the only
possible real number that could be a multiple root of 3 +  + 1 = 0?

20. 2011 PUMAC: A polynomial p() = 6 + 35 − 34 + 3 + b2 + c + d
given the roots of p() are equal to either m or n where m, n are
integers . Compute p(2)

21. CMIMC 2017: Suppose p() is a quadratic polynomial with integer co-
efficients such that p(p())− (p())2 = 2+ + 2016 for all real , what
is p(1)?

22. HMMT: Let Q() = 2 + 2+ 3, P() is a polynomial such that P(Q()) =
6 + 65 + 184 + 323 + 352 + 22 + 8. compute P(2)

23. 2010 AMC 10B Problem 25: Let  > 0, and let P() be a polynomial
with integer coefficients such that

P(1) = P(3) = P(5) = P(7) = , and P(2) = P(4) = P(6) = P(8) = −.

What is the smallest possible value of ?

(A) 105 (B) 315 (C) 945 (D) 7! (E) 8!

24. 2014 AMC 10B Problem 20: For how many integers  is the number
4 − 512 + 50 negative?

(A) 8 (B) 10 (C) 12 (D) 14 (E) 16

25. 2017 AMC 10A Problem 24:For certain real numbers , b, and c, the
polynomial

g() = 3 + 2 +  + 10

has three distinct roots, and each root of g() is also a root of the
polynomial

ƒ () = 4 + 3 + b2 + 100 + c.

What is ƒ (1)?

(A) −9009 (B) −8008 (C) −7007 (D) −6006 (E) −5005
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26. 2020 AMC 10A Problem 17: Define

P() = ( − 12)( − 22) · · · ( − 1002).

How many integers n are there such that P(n) ≤ 0?

(A) 4900 (B) 4950 (C) 5000 (D) 5050 (E) 5100

27. 2020 AMC 10B Problem 22: What is the remainder when 2202 + 202 is
divided by 2101 + 251 + 1?

(A) 100 (B) 101 (C) 200 (D) 201 (E) 202

28. 2021 Fall AMC 10A Problem 25: A quadratic polynomial with real coef-
ficients and leading coefficient 1 is called disrespectful if the equation
p(p()) = 0 is satisfied by exactly three real numbers. Among all the
disrespectful quadratic polynomials, there is a unique such polynomial
p̃() for which the sum of the roots is maximized. What is p̃(1)?

(A) 5
16 (B) 1

2 (C) 5
8 (D) 1 (E) 9

8

29. 2022 AMC 10B Problem 21: Let P() be a polynomial with rational co-
efficients such that when P() is divided by the polynomial 2 +  + 1,
the remainder is  + 2, and when P() is divided by the polynomial
2 + 1, the remainder is 2 + 1. There is a unique polynomial of least
degree with these two properties. What is the sum of the squares of
the coefficients of that polynomial?

(A) 10 (B) 13 (C) 19 (D) 20 (E) 23

30. 2003 AMC 12A Problem 21: The graph of the polynomial

P() = 5 + 4 + b3 + c2 + d + e

has five distinct -intercepts, one of which is at (0,0). Which of the
following coefficients cannot be zero?

(A)  (B) b (C) c (D) d (E) e

31. 2004 AMC 12B Problem 23:The polynomial 3 − 20042 + m + n has
integer coefficients and three distinct positive zeros. Exactly one of
these is an integer, and it is the sum of the other two. How many
values of n are possible?

(A) 250,000 (B) 250,250 (C) 250,500 (D) 250,750 (E) 251,000

32. 2005 AMC 12A Problem 24: Let P() = ( − 1)( − 2)( − 3). For how
many polynomials Q() does there exist a polynomial R() of degree 3
such that P(Q()) = P() · R()?
(A)19 (B)22 (C)24 (D)27 (E)32

33. 2006 AMC 12A Problem 24: The expression

( + y + z)2006 + ( − y − z)2006
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is simplified by expanding it and combining like terms. How many
terms are in the simplified expression?
(A) 6018 (B) 671,676 (C) 1,007,514
(D) 1,008,016 (E) 2,015,028

34. 2007 AMC 12A Problem 18: The polynomial ƒ () = 4+3+b2+c+d
has real coefficients, and ƒ (2) = ƒ (2 + ) = 0. What is  + b + c + d?

(A) 0 (B) 1 (C) 4 (D) 9 (E) 16

35. 2009 AMC 12A Problem 21: Let p() = 3 + 2 + b + c, where , b,
and c are complex numbers. Suppose that

p(2009 + 9002π) = p(2009) = p(9002) = 0

What is the number of nonreal zeros of 12 + 8 + b4 + c?

(A) 4 (B) 6 (C) 8 (D) 10 (E) 12

36. 2017 AMC 12B Problem 23: The graph of y = ƒ (), where ƒ () is a
polynomial of degree 3, contains points A(2,4), B(3,9), and C(4,16).
Lines AB, AC, and BC intersect the graph again at points D, E, and F,
respectively, and the sum of the -coordinates of D, E, and F is 24.
What is ƒ (0)?

(A) −2 (B) 0 (C) 2 (D)
24

5
(E) 8

37. 2018 AMC 12B Problem 22: Consider polynomials P() of degree at
most 3, each of whose coefficients is an element of {0,1,2,3,4,5,6,7,8,9}.
How many such polynomials satisfy P(−1) = −9?

(A) 110 (B) 143 (C) 165 (D) 220 (E) 286

38. Mock AIME 1 2007-2008 Problem 7: Consider the following function
g() defined as

(2
2008−1 − 1)g() = ( + 1)(2 + 1)(4 + 1) · · · (2

2007
+ 1) − 1

Find g(2).

39. Mock AIME 1 2007-2008 Problem 13: Let F() be a polynomial such
that F(6) = 15 and F(3)

F(+3) = 9 −
48+54
2+5+6

for  ∈ R such that both sides
are defined. Find F(12).

40. 1993 AIME Problem 5: Let P0() = 3 + 3132 − 77 − 8 . For integers
n ≥ 1 , define Pn() = Pn−1( − n) . What is the coefficient of  in
P20()?

41. 1995 AIME Problem 5: For certain real values of , b, c, and d, the
equation 4 + 3 + b2 + c + d = 0 has four non-real roots. The
product of two of these roots is 13 +  and the sum of the other two
roots is 3 + 4, where  =

p
−1. Find b.
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42. 1996 AIME Problem 3: Find the smallest positive integer n for which the
expansion of (y− 3+ 7y− 21)n, after like terms have been collected,
has at least 1996 terms.

43. 1996 AIME Problem 5: Suppose that the roots of 3+ 32+ 4− 11 = 0
are , b, and c, and that the roots of 3 + r2 + s + t = 0 are  + b,
b + c, and c + . Find t.

44. 1996 AIME Problem 11: Let P be the product of the roots of z6 + z4 +
z3 + z2 + 1 = 0 that have a positive imaginary part, and suppose that
P = r(cosθ◦ +  sinθ◦), where 0 < r and 0 ≤ θ < 360. Find θ.

45. 2000 AIME II Problem 13: The equation 20006+1005+103+−2 =
0 has exactly two real roots, one of which is m+

p
n

r , where m, n and r
are integers, m and r are relatively prime, and r > 0. Find m + n + r.

46. 2001 AIME I Problem 3: Find the sum of the roots, real and non-real, of

the equation 2001 +
�

1
2 − 
�2001

= 0, given that there are no multiple
roots.

47. 2003 AIME II Problem 9: Consider the polynomials P() = 6− 5− 3−
2 −  and Q() = 4 − 3 − 2 − 1. Given that z1, z2, z3, and z4 are the
roots of Q() = 0, find P(z1) + P(z2) + P(z3) + P(z4).

48. 2004 AIME I Problem 7: Let C be the coefficient of 2 in the expansion
of the product (1 − )(1 + 2)(1 − 3) · · · (1 + 14)(1 − 15). Find |C|.

49. 2004 AIME I Problem 13: The polynomial P() = (1 +  + 2 + · · · +
17)2 − 17 has 34 complex roots of the form zk = rk[cos(2πk) +
 sin(2πk)], k = 1,2,3, . . . ,34, with 0 < 1 ≤ 2 ≤ 3 ≤ · · · ≤ 34 < 1
and rk > 0. Given that 1 + 2 + 3 + 4 + 5 =m/n, where m and n are
relatively prime positive integers, find m + n.

50. 2005 AIME I Problem 6: Let P be the product of the nonreal roots of
4 − 43 + 62 − 4 = 2005. Find ⌊P⌋ .

51. 2005 AIME I Problem 8: The equation 2333−2 + 2111+2 = 2222+1 + 1
has three real roots. Given that their sum is m/n where m and n are
relatively prime positive integers, find m + n.

52. 2005 AIME II Problem 13: Let P() be a polynomial with integer coeffi-
cients that satisfies P(17) = 10 and P(24) = 17. Given that P(n) = n+ 3
has two distinct integer solutions n1 and n2, find the product n1 · n2.

53. 2007 AIME I Problem 8: The polynomial P() is cubic. What is the
largest value of k for which the polynomials Q1() = 2 + (k − 29)− k
and Q2() = 22 + (2k − 43) + k are both factors of P()?

54. 2008 AIME I Problem 13: Let

p(, y) = 0+1+2y+32+4y+5y2+63+72y+8y2+9y3.
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Suppose that

p(0,0) = p(1,0) = p(−1,0) = p(0,1) = p(0,−1) = p(1,1) = p(1,−1) = p(2,2) = 0.

There is a point
�


c ,

b
c

�

for which p
�


c ,

b
c

�

= 0 for all such polynomials,
where , b, and c are positive integers,  and c are relatively prime,
and c > 1. Find  + b + c.

55. 2010 AIME II Problem 6: Find the smallest positive integer n with the
property that the polynomial 4 − n + 63 can be written as a product
of two nonconstant polynomials with integer coefficients.

56. 2010 AIME II Problem 10: Find the number of second-degree polyno-
mials ƒ () with integer coefficients and integer zeros for which ƒ (0) =
2010.

57. 2011 AIME I Problem 15: For some integer m, the polynomial 3 −
2011 +m has the three integer roots , b, and c. Find || + |b| + |c|.

58. 2011 AIME II Problem 8: Let z1, z2, z3, . . . , z12 be the 12 zeroes of the
polynomial z12 − 236. For each j, let j be one of zj or zj. Then the
maximum possible value of the real part of

∑12
j=1j can be written as

m +
p
n where m and n are positive integers. Find m + n.

59. 2013 AIME I Problem 5: The real root of the equation 83−32−3−1 =
0 can be written in the form

3p+ 3p
b+1

c , where , b, and c are positive
integers. Find  + b + c.

60. 2014 AIME II Problem 5: Real numbers r and s are roots of p() =
3 +  + b, and r + 4 and s − 3 are roots of q() = 3 +  + b + 240.
Find the sum of all possible values of |b|.

1.11 Floor function

The greatest integer function [], also known as the floor function, gives the
greatest integer less than or equal to its argument. On a positive argument,
this function is the same as "dropping everything after the decimal point,"
but this is not true for negative values. The fractional part {} =  − [] is
always in [0,1).

Both floor function and fractional function are piece-wise.
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Facts:

1.  = [] + {}, 0 ≤ {} < 1

2. If  < y, then [] ≤ [y]

3. [n + ] = n + [], {n + } = {}

4. When  is an integer, [−] = −[], {} = {−} = 0

5. When  is not an integer, [−] = −[] − 1, and {−} = 1 − {}

6. Most useful inequality: [] ≤  < [] + 1

7. If [] = [y], then | − y| < 1

8. If  + y is an integer, then {} + {y} = 1, e.g {} + {n − } = 1

9. Hermite’s identity [n] = [] + [+1/n] + [+2/n] + ...+ [+ (n−1)/n]

10. There are [n/k] multiples of k between 1 and n.

11. The power of p in n! is equal to [n/p] + [n/p2] + ...

Some strategies:

1. Use definition and the inequality:[] ≤  < [] + 1

2. Split into integer and fraction :  = [] + {}; [n + ] = .

3. Change point: Floor function changes its value at integral values.

Example 1: [3.2] = 3, [3] = 3, [−3.2] = −4,{3.2} = 0.2,{3} = 0,{−3.2} =
0.8,{π} = π − 3.
Example 2: Solve [] = 1 Solution: 1 ≤  < 2.

Example 3: Solve  + [] = 6.7
Solution: Let  = [] + {}. 2[] + {} = 6.7, so {} = 0.7, and [] = 3.
 = 3.7.

Example 4: Solve [ n
2+2n+2
n+1 ] = 5

Solution: [ n
2+2n+2
n+1 ] = [n + 1 + 1

n+1] = n + 1 = 5. So n = 4.
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Example 5: Find the sum
∑100
k=1[
p
k]

Solution: For any k between n2 and (n+ 1)2− 1 = n2+ 2n, [
p
k] = n. There

are 2n + 1 terms. So
∑100
k=1[
p
k] =
∑9
n=1 n(2n + 1) + 10 = 625.

Example 6: Solve [3 + 1] = 2 − 1.
Solution: From the inequality [y] ≤ y < [y] + 1, we have

[3 + 1] ≤ 3 + 1 < [3 + 1] + 1
3 < [3 + 1] ≤ 3 + 1
3 < 2 − 1 ≤ 3 + 1 , since [3x+1]=2x-1
− 2 ≤  < −1
− 5 ≤ 3 + 1 < −2

Then [3 + 1] could be-5,-4 or -3. Do the casework:

I. if 2 − 1 = [3 + 1] = −5, then  = −2. Substitute it into the equation.
It is a true solution.

II. if 2−1 = [3+1] = −4, then  = −1.5. Substitute it into the equation.
It is a true solution.

III. if 2 − 1 = [3 + 1] = −3, then  = −1. Substitute it into the equation.
It is not a true solution.

So  = −2, or − 1.5.
Note: This strategy works for the equation [ƒ ()] = g(). All solutions need
to be verified.

Example 7: Solve [ 2+15 ] = [ 3−24 ].
Solution: If [s] = [t], then |s − t| < 1. So

|
2 + 1

5
−
3 − 2

4
| < 1,

−
6

7
<  <

34

7
,

−
1

7
<
2 + 1

5
<
15

7
and −

8

7
<
3 − 2

4
<
22

7
,

[
2 + 1

5
] = [

3 − 2

4
] = −1,0,1, or 2.

Do the casework:

I. if [ 2+15 ] = [ 3−24 ] = −1 then −1 ≤ 2+1
5 < 0 and −1 ≤ 3−2

4 < 0.
− 23 ≤  <

1
2 .

II. if [ 2+15 ] = [ 3−24 ] = 0 then 0 ≤ 2+1
5 < 1 and 0 ≤ 3−2

4 < 1. 2
3 ≤  < 2.

III. if [ 2+15 ] = [ 3−24 ] = 1 then 1 ≤ 2+1
5 < 2 and 1 ≤ 3−2

4 < 2. 2 ≤  < 10
3 .



1.12. FLOOR FUNCTION PRACTICE PROBLEMS 53

IV. if [ 2+15 ] = [ 3−24 ] = 2 then 2 ≤ 2+1
5 < 3 and 2 ≤ 3−2

4 < 3. 9
2 ≤  <

14
3 .

So − 23 ≤  <
1
2 , or 2

3 ≤  <
10
3 or 9

2 ≤  <
14
3 .

Example 8: 1985 AIME Problem 10: How many of the first 1000 positive
integers can be expressed in the form [2] + [4] + [6] + [8]?
Solution: Consider the change points for each floor function:

I. For any integer n, [2] steps up at  = n
2 :

1
2 .

II. For any integer n, [4] steps up at  = n
4 :

1
4 ,

3
4

III. For any integer n, [6] steps up at  = n
6 :

1
6 ,

2
6 ,

4
6 ,

5
6

IV. For any integer n, [8] steps up at  = n
8 :

1
8 ,

3
8 ,

5
8 ,

7
8 .

So when 0 ≤  < 1, ƒ () changes its value at the above 11 points. There
are 12 values of ƒ () : ƒ () = 0, when 0 ≤  < 1

8 ; ƒ (
1
8) = 1, ƒ (16) = 2,

ƒ (14) = 2, ƒ (13) = 2, ƒ (38) = 2, ƒ (12) = 2, ƒ (58) = 1, ƒ (23) = 2, ƒ (34) = 2,
ƒ (56) = 2, ƒ (

7
8) = 2, ƒ (1) = 20. So 11 values in [1,20) can be expressed in

the form of [2] + [4] + [6] + [8], and 12 values each in [20k,20(k+1))
can be expressed, for k = 1, ...,49. Finally 1000 = ƒ (50). So there are
11+ 12∗49+ 1 = 600 values between 1 and 1000 which can be expressed
in the form of [2] + [4] + [6] + [8].

1.12 Floor Function Practice Problems

1. Evaluate {
p
3}−2[

p
3]

{
p
3}+[

p
3]

2. Evaluate [
p
2021]+[−

p
2021]

3. Evaluate [(1 +
p
2)5]

4. Evaluate [(
p
3 +
p
5)4]

5. Evaluate [1 + 1
2! +

1
3! + ... +

1
2023!]

6. Evaluate [ 20073

2005∗2006 −
20053

2006∗2007]

7. Evaluate [ 3
31+231

329+229
]

8. Evaluate 2 + (1 +
p
7)b if  = [ 1

3−
p
7
], b = { 1

3−
p
7
}.

9. Evaluate [
p

202020212 − 202020210 + 29]

10. Evaluate
∑100
k=1[23k/101]
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11. Evaluate
∑2023
k=0 [

2k

25]

12. 2007 Alabama ARML Problem 7: Find the number of distinct integers in
the list

[
12

2007
], [

22

2007
], [

32

2007
], , ...[

20072

2007
].

13. AOPS MOCK AMC 12 2012 Problem 11: Find the value of the following
sum:

[
31

10
] + [

32

10
] + +...[

32012

10
].

14. Solve [3 − 6] = 4

15. Solve 3 < [3 − 6] < 7

16. Solve [ |3 − 6|] = 4

17. Solve [
p
2 − 7] = 9

18. Solve 1990[] + 1989[−] = 1

19. Solve [(n2 + 6n + 25)/(n + 3)] = 18

20. Solve [ 3
p

n3 + n2 + n + 1] = 27

21. Solve 2 − [] = 6.7

22. Solve  + [y] = 5.3, y + [] = 5.7.

23. Solve []2 = ∗{}

24. Solve 7 + [2] = 52

25. Solve 2 − 2[] − 3 = 0

26. Solve 3 − [] = 3

27. Find the sum of all values of x such that 25 + [] = 125

28. [(2 + 1)/3] = 3−2
4

29. Find the smallest real number x such that 
[] =

2002
2003

30. Let Sn =
∑n
k=1[
p
k], find the largest value of n < 1997 such thatS1997−

Sn is a prefect square.

31. If
∑5
k=2[

n
k ] = 69, find the integer n.

32. If546 =
∑91
k=19[ +

k
100], find [100]

33. What positive real number x has the property that , [],  − [] form
a geometric progression?
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34. Compute the smallest positive integer  greater than 9 such that [] −
19[ 

19] = 9, and [] − 89[ 
89] = 9.

35. If a number  is randomly selected between 100 and 200, if [
p
] = 12,

find the probability that [
p
100] = 120.

36. If  is randomly selected such that [ + 0.5] < [] + 0.2018, and [ +
0.9] > [] + 0.2018, find P([ − 0.4] = [] − 1).

37. Find the unit digit of [1020000/(10100 + 3)]

38. Solve ƒ () = ∗ [∗ [∗ []]] = 88, given  > 0

39. Let ƒ (k) be the integer closest to k1/2. find
∑2023
k=1

1
ƒ (k)

40. Let p = 2017. Find the remainder when [ 1
p

p ] + [
2p

p ] + [
3p

p ] + ...+ [
2015p

p ]
is divided by p.

41. Computer the length of the interval of the set of numbers  that satisfy
[2] = [( + 3)2].

42. Computer all values for [] + [y], where x and y positive real numbers
for which [[y]] = 20 and [y[]] = 13.

43. Computer the largest  such that {}2 = 2 − 56.

44. Guess one integral solution to 1 + [ 100n101 ] = [
99n
100] and prove it’s the

unique solution.

45. Find the area of the region enclosed by  ≥ 0, y ≥ 0, and  + y + [] +
[y] ≤ 5.

46. Find the sum of all positive integers n such that 1 + 2 + ... + n divides
15[(n + 1)2 + (n + 2)2 + ... + (2n)2].

47. Find the sum of all real numbers  for which [[ ...[[[]+]+]...]+] =
2017, and {{...{{{} + } + }...} + } = 1

2017 .

48. Computer the smallest positive integer n for which 0 < 4pn − [ 4
p
n] <

1
2015

49. Find the largest solution to the equation []
 =

2022
2023 .

50. Let ne1. Find 2 such that [] + 2022
[] = 

2 + 2022
2

.

51. 2016 AMC 10B Problem 25: Let ƒ () =
∑10
k=2(⌊k⌋ − k⌊⌋), where ⌊r⌋

denotes the greatest integer less than or equal to r. How many distinct
values does ƒ () assume for  ≥ 0?

(A) 32 (B) 36 (C) 45 (D) 46 (E) infinitely many
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52. 2018 AMC 10B Problem 25: Let ⌊⌋ denote the greatest integer less
than or equal to . How many real numbers  satisfy the equation
2 + 10,000⌊⌋ = 10,000?

(A) 197 (B) 198 (C) 199 (D) 200 (E) 201

53. 2019 AMC 10B Problem 9: The function ƒ is defined by

ƒ () = ⌊||⌋ − |⌊⌋|

for all real numbers , where ⌊r⌋ denotes the greatest integer less than
or equal to the real number r. What is the range of ƒ?

(A) {−1,0}
(B) The set of nonpositive integers

(C) {−1,0,1}
(D) {0}

(E) The set of nonnegative integers

54. 2020 AMC 10A Problem 22: For how many positive integers n ≤ 1000
is

�

998

n

�

+
�

999

n

�

+
�

1000

n

�

not divisible by 3? (Recall that ⌊⌋ is the greatest integer less than or
equal to .)

(A) 22 (B) 23 (C) 24 (D) 25 (E) 26

55. 2020 AMC 10B Problem 24: How many positive integers n satisfy

n + 1000

70
= ⌊
p
n⌋?

(Recall that ⌊⌋ is the greatest integer not exceeding .)

(A) 2 (B) 4 (C) 6 (D) 30 (E) 32

56. 2021 Fall AMC 10A Problem 16:

The graph of
ƒ () = |⌊⌋| − |⌊1 − ⌋|

is symmetric about which of the following? (Here ⌊⌋ is the greatest
integer not exceeding .)

(A) the y-axis (B) the line  = 1 (C) the origin (D) the point
�

1

2
,0
�

(E) the point (1,0)

57. 2017 AMC 12B Problem 20: Real numbers  and y are chosen indepen-
dently and uniformly at random from the interval (0,1). What is the
probability that ⌊ log2 ⌋ = ⌊ log2 y⌋?

(A) 1
8 (B) 1

6 (C) 1
4 (D) 1

3 (E) 1
2
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58. 1991 AIME Problem 6:e r is a real number for which
�

r + 19
100

�

+
�

r + 20
100

�

+
�

r + 21
100

�

+ · · · +
�

r + 91
100

�

= 546. Find ⌊100r⌋.

59. 1996 AIME Problem 2: For each real number , let ⌊⌋ denote the great-
est integer that does not exceed x. For how many positive integers n
is it true that n < 1000 and that ⌊ log2 n⌋ is a positive even integer?

60. 1997 AIME Problem 9: Given a nonnegative real number , let 〈〉 de-
note the fractional part of ; that is, 〈〉 =  − ⌊⌋, where ⌊⌋ denotes
the greatest integer less than or equal to . Suppose that  is positive,
〈−1〉 = 〈2〉, and 2 < 2 < 3. Find the value of 12 − 144−1.

61. 2004 AIME I Problem 12: Let S be the set of ordered pairs (, y) such
that 0 <  ≤ 1,0 < y ≤ 1, and

�

log2
�

1


��

and
�

log5
�

1
y

��

are both even.
Given that the area of the graph of S is m/n, where m and n are rela-
tively prime positive integers, find m+ n. The notation ⌊z⌋ denotes the
greatest integer that is less than or equal to z.

62. 2007 AIME I Problem 5: The formula for converting a Fahrenheit tem-
perature F to the corresponding Celsius temperature C is C = 5

9(F−32).
An integer Fahrenheit temperature is converted to Celsius, rounded to
the nearest integer, converted back to Fahrenheit, and again rounded
to the nearest integer.

For how many integer Fahrenheit temperatures between 32 and 1000
inclusive does the original temperature equal the final temperature?

63. 2007 AIME I Problem 7: Let N =
∑1000
k=1 k(⌈ logp2 k⌉ − ⌊ logp2 k⌋)

Find the remainder when N is divided by 1000. (⌊k⌋ is the greatest
integer less than or equal to k, and ⌈k⌉ is the least integer greater
than or equal to k.)

64. 2007 AIME II Problem 7: Given a real number , let ⌊⌋ denote the
greatest integer less than or equal to . For a certain integer k, there
are exactly 70 positive integers n1, n2, . . . , n70 such that k = ⌊ 3

p
n1⌋ =

⌊ 3
p
n2⌋ = · · · = ⌊ 3

p
n70⌋ and k divides n for all  such that 1 ≤  ≤ 70.

Find the maximum value of n
k for 1 ≤  ≤ 70.

65. 2010 AIME I Problem 8: For a real number , let ⌊⌋ denote the great-
est integer less than or equal to . Let R denote the region in the
coordinate plane consisting of points (, y) such that ⌊⌋2 + ⌊y⌋2 = 25.
The region R is completely contained in a disk of radius r (a disk is
the union of a circle and its interior). The minimum value of r can be
written as

p
m
n , where m and n are integers and m is not divisible by

the square of any prime. Find m + n.

66. 2010 AIME I Problem 14: For each positive integer n, let ƒ (n) =
∑100
k=1⌊ log10(kn)⌋.

Find the largest value of n for which ƒ (n) ≤ 300.
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67. 2007 iTest Problem 40: Let S be the sum of all  such that 1 ≤  ≤ 99
and {2} = {}2. Compute ⌊S⌋.

68. 2007 iTest Problem 58: For natural numbers k, n ≥ 2, we define

S(k, n) =

�

2n+1 + 1

2n−1 + 1

�

+

�

3n+1 + 1

3n−1 + 1

�

+ · · · +
�

kn+1 + 1

kn−1 + 1

�

Compute the value of S(10,112) − S(10,55) + S(10,2).

69. 2008 iTest Problem 75: Let

S =

√

√

√

1 +
1

12
+
1

22
+

√

√

√

1 +
1

22
+
1

32
+ · · · +

√

√

√

1 +
1

20072
+

1

20082
.

Compute ⌊S2⌋ .



Chapter 2

Geometry

The Geometry chapter includes Angle chasing, Area, Ratios, Trapezoid, Cir-
cle, Rotation, Reflection, 3D Geometry, and Analytical Geometry.

2.1 Angle Chasing

Angle chasing facts:

1. The sum of angles in a triangle is always 180◦.

2. An angle exterior to a triangle equals the sum of two exterior and op-
posite angles.

3. The sum of polygon’s exterior angles is always 360◦.

4. The sum of n-sided polygon’s interior angles is (n − 2)180◦.

5. Each interior angle of n-sided regular polygon is 180◦ n−2n .

6. Corresponding or alternate angles in parallel lines are equal.

7. Corresponding angles in congruent or similar triangles are equal.

8. ∠BC = 90◦ + ∠A/2, where I is the in-center.

9. Central angles in a circle are twice as large as the inscribed angles
subtend by the same intercepted arc.

10. If one side of a triangle inscribed in a circle is a diameter of the circle,
then the angle opposite the diameter is the right angle.

11. Equal chords⇔ Equal intercepted arcs.

12. Interior secant angle is the average of the intercepted arcs.

13. Exterior secant angle is half of the difference of the intercepted arcs.

14. Any regular polygon is cyclic. Each side corresponds to 360◦/n inter-
cepted arc.

59



60 CHAPTER 2. GEOMETRY

Examples

1. Prove that any four consecutive vertices of a regular polygon form an
isosceles trapezoid.
Proof: Let each side’s intercepted arc be x. Then  = 360◦/n. ∠ABC =
(n−2)
2 and ∠DAB = 2

2 , so ∠ABC + ∠DAB = n/2 = 180◦.

2. 2021 Fall AMC 10A Problem 7: As shown in the figure below, point E
lies on the opposite half-plane determined by line CD from point A so
that ∠CDE = 110◦. Point F lies on AD so that DE = DF, and ABCD is a
square. What is the degree measure of ∠AFE?

Solution: ∠ADE = 360◦ − ∠ADC − ∠CDE = 160◦. ∠DFE = 180◦−∠ADE
2 =

10◦. ∠AFE = 180◦ − ∠DFE = 170◦.

3. 1960 AHSME Problem 38: In this diagram AB and AC are the equal
sides of an isosceles △ABC, in which is inscribed equilateral △DEF.
Designate ∠BFD by , ∠ADE by b, and ∠FEC by c. Then  = (b + c)/2
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Solution: Since △DEF is an equilateral triangle, all of the angles are
60◦. The angles in a line add up to 180◦, so

∠FDB = 120 − b

∠EFC = 120 − 

The angles in a triangle add up to 180◦, so

∠ABC = 60 + b − 

∠ACB = 60 − c + 

Since △ABC is isosceles and AB = AC, by Base-Angle Theorem,

60 + b −  = 60 − c + 

b + c = 2

 =
b + c

2

4. 2008 AMC 10B Problem 24: Quadrilateral ABCD has AB = BC = CD,
m∠ABC = 70◦ and m∠BCD = 170◦. What is the degree measure of
∠BAD?
Solution: from AOPS Someonenumber011:
First, connect the diagonal DB, then, draw line DE such that it is con-
gruent to DC and is parallel to AB. Because triangle DCB is isosceles
and angle DCB is 170◦, the angles CDB and CBD are both 180−170

2 = 5◦.
Because angle ABC is 70◦, we get angle ABD is 65◦. Next, noticing par-
allel lines AB and DE and transversal DB, we see that angle BDE is also
65◦, and subtracting off angle CDB gives that angle EDC is 60◦.

Now, because we drew ED = DC, triangle DEC is equilateral. We can
also conclude that EC = DC = CB meaning that triangle ECB is isosce-
les, and angles CBE and CEB are equal.

Finally, we can set up our equation. Denote angle BAD as ◦. Then,
because ABED is a parallelogram, the angle DEB is also ◦. Then, CEB
is ( − 60)◦. Again because ABED is a parallelogram, angle ABE is
(180− )◦. Subtracting angle ABC gives that angle CBE equals (110−
)◦. Because angle CBE equals angle CEB, we get − 60 = 110 − ,
solving into  = 85◦ .
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5. 1994 AIME Problem 14: A beam of light strikes BC at point C with angle
of incidence α = 19.94◦ and reflects with an equal angle of reflection as
shown. The light beam continues its path, reflecting off line segments
AB and BC according to the rule: angle of incidence equals angle of
reflection. Given that β = α/10 = 1.994◦ and AB = BC, determine the
number of times the light beam will bounce off the two line segments.
Include the first reflection at C in your count.

Solution: From this solution pamphlet https://www.isinj.com/mt-aime/AIME-
Solutions-1983-2011.pdf
Label the points at which the light reflects are C = C0, C1, C2... as
shown. Draw BD1 so that BD = BC and ∠CBD1 = ∠DBD+1 = β. Now
reflect the path of the light CC1 across BC, and CC+1 across BD. Let
E be the reflection of C. We can show that C, E1, E2, ... are the same
line. Let E be the intersection of this line and the circle with center B
and radius BC. At E or after it, the beam reflection stops, where the
angle ∠EBC = 180 − α. So the number of inflections including C is
[ 180−2αβ ] + 1 = 71.
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2.2 Angle Chasing Practice Problems

1. 1961 AHSME Problem 25: △ABC is isosceles with base AC. Points P
and Q are respectively in CB and AB and such that AC = AP = PQ = QB.
The number of degrees in ∠B is:

2. 1990 AHSME Problem 14: An acute isosceles triangle, ABC, is inscribed
in a circle. Through B and C, tangents to the circle are drawn, meeting
at point D. If ∠ABC = ∠ACB = 2∠D and  is the radian measure of ∠A,
then  =

3. 2016 AMC 8 Problem 23: Two congruent circles centered at points A
and B each pass through the other circle’s center. The line containing
both A and B is extended to intersect the circles at points C and D. The
circles intersect at two points, one of which is E. What is the degree
measure of ∠CED?

4. 2005 AMC 10A Problem 19:Three one-inch squares are placed with
their bases on a line. The center square is lifted out and rotated 45
degrees, as shown. Then it is centered and lowered into its original lo-
cation until it touches both of the adjoining squares. How many inches
is the point B from the line on which the bases of the original squares
were placed?
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5. 2006 AMC 10A Problem 19: How many non-similar triangles have an-
gles whose degree measures are distinct positive integers in arithmetic
progression?

6. 2006 AMC 10B Problem 15:Rhombus ABCD is similar to rhombus BFDE.
The area of rhombus ABCD is 24 and ∠BAD = 60◦. What is the area of
rhombus BFDE?

7. 2007 AMC 10B Problem 15: The angles of quadrilateral ABCD satisfy
∠A = 2∠B = 3∠C = 4∠D. What is the degree measure of ∠A, rounded
to the nearest whole number?

8. 2009 AMC 10B Problem 24: The keystone arch is an ancient architec-
tural feature. It is composed of congruent isosceles trapezoids fitted
together along the non-parallel sides, as shown. The bottom sides of
the two end trapezoids are horizontal. In an arch made with 9 trape-
zoids, let  be the angle measure in degrees of the larger interior angle
of the trapezoid. What is ?

9. 2010 AMC 10A Problem 14: Triangle ABC has AB = 2 · AC. Let D and
E be on AB and BC, respectively, such that ∠BAE = ∠ACD. Let F be
the intersection of segments AE and CD, and suppose that △CFE is
equilateral. What is ∠ACB?

10. 2011 AMC 10B Problem 7: The sum of two angles of a triangle is 6
5 of

a right angle, and one of these two angles is 30◦ larger than the other.
What is the degree measure of the largest angle in the triangle?

11. 2011 AMC 10B Problem 17: In the given circle, the diameter EB is
parallel to DC, and AB is parallel to ED. The angles AEB and ABE are
in the ratio 4 : 5. What is the degree measure of angle BCD?
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12. 2011 AMC 10B Problem 18: Rectangle ABCD has AB = 6 and BC = 3.
Point M is chosen on side AB so that ∠AMD = ∠CMD. What is the degree
measure of ∠AMD?

13. 2011 AMC 10B Problem 20:Rhombus ABCD has side length 2 and ∠B =
120°. Region R consists of all points inside the rhombus that are closer
to vertex B than any of the other three vertices. What is the area of R?

14. 2012 AMC 10A Problem 10: Mary divides a circle into 12 sectors. The
central angles of these sectors, measured in degrees, are all integers
and they form an arithmetic sequence. What is the degree measure of
the smallest possible sector angle?

15. 2012 AMC 10B Problem 12:Point B is due east of point A. Point C is due
north of point B. The distance between points A and C is 10

p
2, and

∠BAC = 45◦. Point D is 20 meters due north of point C. The distance
AD is between which two integers?

16. 2012 AMC 10B Problem 14:Two equilateral triangles are contained in
square whose side length is 2

p
3. The bases of these triangles are the

opposite side of the square, and their intersection is a rhombus. What
is the area of the rhombus?

17. 2012 AMC 10B Problem 21:Four distinct points are arranged on a plane
so that the segments connecting them have lengths , , , , 2, and
b. What is the ratio of b to ?

18. 2013 AMC 10B Problem 15:A wire is cut into two pieces, one of length
 and the other of length b. The piece of length  is bent to form an
equilateral triangle, and the piece of length b is bent to form a regular
hexagon. The triangle and the hexagon have equal area. What is 

b?

19. 2014 AMC 10A Problem 13:Equilateral △ABC has side length 1, and
squares ABDE, BCH, CAFG lie outside the triangle. What is the area
of hexagon DEFGH?
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20. 2014 AMC 10B Problem 15:In rectangle ABCD, DC = 2 · CB and points
E and F lie on AB so that ED and FD trisect ∠ADC as shown. What is
the ratio of the area of △DEF to the area of rectangle ABCD?

21. 2015 AMC 10A Problem 24:For some positive integers p, there is a
quadrilateral ABCD with positive integer side lengths, perimeter p,
right angles at B and C, AB = 2, and CD = AD. How many different
values of p < 2015 are possible?

22. 2017 AMC 10B Problem 19:Let ABC be an equilateral triangle. Extend
side AB beyond B to a point B′ so that BB′ = 3 · AB. Similarly, extend
side BC beyond C to a point C′ so that CC′ = 3 · BC, and extend side
CA beyond A to a point A′ so that AA′ = 3 · CA. What is the ratio of the
area of △A′B′C′ to the area of △ABC?

23. 2019 AMC 10A Problem 13: Let △ABC be an isosceles triangle with
BC = AC and ∠ACB = 40◦. Construct the circle with diameter BC, and
let D and E be the other intersection points of the circle with the sides
AC and AB, respectively. Let F be the intersection of the diagonals of
the quadrilateral BCDE. What is the degree measure of ∠BFC?

24. 2021 AMC Spring 10A Problem 21: Let ABCDEF be an equiangular
hexagon. The lines AB,CD, and EF determine a triangle with area
192
p
3, and the lines BC,DE, and FA determine a triangle with area

324
p
3. The perimeter of hexagon ABCDEF can be expressed as m +

n
p
p, where m,n, and p are positive integers and p is not divisible by

the square of any prime. What is m + n + p?

25. 2021 Spring AMC 10B Problem 20:The figure is constructed from 11 line
segments, each of which has length 2. The area of pentagon ABCDE
can be written as

p
m+
p
n, where m and n are positive integers. What

is m + n?
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26. 1989 AIME Problem 6:Two skaters, Allie and Billie, are at points A and
B, respectively, on a flat, frozen lake. The distance between A and
B is 100 meters. Allie leaves A and skates at a speed of 8 meters
per second on a straight line that makes a 60◦ angle with AB. At the
same time Allie leaves A, Billie leaves B at a speed of 7 meters per
second and follows the straight path that produces the earliest possible
meeting of the two skaters, given their speeds. How many meters does
Allie skate before meeting Billie?

27. 2001 AIME I Problem 4:In triangle ABC, angles A and B measure 60 de-
grees and 45 degrees, respectively. The bisector of angle A intersects
BC at T, and AT = 24. The area of triangle ABC can be written in the
form  + b

p
c, where , b, and c are positive integers, and c is not di-

visible by the square of any prime. Find + b+ c. 2003 AIME I Problem
10: Triangle ABC is isosceles with AC = BC and ∠ACB = 106◦. Point M
is in the interior of the triangle so that ∠MAC = 7◦ and ∠MCA = 23◦.
Find the number of degrees in ∠CMB.

28. 2005 AIME I Problem 7:In quadrilateral ABCD, BC = 8, CD = 12, AD =
10, and m∠A =m∠B = 60◦. Given that AB = p+

p
q, where p and q are

positive integers, find p + q.

29. 2006 AIME I Problem 1:In quadrilateral ABCD, ∠B is a right angle, diag-
onal AC is perpendicular to CD, AB = 18, BC = 21, and CD = 14. Find
the perimeter of ABCD.

30. 2006 AIME II Problem 1:In convex hexagon ABCDEF, all six sides are
congruent, ∠A and ∠D are right angles, and ∠B,∠C,∠E, and ∠F are
congruent. The area of the hexagonal region is 2116(

p
2+ 1). Find AB.

31. 2008 AIME II Problem 5:In trapezoid ABCD with BC ∥ AD, let BC = 1000
and AD = 2008. Let ∠A = 37◦, ∠D = 53◦, and M and N be the midpoints
of BC and AD, respectively. Find the length MN.

32. 2015 AIME I Problem 6: Point A,B,C,D, and E are equally spaced on a
minor arc of a circle. Points E, F,G,H,  and A are equally spaced on a
minor arc of a second circle with center C as shown in the figure below.
The angle ∠ABD exceeds ∠AHG by 12◦. Find the degree measure of
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∠BAG.

33. 2018 AIME I Problem 8:Let ABCDEF be an equiangular hexagon such
that AB = 6, BC = 8, CD = 10, and DE = 12. Denote by d the diameter
of the largest circle that fits inside the hexagon. Find d2.

34. 2020 AIME I Problems 1: In △ABC with AB = AC, point D lies strictly
between A and C on side AC, and point E lies strictly between A and
B on side AB such that AE = ED = DB = BC. The degree measure of
∠ABC is m

n , where m and n are relatively prime positive integers. Find
m + n.

2.3 Areas

Area Formulas:

1. Base*Height/2:

(a) The ratio of the areas of two triangles of the same height is equal
to the ratio of their bases.

(b) If ABCD is a parallelogram, and point E is on line CD, then [△ABE] =
1
2[ABCD]

(c) If ABCD is a parallelogram, and point E is inside of ABCD, then
[△ABE] + [△CDE] = 1

2[ABCD]

2. Heron’s formula: [ABC] =
p

s(s − )(s − b)(s − c), where the semi-perimeter
s = +b+c

2 .

3. [ABC] = bSnC
2 = cSnB

2 = bcSnA
2 .

4. [BDE]BAC =
BD∗BE
BA∗BC , for any point D on BA and E on BC. If DE//AC, then [BDE]

BAC
is the square of common ratio.

5. [ABC] = sr, where s = +b+c
2 , and r is the in-radius.

6. [ABC] = bc
4R , where R is the circumradius. Usually used to find R using

area.
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7. Pick’s theorem: −B/2−1,where  is the number of lattice points in the
interior and B being the number of lattice points on the boundary.

8. Triangle area in a coordinate plane: Draw altitudes from vertices to x-
axis; Calculate all trapezoid areas; find triangle area using add-subtract
method.

9. Equilateral triangle area=
p
3
4 

2.

10. Regular hexagon area=6∗
p
3
4 

2.

11. Regular octagon area=(2 +
p
2)2.

12. Brahmagupta’s formula: The area of a cyclic quadrilateral is

Æ

(s − )(s − b)(s − c)(s − d),

where , b, c, d are the four side lengths and s = +b+c+d
2 .

13. For any △ABC, and a point D on BC, the triangles ABC,ABD and ACD
have the same height, so [△ABD] : [△ACD] : [△ABC] = BD : CD : BC.

Examples

1. 2019 AMC 10B Problem 8:The figure below shows a square and four
equilateral triangles, with each triangle having a side lying on a side
of the square, such that each triangle has side length 2 and the third
vertices of the triangles meet at the center of the square. The region
inside the square but outside the triangles is shaded. What is the area
of the shaded region?

Solution: Each equilateral triangle has the height length
p
3, which is

the half of the square side. So the shaded region area=(2
p
3)2 − 4 ∗p

3
4 2

2 = 12 − 4
p
3.

2. 2010 UNCO II Problem 2:The rectangle has dimensions 67 × 75. The
diagonal AB is divided into five segments of equal length. Find the
total area of the shaded regions.
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Solution: All 10 triangles have the same base length and height. So
they have the equal area. Therefore, the shaded area is 2

5 of the area
of the rectangle, which is 4

10 · 75 · 67 = 2010.

3. 1984 AIME Problem 3:A point P is chosen in the interior of △ABC such
that when lines are drawn through P parallel to the sides of △ABC, the
resulting smaller triangles t1, t2, and t3 in the figure, have areas 4, 9,
and 49, respectively. Find the area of △ABC.

Solution: The three triangles and △ABC are similar. So their side
length ratios are just the square roots of area ratios: 2 : 3 : 7. Assume
the lengths of corresponding sides of the triangle as 2, 3, 7. Thus,
the corresponding side of △ABC is 12, and the area of the triangle is
122 = 144.

4. 1998 AIME Problem 3:The graph of y2+2y+40|| = 400 partitions the
plane into several regions. What is the area of the bounded region?

Solution: Move 40|| to the right side, add 2 on both side, and com-
plete the squares: ( + y)2 = (|| − 20)2. Do the casework and graph
the 4 equations. The area of this parallelogram is 800.

5. 2002 AIME I Problem 10:In the diagram below, angle ABC is a right an-
gle. Point D is on BC, and AD bisects angle CAB. Points E and F are on
AB and AC, respectively, so that AE = 3 and AF = 10. Given that EB = 9
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and FC = 27, find the integer closest to the area of quadrilateral DCFG.

Solution: By the Pythagorean Theorem, BC = 35, and by the Angle
Bisector Theorem BD = 60/7 and DC = 185/7. [ACD]

ABC = CD
BC =

37
49 ⇒

[ACD] = 1110
7 . Let ∠BAC = α. Then [AEF]

BAC =
AE∗AF∗sn(ph)/2
AB∗AC∗sn(ph)/2 =

AE∗AF
AB∗AC =

3∗10
12∗37 ⇒ [AEF] =

525
37 . By angle bisector theorem, GF

EG =
AF
AE =

10
3 . So

[AGF]
AEF =

GF
EF =

GF
EF =

10
13 ⇒ [AGF] =

5250
481 ⇒ [DCFG] =

1110
7 −

5250
481 = 147.7.

2.4 Area Related Practice Problems

1. 2004 AMC 10B Problem 25: A circle of radius 1 is internally tangent
to two circles of radius 2 at points A and B, where AB is a diameter
of the smaller circle. What is the area of the region, shaded in the
picture, that is outside the smaller circle and inside each of the two
larger circles?

2. 2006 AMC 10B Problem 19: A circle of radius 2 is centered at O. Square
OABC has side length 1. Sides AB and CB are extended past B to meet
the circle at D and E, respectively. What is the area of the shaded
region in the figure, which is bounded by BD, BE, and the minor arc
connecting D and E?
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3. 2006 AMC 10B Problem 23:A triangle is partitioned into three triangles
and a quadrilateral by drawing two lines from vertices to their opposite
sides. The areas of the three triangles are 3, 7, and 7, as shown. What
is the area of the shaded quadrilateral?

4. 2017 AMC 10B Problem 15: Rectangle ABCD has AB = 3 and BC = 4.
Point E is the foot of the perpendicular from B to diagonal AC. What is
the area of △AED?

5. 2013 AMC 10B Problem 16: In triangle ABC, medians AD and CE in-
tersect at P, PE = 1.5, PD = 2, and DE = 2.5. What is the area of
AEDC?
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6. 2019 AMC 10A Problem 16: The figure below shows 13 circles of radius
1 within a larger circle. All the intersections occur at points of tangency.
What is the area of the region, shaded in the figure, inside the larger
circle but outside all the circles of radius 1?

7. 2020 AMC 10A Problem 12:Triangle AMC is isosceles with AM = AC.
Medians MV and CU are perpendicular to each other, and MV = CU =
12. What is the area of △AMC?

8. 2020 AMC 10B Problem 12:As shown in the figure below, six semicircles
lie in the interior of a regular hexagon with side length 2 so that the
diameters of the semicircles coincide with the sides of the hexagon.
What is the area of the shaded region —- inside the hexagon but out-
side all of the semicircles?

9. 2009 UNCO II Problem 5:The two large isosceles right triangles are con-
gruent. If the area of the inscribed square A is 225 square units, what
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is the area of the inscribed square B?

10. 1985 AIME Problem 6:As shown in the figure, triangle ABC is divided
into six smaller triangles by lines drawn from the vertices through a
common interior point. The areas of four of these triangles are as
indicated. Find the area of triangle ABC.

11. 1987 AIME Problem 15:Squares S1 and S2 are inscribed in right triangle
ABC, as shown in the figures below. Find AC + CB if area (S1) = 441
and area (S2) = 440.

12. 1991 AIME Problem 11:Twelve congruent disks are placed on a circle
C of radius 1 in such a way that the twelve disks cover C, no two of
the disks overlap, and so that each of the twelve disks is tangent to
its two neighbors. The resulting arrangement of disks is shown in the
figure below. The sum of the areas of the twelve disks can be written
in the from π( − b

p
c), where , b, c are positive integers and c is not

divisible by the square of any prime. Find  + b + c.

13. 1992 AIME Problem 13:Triangle ABC has AB = 9 and BC : AC = 40 : 41.
What’s the largest area that this triangle can have?

14. 1992 AIME Problem 14:In triangle ABC, A′, B′, and C′ are on the sides
BC, AC, and AB, respectively. Given that AA′, BB′, and CC′ are concur-
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rent at the point O, and that
AO

OA′ +
BO
OB′ +

CO
OC′ = 92, find AO

OA′ ·
BO
OB′ ·

CO
OC′ .

15. 1999 AIME Problem 4:The two squares shown share the same center
O and have sides of length 1. The length of AB is 43/99 and the area
of octagon ABCDEFGH is m/n, where m and n are relatively prime
positive integers. Find m + n.

16. 2003 AIME II Problem 7:Find the area of rhombus ABCD given that the
circumradii of triangles ABD and ACD are 12.5 and 25, respectively.

17. 2007 AIME I Problem 15: Let ABC be an equilateral triangle, and let
D and F be points on sides BC and AB, respectively, with FA = 5 and
CD = 2. Point E lies on side CA such that angle DEF = 60◦. The area of
triangle DEF is 14

p
3. The two possible values of the length of side AB

are p±q
p
r, where p and q are rational, and r is an integer not divisible

by the square of a prime. Find r.

18. 2010 AIME I Problem 8: For a real number , let ⌊⌋ denote the great-
est integer less than or equal to . Let R denote the region in the
coordinate plane consisting of points (, y) such that ⌊⌋2 + ⌊y⌋2 = 25.
The region R is completely contained in a disk of radius r (a disk is
the union of a circle and its interior). The minimum value of r can be
written as

p
m
n , where m and n are integers and m is not divisible by

the square of any prime. Find m + n.

19. 2010 AIME I Problem 13: Rectangle ABCD and a semicircle with diam-
eter AB are coplanar and have nonoverlapping interiors. Let R denote
the region enclosed by the semicircle and the rectangle. Line ℓ meets
the semicircle, segment AB, and segment CD at distinct points N, U,
and T, respectively. Line ℓ divides region R into two regions with areas
in the ratio 1 : 2. Suppose that AU = 84, AN = 126, and UB = 168.
Then DA can be represented as m

p
n, where m and n are positive in-

tegers and n is not divisible by the square of any prime. Find m + n.

20. 2015 AIME II Problem 7: Triangle ABC has side lengths AB = 12, BC =
25, and CA = 17. Rectangle PQRS has vertex P on AB, vertex Q on
AC, and vertices R and S on BC. In terms of the side length PQ =
ω, the area of PQRS can be expressed as the quadratic polynomial
Are(PQRS) = αω − βω2. Then the coefficient β = m

n , where m and n
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are relatively prime positive integers. Find m + n.

21. 2019 AIME I Problem 3: In △PQR, PR = 15, QR = 20, and PQ = 25.
Points A and B lie on PQ, points C and D lie on QR, and points E and
F lie on PR, with PA = QB = QC = RD = RE = PF = 5. Find the area of
hexagon ABCDEF.

2.5 Ratios

Three kinds of ratios in geometry: Similar, Angle Bisector, and Area Ratios.

1. Similar triangles: If △ABC ∼ △XYZ, then AB
XY =

AC
XZ =

BC
YZ .

1. Similarity from parallel lines:

2. Similarity from right triangles(right triangle altitude theorem): All
below right triangles are similar.

3. Similarity from same intercepted arc(power of a point): △PAB ∼
△PCD, PA∗ PA = PC∗ PD.
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2. Angle Bisector Theorem: AB
BD =

AC
CD , if AD bisects ∠A.

3. For any △ABC, and a point D on BC, the triangles ABC,ABD and ACD
have the same height, so [△ABD] : [△ACD] : [△ABC] = BD : CD : BC.

Examples

1. 2006 AMC 10A Problem 17: In rectangle ADEH, points B and C trisect
AD, and points G and F trisect HE. In addition, AH = AC = 2, and
AD = 3. What is the area of quadrilateral WXYZ shown in the figure?

Solution: △WBC △WEH, and BC
EH =

1
3 . Their heights also have the

ratio 1 : 3. The sum of the heights is 2. So [WBC] = 1∗0.5
2 = 1

4 . The
quadrilateral WXYZ is a square and [WXYZ] = 2[WBC] = 1/2.
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2. 2006 iTest Problem 22:Triangle ABC has sidelengths AB = 75, BC =
100, and CA = 125. Point D is the foot of the altitude from B, and E lies
on segment BC such that DE ⊥ BC. Find the area of the triangle BDE.

Solution: All right triangles are similar with the ratios 3 : 4 : 5. Be-
cause 2 ∗ [ABC] = AB ∗ BC = AC ∗ BD, BD = 60. So BE = 36, and
DE = 48. [△BDE] = 36∗ 48/2 = 864.

3. 2009 AMC 10B Problem 22:A cubical cake with edge length 2 inches
is iced on the sides and the top. It is cut vertically into three pieces
as shown in this top view, where M is the midpoint of a top edge. The
piece whose top is triangle B contains c cubic inches of cake and s
square inches of icing. What is c + s?

Solution: The volume of the B piece is c = 2[RNQ]. This cake piece
has icing on the top and on the vertical side that contains the edge QR.
Hence c + s = 2[RNQ] + [RNQ] + 22 = [RNQ] + 4 = 3[RNQ] + 4.
Easy to see that △RNQ △QPM ⇒ NQ

RN =
PM
QP =

1
2 . Let NQ = ,RN = 2,

then RQ =
p
5 = 2,  = 2p

5
⇒ [RNQ] = 2 = 4

5 . Finally c+ s = 3∗ 4
5 +4 =

32
5 .

4. 2016 AMC 10A Problem 19:In rectangle ABCD, AB = 6 and BC = 3.
Point E between B and C, and point F between E and C are such that
BE = EF = FC. Segments AE and AF intersect BD at P and Q, respec-
tively. The ratio BP : PQ : QD can be written as r : s : t where the
greatest common factor of r, s, and t is 1. What is r + s + t?
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Solution: △PBE △PDA⇒ BP
DP =

BE
DA =

1
3 ⇒ BP = 1

4BD.

△QBF △QDA⇒ BQ
DQ =

BF
DA =

2
3 ⇒ BQ = 2

5BD.

Thus BP : PQ : QD = 1
4 :

2
5 −

1
4 :

2
5 = 5 : 3 : 12⇒ r + s + t = 20.

5. 2021 AIME I Problem 2: In the diagram below, ABCD is a rectangle with
side lengths AB = 3 and BC = 11, and AECF is a rectangle with side
lengths AF = 7 and FC = 9, as shown. The area of the shaded region
common to the interiors of both rectangles is m

n , where m and n are
relatively prime positive integers. Find m + n.

Solution: All the four right triangles are similar. Let G be the inter-
section of AD and FC, and AG = . Then, we have DG = 11 − . By
similar triangles, we know that FG = 7

3(11 − ) and CG = 3
7. We have

7
3(11− ) +

3
7 = FC = 9. Solving for , we have  = 35

4 . The area of the
shaded region is just 3 · 354 =

105
4 ⇒m + n = 105 + 4 = 109.

6. 2001 AIME I Problem 7:Triangle ABC has AB = 21, AC = 22 and BC = 20.
Points D and E are located on AB and AC, respectively, such that DE is
parallel to BC and contains the center of the inscribed circle of triangle
ABC. Then DE = m/n, where m and n are relatively prime positive
integers. Find m + n.

Easy to see that △ADE △ABC. We only need to find the scale factor,
which is the ratio of the corresponding sides including heights, perime-
ters, square root of areas.
Solution 1: B bisects ∠ABC, and DE//BC ⇒ D = DB. Similary, E =
EC. Then, the ratio of the perimeters of△ADE and△ABC is AD+D+E+AE

63 =
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AB+AC
63 = 43

63 , which is just the scale factor. So DE = BC∗ 43
63 =

860
63 .

Solution 2: Draw the altitude from A to BC and the height intersects
DE at F and intersects BC at G. By Heron’s formula, the area of the
whole triangle is A =

p

s(s − )(s − b)(s − c) = 21
p
1311
4 , which is equal

to BC ∗ AG/2, and also equal to sr = s ∗ FG. So AG = 21
p
1311
40 , FG =

p
1311
6 . The scale factor is AF

AG =
43
63 .

Solution 3: Connect AT and extend it to X at BC. The scale factor is
equal to A

AX . A is an angle bisector, then, BX
CX =

AB
AC ⇒ BX = 420

43 . B is
also an angle bisector, then, A

X =
BA
BX =

43
20 ⇒

A
AX =

43
63 .

2.6 Ratios Related Practice Problems

1. In a right triangle ABC, ∠ABC = 90◦. Point D is on the hypotenuse AC,
and AD = 15, CD = 10. Connect BD and extend BD to E such that
DE = 10

p
5, and CE = 20. What is length of BD?

2. 2002 AMC 10A Problem 20:Points A,B,C,D, E and F lie, in that order,
on AF, dividing it into five segments, each of length 1. Point G is not on
line AF. Point H lies on GD, and point J lies on GF. The line segments
HC, JE, and AG are parallel. Find HC/JE.

3. 2003 AMC 10A Problem 22:In rectangle ABCD, we have AB = 8, BC = 9,
H is on BC with BH = 6, E is on AD with DE = 4, line EC intersects line
AH at G, and F is on line AD with GF ⊥ AF. Find the length of GF.

4. 2004 AMC 10A Problem 20:Points E and F are located on square ABCD
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so that △BEF is equilateral. What is the ratio of the area of △DEF to
that of △ABE?

5. 2004 AMC 10B Problem 18: In the right triangle △ACE, we have AC =
12, CE = 16, and EA = 20. Points B, D, and F are located on AC, CE,
and EA, respectively, so that AB = 3, CD = 4, and EF = 5. What is the
ratio of the area of △DBF to that of △ACE?

6. 2005 AMC 10A Problem 23: Let AB be a diameter of a circle and let C
be a point on AB with 2 · AC = BC. Let D and E be points on the circle
such that DC ⊥ AB and DE is a second diameter. What is the ratio of
the area of △DCE to the area of △ABD?

7. 2007 AMC 10A Problem 18: Consider the 12-sided polygon ABCDEFGHJKL,
as shown. Each of its sides has length 4, and each two consecutive
sides form a right angle. Suppose that AG and CH meet at M. What is
the area of quadrilateral ABCM?
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8. 2009 AMC 10A Problem 10: Triangle ABC has a right angle at B. Point
D is the foot of the altitude from B, AD = 3, and DC = 4. What is the
area of △ABC?

9. 2009 AMC 10A Problem 17:Rectangle ABCD has AB = 4 and BC = 3.
Segment EF is constructed through B so that EF is perpendicular to
DB, and A and C lie on DE and DF, respectively. What is EF?

10. 2009 AMC 10B Problem 20:Triangle ABC has a right angle at B, AB = 1,
and BC = 2. The bisector of ∠BAC meets BC at D. What is BD?
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11. 2010 AMC 10A Problem 16:Nondegenerate△ABC has integer side lengths,
BD is an angle bisector, AD = 3, and DC = 8. What is the smallest pos-
sible value of the perimeter?

12. 2011 AMC 10B Problem 9:The area of △EBD is one third of the area of
△ABC. Segment DE is perpendicular to segment AB. What is BD?

13. 2012 AMC 10A Problem 15:Three unit squares and two line segments
connecting two pairs of vertices are shown. What is the area of △ABC?

14. 2012 AMC 10B Problem 19:In rectangle ABCD, AB = 6, AD = 30, and
G is the midpoint of AD. Segment AB is extended 2 units beyond B to
point E, and F is the intersection of ED and BC. What is the area of
quadrilateral BFDG?

15. 2013 AMC 10A Problem 12:In △ABC, AB = AC = 28 and BC = 20. Points
D,E, and F are on sides AB, BC, and AC, respectively, such that DE
and EF are parallel to AC and AB, respectively. What is the perimeter
of parallelogram ADEF?
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16. 2014 AMC 10A Problem 16:In rectangle ABCD, AB = 1, BC = 2, and
points E, F, and G are midpoints of BC, CD, and AD, respectively. Point
H is the midpoint of GE. What is the area of the shaded region?

17. 2014 AMC 10A Problem 19:Four cubes with edge lengths 1, 2, 3, and 4
are stacked as shown. What is the length of the portion of XY contained
in the cube with edge length 3?
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18. 2014 AMC 10A Problem 22:In rectangle ABCD, AB = 20 and BC = 10.
Let E be a point on CD such that ∠CBE = 15◦. What is AE?

19. 2015 AMC 10A Problem 19:The isosceles right triangle ABC has right
angle at C and area 12.5. The rays trisecting ∠ACB intersect AB at D
and E. What is the area of △CDE?

20. 2016 AMC 10B Problem 19:Rectangle ABCD has AB = 5 and BC = 4.
Point E lies on AB so that EB = 1, point G lies on BC so that CG = 1,
and point F lies on CD so that DF = 2. Segments AG and AC intersect
EF at Q and P, respectively. What is the value of PQ

EF ?

21. 2018 AMC 10A Problem 9:All of the triangles in the diagram below are
similar to isosceles triangle ABC, in which AB = AC. Each of the 7
smallest triangles has area 1, and △ABC has area 40. What is the area
of trapezoid DBCE?

22. 2018 AMC 10A Problem 23:Farmer Pythagoras has a field in the shape
of a right triangle. The right triangle’s legs have lengths 3 and 4 units.
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In the corner where those sides meet at a right angle, he leaves a small
unplanted square S so that from the air it looks like the right angle
symbol. The rest of the field is planted. The shortest distance from S
to the hypotenuse is 2 units. What fraction of the field is planted?

23. 2018 AMC 10A Problem 24:Triangle ABC with AB = 50 and AC = 10
has area 120. Let D be the midpoint of AB, and let E be the midpoint
of AC. The angle bisector of ∠BAC intersects DE and BC at F and G,
respectively. What is the area of quadrilateral FDBG?

24. 2019 AMC 10B Problem 16:In △ABC with a right angle at C, point D
lies in the interior of AB and point E lies in the interior of BC so that
AC = CD, DE = EB, and the ratio AC : DE = 4 : 3. What is the ratio
AD : DB?

25. 2020 AMC 10A Problem 20:Quadrilateral ABCD satisfies ∠ABC = ∠ACD =
90◦, AC = 20, and CD = 30. Diagonals AC and BD intersect at point E,
and AE = 5. What is the area of quadrilateral ABCD?

26. 2020 AMC 10B Problem 21:In square ABCD, points E and H lie on AB
and DA, respectively, so that AE = AH. Points F and G lie on BC and CD,
respectively, and points  and J lie on EH so that F ⊥ EH and GJ ⊥ EH.
See the figure below. Triangle AEH, quadrilateral BFE, quadrilateral
DHJG, and pentagon FCGJ each has area 1. What is F2?
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27. 2021 AMC 10A Problem 12:Two right circular cones with vertices facing
down as shown in the figure below contain the same amount of liquid.
The radii of the tops of the liquid surfaces are 3 cm and 6 cm. Into each
cone is dropped a spherical marble of radius 1 cm, which sinks to the
bottom and is completely submerged without spilling any liquid. What
is the ratio of the rise of the liquid level in the narrow cone to the rise
of the liquid level in the wide cone?

28. 2021 AMC 10B Problem 21: A square piece of paper has side length 1
and vertices A,B,C, and D in that order. As shown in the figure, the
paper is folded so that vertex C meets edge AD at point C′, and edge
AB at point E. Suppose that C′D = 1

3 . What is the perimeter of triangle
△AEC′?

29. 2006 UNCO II Problem 5:In the figure BD is parallel to AE and also BF
is parallel to DE. The area of the larger triangle ACE is 128. The area
of the trapezoid BDEA is 78. Determine the area of triangle ABF.
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30. 2008 UNCO II Problem 3:A rectangle is inscribed in a square creating
four isosceles right triangles. If the total area of these four triangles is
200, what is the length of the diagonal of the rectangle?

31. 2009 UNCO II Problem 5:The two large isosceles right triangles are con-
gruent. If the area of the inscribed square A is 225 square units, what
is the area of the inscribed square B?

32. 2011 UNCO II Problem 3:The two congruent rectangles shown have
dimensions 5 in. by 25 in. What is the area of the shaded overlap
region?

33. 2018 UNCO II Problem 2:Segment AB is perpendicular to segment BC
and segment AC is perpendicular to segment BD. If segment AB has
length 15 and segment DC has length 16, then what is the area of
triangle ABC?

34. 2013 AMC 12B Problem 19:In triangle ABC, AB = 13, BC = 14, and
CA = 15. Distinct points D, E, and F lie on segments BC, CA, and DE,
respectively, such that AD ⊥ BC, DE ⊥ AC, and AF ⊥ BF. The length of
segment DF can be written as m

n , where m and n are relatively prime
positive integers. What is m + n?
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35. 1986 AIME Problem 9:In △ABC, AB = 425, BC = 450, and AC = 510.
An interior point P is then drawn, and segments are drawn through P
parallel to the sides of the triangle. If these three segments are of an
equal length d, find d.

36. 1991 AIME Problem 2:Rectangle ABCD has sides AB of length 4 and

CB of length 3. Divide AB into 168 congruent segments with points
A = P0, P1, . . . , P168 = B, and divide CB into 168 congruent segments
with points C = Q0, Q1, . . . , Q168 = B. For 1 ≤ k ≤ 167, draw the seg-

ments PkQk. Repeat this construction on the sides AD and CD, and
then draw the diagonal AC. Find the sum of the lengths of the 335
parallel segments drawn.

37. 1998 AIME Problem 6:Let ABCD be a parallelogram. Extend DA through
A to a point P, and let PC meet AB at Q and DB at R. Given that PQ =
735 and QR = 112, find RC.

38. 2004 AIME II Problem 13:Let ABCDE be a convex pentagon with AB ∥
CE,BC ∥ AD,AC ∥ DE,∠ABC = 120◦, AB = 3, BC = 5, and DE = 15. Given
that the ratio between the area of triangle ABC and the area of triangle
EBD is m/n, where m and n are relatively prime positive integers, find
m + n.

39. 2006 AIME I Problem 7:An angle is drawn on a set of equally spaced
parallel lines as shown. The ratio of the area of shaded region C to the
area of shaded region B is 11/5. Find the ratio of shaded region D to
the area of shaded region A.

40. 2008 AIME I Problem 2:Square AME has sides of length 10 units. Isosce-
les triangle GEM has base EM, and the area common to triangle GEM
and square AME is 80 square units. Find the length of the altitude to
EM in △GEM.
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41. 2009 AIME I Problem 4:In parallelogram ABCD, point M is on AB so that
AM
AB =

17
1000 and point N is on AD so that AN

AD =
17
2009 . Let P be the point of

intersection of AC and MN. Find AC
AP .

42. 2009 AIME I Problem 5:Triangle ABC has AC = 450 and BC = 300.
Points K and L are located on AC and AB respectively so that AK =
CK, and CL is the angle bisector of angle C. Let P be the point of
intersection of BK and CL, and let M be the point on line BK for which
K is the midpoint of PM. If AM = 180, find LP.

43. 2011 AIME I Problem 2:In rectangle ABCD, AB = 12 and BC = 10. Points
E and F lie inside rectangle ABCD so that BE = 9, DF = 8, BE ∥ DF,
EF ∥ AB, and line BE intersects segment AD. The length EF can be
expressed in the form m

p
n−p, where m, n, and p are positive integers

and n is not divisible by the square of any prime. Find m + n + p.

44. 2011 AIME II Problem 4:In triangle ABC, AB = 20 and AC = 11. The an-
gle bisector of ∠A intersects BC at point D, and point M is the midpoint
of AD. Let P be the point of the intersection of AC and BM. The ratio of

CP to PA can be expressed in the form
m

n
, where m and n are relatively

prime positive integers. Find m + n.

45. 2017 AIME II Problem 10:Rectangle ABCD has side lengths AB = 84 and
AD = 42. Point M is the midpoint of AD, point N is the trisection point
of AB closer to A, and point O is the intersection of CM and DN. Point P
lies on the quadrilateral BCON, and BP bisects the area of BCON. Find
the area of △CDP.

46. 2019 AIME II Problem 1:Two different points, C and D, lie on the same
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side of line AB so that △ABC and △BAD are congruent with AB = 9,
BC = AD = 10, and CA = DB = 17. The intersection of these two trian-
gular regions has area m

n , where m and n are relatively prime positive
integers. Find m + n.

47. 2019 AIME II Problem 7:Triangle ABC has side lengths AB = 120, BC =
220, and AC = 180. Lines ℓA, ℓB, and ℓC are drawn parallel to BC,AC,
and AB, respectively, such that the intersections of ℓA, ℓB, and ℓC with
the interior of △ABC are segments of lengths 55,45, and 15, respec-
tively. Find the perimeter of the triangle whose sides lie on lines ℓA, ℓB,
and ℓC.

48. 1985 AIME Problem 4:A small square is constructed inside a square
of area 1 by dividing each side of the unit square into n equal parts,
and then connecting the vertices to the division points closest to the
opposite vertices. Find the value of n if the the area of the small square
is exactly 1

1985 .

49. 1992 AIME Problem 9: Trapezoid ABCD has sides AB = 92, BC = 50,
CD = 19, and AD = 70, with AB parallel to CD. A circle with center P
on AB is drawn tangent to BC and AD. Given that AP = m

n , where m
and n are relatively prime positive integers, find m + n.

50. 1994 AIME Problem 10: In triangle ABC, angle C is a right angle and
the altitude from C meets AB at D. The lengths of the sides of △ABC
are integers, BD = 293, and cosB =m/n , where m and n are relatively
prime positive integers. Find m + n.

51. 2000 AIME II Problem 6:One base of a trapezoid is 100 units longer
than the other base. The segment that joins the midpoints of the legs
divides the trapezoid into two regions whose areas are in the ratio 2 : 3.
Let  be the length of the segment joining the legs of the trapezoid that
is parallel to the bases and that divides the trapezoid into two regions
of equal area. Find the greatest integer that does not exceed 2/100.

52. 2000 AIME II Problem 8:In trapezoid ABCD, leg BC is perpendicular to
bases AB and CD, and diagonals AC and BD are perpendicular. Given
that AB =

p
11 and AD =

p
1001, find BC2.
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53. 2001 AIME II Problem 7:Let △PQR be a right triangle with PQ = 90,
PR = 120, and QR = 150. Let C1 be the inscribed circle. Construct ST
with S on PR and T on QR, such that ST is perpendicular to PR and
tangent to C1. Construct UV with U on PQ and V on QR such that UV is
perpendicular to PQ and tangent to C1. Let C2 be the inscribed circle
of △RST and C3 the inscribed circle of △QUV. The distance between
the centers of C2 and C3 can be written as

p
10n. What is n?

54. 2003 AIME II Problem 11:Triangle ABC is a right triangle with AC = 7,
BC = 24, and right angle at C. Point M is the midpoint of AB, and D is
on the same side of line AB as C so that AD = BD = 15. Given that the
area of triangle CDM may be expressed as m

p
n

p , where m, n, and p are
positive integers, m and p are relatively prime, and n is not divisible
by the square of any prime, find m + n + p.

55. 2006 AIME II Problem 6:Square ABCD has sides of length 1. Points E
and F are on BC and CD, respectively, so that △AEF is equilateral. A
square with vertex B has sides that are parallel to those of ABCD and a

vertex on AE. The length of a side of this smaller square is −
p
b

c , where
, b, and c are positive integers and b is not divisible by the square of
any prime. Find  + b + c.

56. 2009 AIME II Problem 3:In rectangle ABCD, AB = 100. Let E be the
midpoint of AD. Given that line AC and line BE are perpendicular, find
the greatest integer less than AD.

57. 2012 AIME I Problem 12:Let △ABC be a right triangle with right angle
at C. Let D and E be points on AB with D between A and E such that
CD and CE trisect ∠C. If DE

BE =
8
15 , then tnB can be written as m

p
p

n ,
where m and n are relatively prime positive integers, and p is a positive
integer not divisible by the square of any prime. Find m + n + p.

58. 2015 AIME I Problem 7:In the diagram below, ABCD is a square. Point
E is the midpoint of AD. Points F and G lie on CE, and H and J lie on
AB and BC, respectively, so that FGHJ is a square. Points K and L lie
on GH, and M and N lie on AD and AB, respectively, so that KLMN is a
square. The area of KLMN is 99. Find the area of FGHJ.
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59. 2018 AIME I Problem 4:In △ABC,AB = AC = 10 and BC = 12. Point D
lies strictly between A and B on AB and point E lies strictly between
A and C on AC so that AD = DE = EC. Then AD can be expressed in

the form
p

q
, where p and q are relatively prime positive integers. Find

p + q.

60. 2019 AIME I Problem 6:In convex quadrilateral KLMN side MN is per-
pendicular to diagonal KM, side KL is perpendicular to diagonal LN,
MN = 65, and KL = 28. The line through L perpendicular to side KN
intersects diagonal KM at O with KO = 8. Find MO.

61. 2021 AIME I Problem 9:Let ABCD be an isosceles trapezoid with AD =
BC and AB < CD. Suppose that the distances from A to the lines
BC,CD, and BD are 15,18, and 10, respectively. Let K be the area
of ABCD. Find

p
2 · K.

62. 2021 AIME II Problem 2: Equilateral triangle ABC has side length 840.
Point D lies on the same side of line BC as A such that BD ⊥ BC. The
line ℓ through D parallel to line BC intersects sides AB and AC at points
E and F, respectively. Point G lies on ℓ such that F is between E and
G, △AFG is isosceles, and the ratio of the area of △AFG to the area of
△BED is 8 : 9. Find AF.

63. Let ABC be a triangle and D, E are points on the segment BC, CA re-
spectively such that AE/EC=2, Geometry problems from other contests
Page 25 segment BC, CA respectively such that AE/EC=2, CD=2*BD,
find the ratio of AF/FD.

64. Suppose AB, AC and BC have lengths 13,14 and 15, respectively, if
AF/FB=2/5 and CE/EA=5/8 find BD and DC.

65. AD, BE and CF intersect the point X inside of the triangle ABC, if BD:CD=2:3
and CE:AE=2:1 find AF:FB, and [△XFA]/[△ABC]
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2.7 Trapezoid

A B

CD

M

s1
s2

s3

s4



b

Trapezoid formulas:

1. [ABCD] = (+b)h
2 .

2. ABCD is a trapezoid ⇐⇒ s2 = s4.

3. s1
s2
= CM

AM =
s4
s3
, so s1s3 = s2 ∗ s4 for any quadrilateral ABCD; s1s3 = s22 if

ABCD is a trapezoid.

4. If ABCD is a trapezoid,then s1
s2
= 2

b2
and CM

AM =

b . So s1 : s2 : s3 : s4 = 2 :

b : b2 : b

5. Heights are the most useful auxiliary lines especially for isosceles trape-
zoid.

Examples

1. 2002 AMC 10A Problem 25:In trapezoid ABCD with bases AB and CD,
we have AB = 52, BC = 12, CD = 39, and DA = 5. The area of ABCD is

Solution: Draw the altitudes from C and D to AB and intersect AB at E
and F, respectively. Let AF = ,BE = 52 − 39 −  = 13 − . The height
square is equal to 52 − 2 = 122 − (13 − )2. Solve for x:  = 25

13 , Thus

the height=
p

52 − 2 = 60
13 . The area=AB+CD

2 ∗ heght = 210.

2. 2014 AMC 10B Problem 23:A sphere is inscribed in a truncated right
circular cone as shown. The volume of the truncated cone is twice that
of the sphere. What is the ratio of the radius of the bottom base of the
truncated cone to the radius of the top base of the truncated cone?
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Solution: Project the sphere and cone to the vertical plan. Assume
the top circle radius is 1, the bottom base circle is 2r, and the sphere
radius is s. So we have (r + 1)2 = (2s)2 + (r − 1)2 ⇒ s =

p
r.

The volume of the truncated cone is Vfrustum ==
π·s
3 (r

2+r+1) = π·2
p
r

3 (r2+

r + 1). This is twice of the sphere volume Vsphere =
4s3π

3
: π·2

p
r

3 (r2+ r +

1) = 2 ·
4(
p
r)3π

3
. Solve for r to get r =

3 +
p
5

2
.

2.8 Trapezoid Related Practice Problems

1. 2001 AMC 10 Problem 24:In trapezoid ABCD, AB and CD are perpen-
dicular to AD, with AB + CD = BC, AB < CD, and AD = 7. What is
AB · CD?

2. 2008 AMC 10A Problem 20:Trapezoid ABCD has bases AB and CD and
diagonals intersecting at K. Suppose that AB = 9, DC = 12, and the
area of △AKD is 24. What is the area of trapezoid ABCD?

3. 2009 AMC 10B Problem 24:The keystone arch is an ancient architec-
tural feature. It is composed of congruent isosceles trapezoids fitted
together along the non-parallel sides, as shown. The bottom sides of
the two end trapezoids are horizontal. In an arch made with 9 trape-
zoids, let  be the angle measure in degrees of the larger interior angle
of the trapezoid. What is ?

4. 2014 AMC 10B Problem 21:Trapezoid ABCD has parallel sides AB of
length 33 and CD of length 21. The other two sides are of lengths 10
and 14. The angles at A and B are acute. What is the length of the
shorter diagonal of ABCD?

5. 2021 AMC 10A Problem 17:Trapezoid ABCD has AB ∥ CD, BC = CD =
43, and AD ⊥ BD. Let O be the intersection of the diagonals AC and
BD, and let P be the midpoint of BD. Given that OP = 11, the length AD
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can be written in the form m
p
n, where m and n are positive integers

and n is not divisible by the square of any prime. What is m + n?

6. 2006 UNCO II Problem 5:In the figure BD is parallel to AE and also BF
is parallel to DE. The area of the larger triangle ACE is 128. The area
of the trapezoid BDEA is 78. Determine the area of triangle ABF.

7. 1992 AIME Problem 9:Trapezoid ABCD has sides AB = 92, BC = 50,
CD = 19, and AD = 70, with AB parallel to CD. A circle with center P
on AB is drawn tangent to BC and AD. Given that AP = m

n , where m
and n are relatively prime positive integers, find m + n.

8. 2000 AIME II Problem 6:One base of a trapezoid is 100 units longer
than the other base. The segment that joins the midpoints of the legs
divides the trapezoid into two regions whose areas are in the ratio 2 : 3.
Let  be the length of the segment joining the legs of the trapezoid that
is parallel to the bases and that divides the trapezoid into two regions
of equal area. Find the greatest integer that does not exceed 2/100.

9. 2000 AIME II Problem 8:In trapezoid ABCD, leg BC is perpendicular to
bases AB and CD, and diagonals AC and BD are perpendicular. Given
that AB =

p
11 and AD =

p
1001, find BC2.

10. 2008 AIME II Problem 5:In trapezoid ABCD with BC ∥ AD, let BC = 1000
and AD = 2008. Let ∠A = 37◦, ∠D = 53◦, and M and N be the midpoints
of BC and AD, respectively. Find the length MN.

11. 2021 AIME I Problem 9:Let ABCD be an isosceles trapezoid with AD =
BC and AB < CD. Suppose that the distances from A to the lines
BC,CD, and BD are 15,18, and 10, respectively. Let K be the area
of ABCD. Find

p
2 · K.

12. 2022 AIME I Problem 3: In isosceles trapezoid ABCD, parallel bases AB
and CD have lengths 500 and 650, respectively, and AD = BC = 333.
The angle bisectors of ∠A and ∠D meet at P, and the angle bisectors of
∠B and ∠C meet at Q. Find PQ.
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2.9 Circle

1. Central angles in a circle are twice as large as the inscribed angles
subtend by the same intercepted arc.

2. If one side of a triangle inscribed in a circle is a diameter of the circle,
then the angle opposite the diameter is the right angle.

3. Equal chords⇔ Equal intercepted arcs.

4. Interior secant angle is the average of the intercepted arcs.

5. Exterior secant angle is half of the difference of the intercepted arcs.

6. [ABC] = sr, where s = +b+c
2 , and r is the in-radius.

7. [ABC] = bc
4R , where R is the circumradius. Usually used to find R using

area.

8. Brahmagupta’s formula: The area of a cyclic quadrilateral is
Æ

(s − )(s − b)(s − c)(s − d),

where , b, c, d are the four side lengths and s = +b+c+d
2 .

9. Similar from same intercepted arc(power of a point): △PAB ∼ △PCD,
PA∗ PB = PC∗ PD.

10. ( − 0)2 + (y − y0)2 = r2 is a circle with center (0, y0) and radius=r.

11. A line  + by + c = 0 is tangent to the circle ( − 0)2 + (y − y0)2 = r2

when the distance from the center (0, y0) to the line is equal to r:
|0+by0+c|p

2+b2
= r.
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12. Always connect two centers of tangent circles.

13. Always connect circle center and tangent point.

14. Always draw an altitude from circle center to a chord.

Examples

1. 2006 AMC 10B Problem 24: Circles with centers O and P have radii
2 and 4, respectively, and are externally tangent. Points A and B on
the circle with center O and points C and D on the circle with center P
are such that AD and BC are common external tangents to the circles.
What is the area of the concave hexagon AOBCPD?

Solution: AD2 = (4 + 2)2 − (4 − 2)2 = 32.[AOBCPD] = 2 ∗ [AOPD] =
22+42 ∗

p
32 = 24

p
2.

2. 2014 AMC 10B Problem 22: Eight semicircles line the inside of a square
with side length 2 as shown. What is the radius of the circle tangent to
all of these semicircles?

Solution: Connect centers of tangent circles and draw a tangent line
as shown. In the right triangle, the hypotenuse is r + 0.5, and the two
legs are 0.5 and 1. So r =

p
5−1
2 .
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3. 2019 AMC 10B Problem 20: As shown in the figure, line segment AD is
trisected by points B and C so that AB=BC=CD=2. Three semicircles
of radius of 1, AEB,BFC, and CGD, have their diameters on AD, and are
tangent to line EG at E,F and G respectively. A circle of radius 2 has
its center on F. The area of the region inside the circle but outside the
three semicircles, shaded in the figure, can be expressed in the form

b · π −

p
c + d, where a,b,c,and d are positive integers and a and b are

relatively prime. What is  + b + c + d?

Solution: Connect E, F,G. The shaded region consists of the semicircle
above EG (Area=π22

2 = 2π), the shaded part below EG and above AD
(Area=4 ∗ (1 − 0.25π) = 4 − π.), and the part below AD (Area=120◦

360◦π ·
22 − 2 · 12 · 1 ·

p
3 = 4π

3 −
p
3). So the total shaded area is 7π

3 −
p
3 + 4.

4. 1983 AIME Problem 14: In the adjoining figure, two circles with radii
8 and 6 are drawn with their centers 12 units apart. At P, one of the
points of intersection, a line is drawn in such a way that the chords QP
and PR have equal length. Find the square of the length of QP.

Solution: Draw the altitudes from circle centers A and B to QR. So
RN = NP = 1

2RP =
1
2PQ = PM = MQ = , and BN//AM. And notice that

RB
AB =

1
2 =

RN
NM . We assume that A,B,R are colinear. Let BN = y. For

△RBN, 62 = BN2 + 2 = y2 + 2; For △AQM, 82 = AM2 + 2 = 9y2 + 2.
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So 2 = 65
2 and y2 = 7

2 . Then, QP2 = 42 = 130.

5. 1999 AIME Problem 12: The inscribed circle of triangle ABC is tangent
to AB at P, and its radius is 21. Given that AP = 23 and PB = 27, find
the perimeter of the triangle.

Let CQ = CR = . Then, the semi-perimeter s = 23 + 27 +  = 50 +
. The triangle area can be calculated by sr or by Heron’s formula
p

(50 + )()(23)(27). Solve the equation for x:

(50 + )21 =
Æ

(50 + )()(23)(27).

 = 245
2 ,2s = 345.

2.10 Circle Related Practice Problems

1. 2006 iTest Problem 8:The point P is a point on a circle with center O.
Perpendicular lines are drawn from P to perpendicular diameters, AB
and CD, meeting them at points Y and Z, respectively. If the diameter
of the circle is 16, what is the length of YZ?

2. 2006 iTest Problem 11:Find the radius of the inscribed circle of a trian-
gle with sides of length 13, 30, and 37.

3. 2007 iTest Problem 16:How many lattice points lie within or on the
border of the circle in the y-plane defined by the equation 2 + y2 =
100.
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4. 2007 Cyprus MO/Lyceum Problem 6:ABCD is a square of side length 2
and FG is an arc of the circle with centre the midpoint K of the side AB
and radius 2. The length of the segments FD = GC =  is

5. 2004 AMC 10A Problem 23: Circles A,B and C are externally tangent
to each other, and internally tangent to circle D. Circles B and C are
congruent. Circle A has radius 1 and passes through the center of D.
What is the radius of circle B?

6. 2006 AMC 10A Problem 16: A circle of radius 1 is tangent to a circle of
radius 2. The sides of △ABC are tangent to the circles as shown, and
the sides AB and AC are congruent. What is the area of △ABC?

7. 2006 AMC 10A Problem 23: Circles with centers A and B have radius 3
and 8, respectively. A common internal tangent intersects the circles
at C and D, respectively. Lines AB and CD intersect at E, and AE = 5.
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What is CD?

8. 2007 AMC 10A Problem 15: Four circles of radius 1 are each tangent to
two sides of a square and externally tangent to a circle of radius 2, as
shown. What is the area of the square?

9. 2007 AMC 10B Problem 11: A circle passes through the three vertices
of an isosceles triangle that has two sides of length 3 and a base of
length 2. What is the area of this circle?

10. 2008 AMC 10A Problem 10: Each of the sides of a square S1 with area
16 is bisected, and a smaller square S2 is constructed using the bi-
section points as vertices. The same process is carried out on S2 to
construct an even smaller square S3. What is the area of S3?

11. 2009 AMC 10A Problem 21:Many Gothic cathedrals have windows with
portions containing a ring of congruent circles that are circumscribed
by a larger circle, In the figure shown, the number of smaller circles is
four. What is the ratio of the sum of the areas of the four smaller circles
to the area of the larger circle?

12. 2009 AMC 10B Problem 16: Points A and C lie on a circle centered at O,
each of BA and BC are tangent to the circle, and △ABC is equilateral.
The circle intersects BO at D. What is BD

BO?
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13. 2009 AMC 10B Problem 19: A particular 12-hour digital clock displays
the hour and minute of a day. Unfortunately, whenever it is supposed
to display a 1, it mistakenly displays a 9. For example, when it is 1:16
PM the clock incorrectly shows 9:96 PM. What fraction of the day will
the clock show the correct time?

14. 2011 AMC 10A Problem 18: Circles A,B, and C each have radius 1.
Circles A and B share one point of tangency. Circle C has a point of
tangency with the midpoint of AB. What is the area inside Circle C but
outside circle A and circle B ?

15. 2011 AMC 10A Problem 20: Two points on the circumference of a cir-
cle of radius r are selected independently and at random. From each
point a chord of length r is drawn in a clockwise direction. What is the
probability that the two chords intersect?

16. 2011 AMC 10B Problem 17: In the given circle, the diameter EB is
parallel to DC, and AB is parallel to ED. The angles AEB and ABE are
in the ratio 4 : 5. What is the degree measure of angle BCD?

17. 2011 AMC 10B Problem 25: Let T1 be a triangle with side lengths
2011,2012, and 2013. For n ≥ 1, if Tn = △ABC and D,E, and F are
the points of tangency of the incircle of △ABC to the sides AB,BC, and
AC, respectively, then Tn+1 is a triangle with side lengths AD,BE, and
CF, if it exists. What is the perimeter of the last triangle in the sequence
(Tn)?

18. 2012 AMC 10A Problem 10: Mary divides a circle into 12 sectors. The
central angles of these sectors, measured in degrees, are all integers
and they form an arithmetic sequence. What is the degree measure of
the smallest possible sector angle?

19. 2012 AMC 10A Problem 18: The closed curve in the figure is made up of
9 congruent circular arcs each of length 2π

3 , where each of the centers
of the corresponding circles is among the vertices of a regular hexagon
of side 2. What is the area enclosed by the curve?
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20. 2012 AMC 10B Problem 16: Three circles with radius 2 are mutually
tangent. What is the total area of the circles and the region bounded
by them, as shown in the figure?

21. 2012 AMC 10B Problem 17: Jesse cuts a circular paper disk of radius
12 along two radii to form two sectors, the smaller having a central
angle of 120 degrees. He makes two circular cones, using each sector
to form the lateral surface of a cone. What is the ratio of the volume of
the smaller cone to that of the larger?

22. 2013 AMC 10A Problem 22: Six spheres of radius 1 are positioned so
that their centers are at the vertices of a regular hexagon of side length
2. The six spheres are internally tangent to a larger sphere whose
center is the center of the hexagon. An eighth sphere is externally
tangent to the six smaller spheres and internally tangent to the larger
sphere. What is the radius of this eighth sphere?

23. 2013 AMC 10A Problem 23: In △ABC, AB = 86, and AC = 97. A circle
with center A and radius AB intersects BC at points B and X. Moreover
BX and CX have integer lengths. What is BC?

24. 2013 AMC 10B Problem 7: Six points are equally spaced around a circle
of radius 1. Three of these points are the vertices of a triangle that is
neither equilateral nor isosceles. What is the area of this triangle?

25. 2014 AMC 10B Problem 23: A sphere is inscribed in a truncated right
circular cone as shown. The volume of the truncated cone is twice that
of the sphere. What is the ratio of the radius of the bottom base of the
truncated cone to the radius of the top base of the truncated cone?
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26. 2015 AMC 10B Problem 19:In △ABC, ∠C = 90◦ and AB = 12. Squares
ABXY and ACWZ are constructed outside of the triangle. The points
X, Y, Z, and W lie on a circle. What is the perimeter of the triangle?

27. 2016 AMC 10A Problem 15: Seven cookies of radius 1 inch are cut
from a circle of cookie dough, as shown. Neighboring cookies are tan-
gent, and all except the center cookie are tangent to the edge of the
dough. The leftover scrap is reshaped to form another cookie of the
same thickness. What is the radius in inches of the scrap cookie?

28. 2016 AMC 10A Problem 21: Circles with centers P,Q and R, having radii
1,2 and 3, respectively, lie on the same side of line  and are tangent
to  at P′, Q′ and R′, respectively, with Q′ between P′ and R′. The circle
with center Q is externally tangent to each of the other two circles.
What is the area of triangle PQR?

29. 2017 AMC 10A Problem 17: Distinct points P, Q, R, S lie on the circle
2 + y2 = 25 and have integer coordinates. The distances PQ and RS
are irrational numbers. What is the greatest possible value of the ratio
PQ
RS?

30. 2017 AMC 10A Problem 22: Sides AB and AC of equilateral triangle ABC
are tangent to a circle at points B and C respectively. What fraction of
the area of △ABC lies outside the circle?

31. 2017 AMC 10B Problem 21: In △ABC, AB = 6, AC = 8, BC = 10, and D is
the midpoint of BC. What is the sum of the radii of the circles inscribed
in △ADB and △ADC?

32. 2017 AMC 10B Problem 22: The diameter AB of a circle of radius 2
is extended to a point D outside the circle so that BD = 3. Point E is
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chosen so that ED = 5 and line ED is perpendicular to line AD. Segment
AE intersects the circle at a point C between A and E. What is the area
of △ABC?

33. 2018 AMC 10A Problem 15: Two circles of radius 5 are externally tan-
gent to each other and are internally tangent to a circle of radius 13 at
points A and B, as shown in the diagram. The distance AB can be writ-
ten in the form m

n , where m and n are relatively prime positive integers.
What is m + n?

34. 2018 AMC 10B Problem 7: In the figure below, N congruent semicircles
are drawn along a diameter of a large semicircle, with their diameters
covering the diameter of the large semicircle with no overlap. Let A
be the combined area of the small semicircles and B be the area of
the region inside the large semicircle but outside the small semicircles.
The ratio A : B is 1 : 18. What is N?

35. 2018 AMC 10B Problem 12: Line segment AB is a diameter of a circle
with AB = 24. Point C, not equal to A or B, lies on the circle. As point C
moves around the circle, the centroid (center of mass) of △ABC traces
out a closed curve missing two points. To the nearest positive integer,
what is the area of the region bounded by this curve?

36. 2019 AMC 10A Problem 16: The figure below shows 13 circles of radius
1 within a larger circle. All the intersections occur at points of tangency.
What is the area of the region, shaded in the figure, inside the larger
circle but outside all the circles of radius 1?
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37. 2019 AMC 10B Problem 20: As shown in the figure, line segment AD is
trisected by points B and C so that AB=BC=CD=2. Three semicircles
of radius of 1, AEB,BFC, and CGD, have their diameters on AD, and are
tangent to line EG at E,F and G respectively. A circle of radius 2 has
its center on F. The area of the region inside the circle but outside the
three semicircles, shaded in the figure, can be expressed in the form

b · π −

p
c + d, where a,b,c,and d are positive integers and a and b are

relatively prime. What is  + b + c + d?

38. 2020 AMC 10B Problem 10: A three-quarter sector of a circle of radius
4 inches together with its interior can be rolled up to form the lateral
surface area of a right circular cone by taping together along the two
radii shown. What is the volume of the cone in cubic inches?

39. 2020 AMC 10B Problem 14: As shown in the figure below, six semicir-
cles lie in the interior of a regular hexagon with side length 2 so that
the diameters of the semicircles coincide with the sides of the hexagon.
What is the area of the shaded region — inside the hexagon but outside
all of the semicircles?
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40. 2021 AMC 10B Problem 7: In a plane, four circles with radii 1,3,5, and
7 are tangent to line ℓ at the same point A, but they may be on either
side of ℓ. Region S consists of all the points that lie inside exactly one
of the four circles. What is the maximum possible area of region S?

41. 2021 AMC 10B Problem 14: Three equally spaced parallel lines inter-
sect a circle, creating three chords of lengths 38,38, and 34. What is
the distance between two adjacent parallel lines?

42. 1983 AIME Problem 4: A machine-shop cutting tool has the shape of a
notched circle, as shown. The radius of the circle is

p
50 cm, the length

of AB is 6 cm and that of BC is 2 cm. The angle ABC is a right angle.
Find the square of the distance (in centimeters) from B to the center of
the circle.

43. 1983 AIME Problem 15: The adjoining figure shows two intersecting
chords in a circle, with B on minor arc AD. Suppose that the radius of
the circle is 5, that BC = 6, and that AD is bisected by BC. Suppose
further that AD is the only chord starting at A which is bisected by BC.
It follows that the sine of the central angle of minor arc AB is a rational
number. If this number is expressed as a fraction m

n in lowest terms,
what is the product mn?
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44. 1984 AIME Problem 6: Three circles, each of radius 3, are drawn with
centers at (14,92), (17,76), and (19,84). A line passing through
(17,76) is such that the total area of the parts of the three circles
to one side of the line is equal to the total area of the parts of the three
circles to the other side of it. What is the absolute value of the slope of
this line?

45. 1991 AIME Problem 11:Twelve congruent disks are placed on a circle
C of radius 1 in such a way that the twelve disks cover C, no two of
the disks overlap, and so that each of the twelve disks is tangent to
its two neighbors. The resulting arrangement of disks is shown in the
figure below. The sum of the areas of the twelve disks can be written
in the from π( − b

p
c), where , b, c are positive integers and c is not

divisible by the square of any prime. Find  + b + c.

46. 1992 AIME Problem 9: Trapezoid ABCD has sides AB = 92, BC = 50,
CD = 19, and AD = 70, with AB parallel to CD. A circle with center P
on AB is drawn tangent to BC and AD. Given that AP = m

n , where m
and n are relatively prime positive integers, find m + n.

47. 1993 AIME Problem 13: Jenny and Kenny are walking in the same di-
rection, Kenny at 3 feet per second and Jenny at 1 foot per second,
on parallel paths that are 200 feet apart. A tall circular building 100
feet in diameter is centered midway between the paths. At the in-
stant when the building first blocks the line of sight between Jenny and
Kenny, they are 200 feet apart. Let t be the amount of time, in sec-
onds, before Jenny and Kenny can see each other again. If t is written
as a fraction in lowest terms, what is the sum of the numerator and
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denominator?

48. 1994 AIME Problem 2: A circle with diameter PQ of length 10 is inter-
nally tangent at P to a circle of radius 20. Square ABCD is constructed
with A and B on the larger circle, CD tangent at Q to the smaller circle,
and the smaller circle outside ABCD. The length of AB can be written
in the form m +

p
n, where m and n are integers. Find m + n.

49. 1995 AIME Problem 4: Circles of radius 3 and 6 are externally tangent
to each other and are internally tangent to a circle of radius 9. The
circle of radius 9 has a chord that is a common external tangent of the
other two circles. Find the square of the length of this chord.

50. 1997 AIME Problem 4: Circles of radii 5,5,8, and m
n are mutually ex-

ternally tangent, where m and n are relatively prime positive integers.
Find m + n.

51. 2002 AIME I Problem 2: The diagram shows twenty congruent circles
arranged in three rows and enclosed in a rectangle. The circles are
tangent to one another and to the sides of the rectangle as shown in
the diagram. The ratio of the longer dimension of the rectangle to

the shorter dimension can be written as
1

2
(
p
p − q) where p and q are

positive integers. Find p + q.

52. 2003 AIME I Problem 2: One hundred concentric circles with radii 1,2,3, . . . ,100
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are drawn in a plane. The interior of the circle of radius 1 is colored red,
and each region bounded by consecutive circles is colored either red
or green, with no two adjacent regions the same color. The ratio of the
total area of the green regions to the area of the circle of radius 100
can be expressed as m/n, where m and n are relatively prime positive
integers. Find m + n.

53. 2004 AIME II Problem 1:A chord of a circle is perpendicular to a radius
at the midpoint of the radius. The ratio of the area of the larger of the
two regions into which the chord divides the circle to the smaller can
be expressed in the form π+b

p
c

dπ−e
p
ƒ
, where , b, c, d, e, and ƒ are positive

integers,  and e are relatively prime, and neither c nor ƒ is divisible by
the square of any prime. Find the remainder when the product bcdeƒ
is divided by 1000.

54. 2004 AIME II Problem 11: A right circular cone has a base with radius
600 and height 200

p
7. A fly starts at a point on the surface of the cone

whose distance from the vertex of the cone is 125, and crawls along
the surface of the cone to a point on the exact opposite side of the
cone whose distance from the vertex is 375

p
2. Find the least distance

that the fly could have crawled.

55. 2004 AIME II Problem 12: Let ABCD be an isosceles trapezoid, whose
dimensions are AB = 6, BC = 5 = DA,and CD = 4. Draw circles of radius
3 centered at A and B, and circles of radius 2 centered at C and D.
A circle contained within the trapezoid is tangent to all four of these
circles. Its radius is −k+m

p
n

p , where k,m,n, and p are positive integers,
n is not divisible by the square of any prime, and k and p are relatively
prime. Find k +m + n + p.

56. 2005 AIME I Problem 1:Six congruent circles form a ring with each circle
externally tangent to two circles adjacent to it. All circles are internally
tangent to a circle C with radius 30. Let K be the area of the region
inside circle C and outside of the six circles in the ring. Find ⌊K⌋ (the
floor function).
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57. 2005 AIME II Problem 8:Circles C1 and C2 are externally tangent, and
they are both internally tangent to circle C3. The radii of C1 and C2
are 4 and 10, respectively, and the centers of the three circles are all
collinear. A chord of C3 is also a common external tangent of C1 and
C2. Given that the length of the chord is m

p
n

p where m,n, and p are
positive integers, m and p are relatively prime, and n is not divisible
by the square of any prime, find m + n + p.

58. 2006 AIME II Problem 9:Circles C1, C2, and C3 have their centers at (0,0),
(12,0), and (24,0), and have radii 1, 2, and 4, respectively. Line t1 is a
common internal tangent to C1 and C2 and has a positive slope, and line
t2 is a common internal tangent to C2 and C3 and has a negative slope.
Given that lines t1 and t2 intersect at (, y), and that  = p−q

p
r, where

p, q, and r are positive integers and r is not divisible by the square of
any prime, find p + q + r.

59. 2008 AIME II Problem 11:In triangle ABC, AB = AC = 100, and BC =
56. Circle P has radius 16 and is tangent to AC and BC. Circle Q is
externally tangent to P and is tangent to AB and BC. No point of circle
Q lies outside of △ABC. The radius of circle Q can be expressed in the
form m − n

p
k, where m, n, and k are positive integers and k is the

product of distinct primes. Find m + nk.

60. 2009 AIME II Problem 5: Equilateral triangle T is inscribed in circle A,
which has radius 10. Circle B with radius 3 is internally tangent to circle
A at one vertex of T. Circles C and D, both with radius 2, are internally
tangent to circle A at the other two vertices of T. Circles B, C, and D

are all externally tangent to circle E, which has radius
m

n
, where m and

n are relatively prime positive integers. Find m + n.
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61. 2013 AIME II Problem 8:A hexagon that is inscribed in a circle has side
lengths 22, 22, 20, 22, 22, and 20 in that order. The radius of the
circle can be written as p +

p
q, where p and q are positive integers.

Find p + q.

62. 2014 AIME II Problem 8:Circle C with radius 2 has diameter AB. Circle
D is internally tangent to circle C at A. Circle E is internally tangent to
circle C, externally tangent to circle D, and tangent to AB. The radius
of circle D is three times the radius of circle E, and can be written in
the form

p
m − n, where m and n are positive integers. Find m + n.

63. 2015 AIME I Problem 6: Point A,B,C,D, and E are equally spaced on a
minor arc of a circle. Points E, F,G,H,  and A are equally spaced on a
minor arc of a second circle with center C as shown in the figure below.
The angle ∠ABD exceeds ∠AHG by 12◦. Find the degree measure of
∠BAG.
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64. 2015 AIME II Problem 11:The circumcircle of acute △ABC has center O.
The line passing through point O perpendicular to OB intersects lines
AB and BC and P and Q, respectively. Also AB = 5, BC = 4, BQ = 4.5,
and BP = m

n , where m and n are relatively prime positive integers. Find
m + n.

65. 2016 AIME I Problem 6:In △ABC let  be the center of the inscribed
circle, and let the bisector of ∠ACB intersect AB at L. The line through
C and L intersects the circumscribed circle of △ABC at the two points C
and D. If L = 2 and LD = 3, then C = m

n , where m and n are relatively
prime positive integers. Find m + n.

66. 2020 AIME I Problem 6:A flat board has a circular hole with radius 1
and a circular hole with radius 2 such that the distance between the
centers of the two holes is 7. Two spheres with equal radii sit in the
two holes such that the spheres are tangent to each other. The square
of the radius of the spheres is m

n , where m and n are relatively prime
positive integers. Find m + n.

67. 2020 AIME II Problem 13:Convex pentagon ABCDE has side lengths
AB = 5, BC = CD = DE = 6, and EA = 7. Moreover, the pentagon has
an inscribed circle (a circle tangent to each side of the pentagon). Find
the area of ABCDE.

68. 2009 AIME I Problem 12 (Hard):In right △ABC with hypotenuse AB,
AC = 12, BC = 35, and CD is the altitude to AB. Let ω be the circle
having CD as a diameter. Let  be a point outside △ABC such that A
and B are both tangent to circle ω. The ratio of the perimeter of △AB
to the length AB can be expressed in the form m

n , where m and n are
relatively prime positive integers. Find m + n.

2.11 Rotation, Reflection

1. Rotate point A (A, yA) θ degree counterclockwise about point B (B, yB)
to point C (C, yC): (C − B, yC − yB) = eθ(A − B, yA − yB).

2. Reflect point A (A, yA) over a line to point B (B, yB), then this line is
the perpendicular bisector of AB: the middle point of AB M is on the
line AB; AB and the line are perpendicular. So their slope product is -1.

3. Check unchanged angles and line segments before and after reflection.
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Examples

1. 2018 AMC 10A Problem 13:A paper triangle with sides of lengths 3,4,
and 5 inches, as shown, is folded so that point A falls on point B. What
is the length in inches of the crease?

Solution: The folder line is just the perpendicular bisector of AB. As-
sume it intersects AB at D and AC at E. △ACB is similar to △ADE by AA
similarity. Setting up the ratios, we find that

BC

AC
=
DE

AD
⇒
3

4
=
DE
5
2

⇒ DE =
15

8
.

2. 2021 AMC 10B Problem 21:A square piece of paper has side length 1
and vertices A,B,C, and D in that order. As shown in the figure, the
paper is folded so that vertex C meets edge AD at point C′, and edge
BC intersects edge AB at point E. Suppose that C′D = 1

3 . What is the
perimeter of triangle △AEC′?

Solution: Before and after folding, FC′ = FC, and ∠FC′E = 90◦. Let
FD = , and then FC′ = FC = 1 − . We have

2 +
�

1

3

�2

= (1 − )2 → 2 +
1

9
= 2 − 2 + 1→  =

4

9

So△FDC′ is a 3-4-5 right triangle. And C′A = 1−DC′ = 2
3 , △C

′AE △FDC′

is also a 3-4-5 right triangle. The perimeter of △C′AE is 3+4+5
4

2
3 = 2.
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2.12 Rotation Reflection Related Practice Prob-
lems

1. 2002 AMC 10A Problem 19: Spot’s doghouse has a regular hexagonal
base that measures one yard on each side. He is tethered to a vertex
with a two-yard rope. What is the area, in square yards, of the region
outside of the doghouse that Spot can reach?

2. 2006 AMC 10A Problem 12:Rolly wishes to secure his dog with an 8-
foot rope to a square shed that is 16 feet on each side. His preliminary
drawings are shown.

3. 2008 AMC 10A Problem 19:Rectangle PQRS lies in a plane with PQ =
RS = 2 and QR = SP = 6. The rectangle is rotated 90◦ clockwise about
R, then rotated 90◦ clockwise about the point S moved to after the first
rotation. What is the length of the path traveled by point P?

4. 2008 AMC 10A Problem 17:An equilateral triangle has side length 6.
What is the area of the region containing all points that are outside the
triangle but not more than 3 units from a point of the triangle?
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5. 2013 AMC 10A Problem 20:A unit square is rotated 45◦ about its center.
What is the area of the region swept out by the interior of the square?

6. 2014 AMC 10A Problem 23:A rectangular piece of paper whose length
is
p
3 times the width has area A. The paper is divided into three equal

sections along the opposite lengths, and then a dotted line is drawn
from the first divider to the second divider on the opposite side as
shown. The paper is then folded flat along this dotted line to create a
new shape with area B. What is the ratio B : A?

7. 2021 AMC 10B Problem 9:The point P(, b) in the y-plane is first ro-
tated counterclockwise by 90◦ around the point (1,5) and then re-
flected about the line y = −. The image of P after these two transfor-
mations is at (−6,3). What is b − ?

8. 2003 AIME II Problem 7:Find the area of rhombus ABCD given that the
circumradii of triangles ABD and ACD are 12.5 and 25, respectively.

9. 2004 AIME II Problem 7:ABCD is a rectangular sheet of paper that has
been folded so that corner B is matched with point B′ on edge AD.
The crease is EF, where E is on AB and F is on CD. The dimensions
AE = 8, BE = 17, and CF = 3 are given. The perimeter of rectangle
ABCD is m/n, where m and n are relatively prime positive integers.
Find m + n.
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10. 2013 AIME I Problem 9:A paper equilateral triangle ABC has side length
12. The paper triangle is folded so that vertex A touches a point on
side BC a distance 9 from point B. The length of the line segment
along which the triangle is folded can be written as m

p
p

n , where m, n,
and p are positive integers, m and n are relatively prime, and p is not
divisible by the square of any prime. Find m + n + p.

2.13 3D Geometry

1. Cube:

1. Main (Space) diagonal s
p
3;

2. Surface area of 6s2;

3. Volume s3;

4. A circumscribed sphere of radius s
p
3
2 ;

5. An inscribed sphere of radius s
2 ;

6. A sphere tangent to all of its edges of radius s
p
2
2 .

2. Prism is a solid that has two parallel base faces that are congruent
polygons.

3. Cylinder: Surface area: 2πr2 + 2πrh; Volume: πr2h

4. Pyramid consists of a base that is a polygon and a vertex not on the
plane of the polygon. Tetrahedron is a special pyramid with triangle
base.

5. Cone: A special pyramid with a circular base. Volume=πr2h, Lateral
area=πrs



2.13. 3D GEOMETRY 119

6. Sphere: Volume=4
3πr

3, surface area=4πr2.

7. Projection and cross section are very useful tools to transfer 3D solid
to 2D plane.

Examples

1. 2008 AMC 10A Problem 21:A cube with side length 1 is sliced by a
plane that passes through two diagonally opposite vertices A and C
and the midpoints B and D of two opposite edges not containing A or
C, as shown. What is the area of quadrilateral ABCD?

Solution: All sides are equal to
s

�

1
2

�2
+ 12 =

p
5
2 . So ABCD is an rhom-

bus with the diagonal BD =
p
2, and AC =

p
3. The area is the product

of diagonals divided by 2:12 ×
p
2 ×
p
3 =

p
6
2

2. 2011 AMC 10B Problem 22: A pyramid has a square base with sides
of length 1 and has lateral faces that are equilateral triangles. A cube
is placed within the pyramid so that one face is on the base of the
pyramid and its opposite face has all its edges on the lateral faces of
the pyramid. What is the volume of this cube?
Solution: Consider the cross section of the pyramid through the apex
and the diagonal of the base. This is an isosceles right triangle. Let
cube side=x. We have

p
2/2−p
2/2

=
p
2p
2
, so  =

p
2 − 1. The volume is

3 = (
p
2 − 1)3 = 5

p
2 − 7.
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3. 2014 AMC 12A Problem 17:A 4×4×h rectangular box contains a sphere
of radius 2 and eight smaller spheres of radius 1. The smaller spheres
are each tangent to three sides of the box, and the larger sphere is
tangent to each of the smaller spheres. What is h?

Solution: Assume the four centers of the top spheres are A,B,C,D. M
is the center of the middle large sphere. M − ABCD is a pyramid with
the square base ABCD, and MA = MB = MC = MD = 2 + 1 = 3. Easy to
find the height from M to the base is

p

32 − 2 =
p
7. So h = 2(

p
7 + 1).

4. 2021 AMC 10A Problem 13: What is the volume of tetrahedron ABCD
with edge lengths AB = 2, AC = 3, AD = 4, BC =

p
13, BD = 2

p
5, and

CD = 5 ?
Solution: Notice that △ACD,△ABC, and △ABD are right triangles.
Using △ADC as the base, and AB as the altitude, the volume of tetra-

hedron ABCD is
1

3
·
3 · 4

2
· 2 = 4.

5. 1998 AIME Problem 10:Eight spheres of radius 100 are placed on a flat
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surface so that each sphere is tangent to two others and their centers
are the vertices of a regular octagon. A ninth sphere is placed on the
flat surface so that it is tangent to each of the other eight spheres.
The radius of this last sphere is + b

p
c, where , b, and c are positive

integers, and c is not divisible by the square of any prime. Find +b+c.

Solution: Let the ninth sphere radius=r. Consider the ninth sphere
and the first spheres. Let x=the distance between the two points where
the spheres touch the ground.  is also the distance from the octagon
center to its vertex. By the Pythagorean Theorem: 2 + (r − 100)2 =
(r + 100)2 ⇒  = 20

p
r.

Consider the regular octagon ABCDEFGH, the side length is equal to
the center distance 200. The longest diagonal is equal to 20

p
r. Con-

sider the triangle ABE: ∠ABE = 90,∠AEB = 22.5, AB = 200, AE = 20
p
r.

We can extend BA to BM = BE. Then, △EBM is an isosceles right trian-
gle. EA is the angle bisection of ∠BEM. Apply angle bisector, we can
find EB, and then EA⇒ r = 100 + 50

p
2.

2.14 3D Geometry Practice Problems

1. 1983 AHSME Problem 27 :A large sphere is on a horizontal field on a
sunny day. At a certain time the shadow of the sphere reaches out a
distance of 10 m from the point where the sphere touches the ground.
At the same instant a meter stick (held vertically with one end on the
ground) casts a shadow of length 2 m. What is the radius of the sphere
in meters? (Assume the sun’s rays are parallel and the meter stick is a
line segment.)

2. 1999 AHSME Problem 29: A tetrahedron with four equilateral triangular
faces has a sphere inscribed within it and a sphere circumscribed about
it. For each of the four faces, there is a sphere tangent externally to
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the face at its center and to the circumscribed sphere. A point P is
selected at random inside the circumscribed sphere. The probability
that P lies inside one of the five small spheres is closest to

3. 2008 iTest Problem 89: Two perpendicular planes intersect a sphere in
two circles. These circles intersect in two points, A and B, such that
AB = 42. If the radii of the two circles are 54 and 66, find R2, where R
is the radius of the sphere.

4. 2006 AMC 10A Problem 24: Centers of adjacent faces of a unit cube
are joined to form a regular octahedron. What is the volume of this
octahedron?

5. 2007 AMC 10A Problem 21: A sphere is inscribed in a cube that has
a surface area of 24 square meters. A second cube is then inscribed
within the sphere. What is the surface area in square meters of the
inner cube?

6. 2011 AMC 10A Problem 24: Two distinct regular tetrahedra have all
their vertices among the vertices of the same unit cube. What is the
volume of the region formed by the intersection of the tetrahedra?

7. 2012 AMC 10B Problem 23: A solid tetrahedron is sliced off a solid
wooden unit cube by a plane passing through two nonadjacent ver-
tices on one face and one vertex on the opposite face not adjacent to
either of the first two vertices. The tetrahedron is discarded and the
remaining portion of the cube is placed on a table with the cut surface
face down. What is the height of this object?

8. 2013 AMC 10A Problem 14:A solid cube of side length 1 is removed
from each corner of a solid cube of side length 3. How many edges
does the remaining solid have?

9. 2014 AMC 10B Problem 23: A sphere is inscribed in a truncated right
circular cone as shown. The volume of the truncated cone is twice that
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of the sphere. What is the ratio of the radius of the bottom base of the
truncated cone to the radius of the top base of the truncated cone?

10. 2015 AMC 10A Problem 21: Tetrahedron ABCD has AB = 5, AC = 3,
BC = 4, BD = 4, AD = 3, and CD = 12

5

p
2. What is the volume of the

tetrahedron?

11. 2015 AMC 10B Problem 17:When the centers of the faces of the right
rectangular prism shown below are joined to create an octahedron,
what is the volume of the octahedron?

12. 2015 AMC 10B Problem 21: Cozy the Cat and Dash the Dog are going
up a staircase with a certain number of steps. However, instead of
walking up the steps one at a time, both Cozy and Dash jump. Cozy
goes two steps up with each jump (though if necessary, he will just
jump the last step). Dash goes five steps up with each jump (though
if necessary, he will just jump the last steps if there are fewer than 5
steps left). Suppose Dash takes 19 fewer jumps than Cozy to reach the
top of the staircase. Let s denote the sum of all possible numbers of
steps this staircase can have. What is the sum of the digits of s?

13. 2018 AMC 10B Problem 10: In the rectangular parallelepiped shown,
AB = 3, BC = 1, and CG = 2. Point M is the midpoint of FG. What is
the volume of the rectangular pyramid with base BCHE and apex M?
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14. 2019 AMC 10A Problem 21: A sphere with center O has radius 6. A
triangle with sides of length 15,15, and 24 is situated in space so that
each of its sides is tangent to the sphere. What is the distance between
O and the plane determined by the triangle?

15. 2021 AMC 10B Problem 10: An inverted cone with base radius 12cm
and height 18cm is full of water. The water is poured into a tall cylin-
der whose horizontal base has radius of 24cm. What is the height in
centimeters of the water in the cylinder?

16. 2021 Fall AMC 10A Problem 22: Inside a right circular cone with base
radius 5 and height 12 are three congruent spheres with radius r. Each
sphere is tangent to the other two spheres and also tangent to the base
and side of the cone. What is r?

17. 2003 AMC 12B Problem 13: An ice cream cone consists of a sphere of
vanilla ice cream and a right circular cone that has the same diame-
ter as the sphere. If the ice cream melts, it will exactly fill the cone.
Assume that the melted ice cream occupies 75% of the volume of the
frozen ice cream. What is the ratio of the cone’s height to its radius?

18. 2005 AMC 12A Problem 22: A rectangular box P is inscribed in a sphere
of radius r. The surface area of P is 384, and the sum of the lengths of
its 12 edges is 112. What is r?

19. 2005 AMC 12B Problem 16: Eight spheres of radius 1, one per oc-
tant, are each tangent to the coordinate planes. What is the radius of
the smallest sphere, centered at the origin, that contains these eight
spheres?

20. 2007 AMC 12A Problem 20: Corners are sliced off a unit cube so that
the six faces each become regular octagons. What is the total volume
of the removed tetrahedra?

21. 2013 AMC 12A Problem 18: Six spheres of radius 1 are positioned so
that their centers are at the vertices of a regular hexagon of side length
2. The six spheres are internally tangent to a larger sphere whose
center is the center of the hexagon. An eighth sphere is externally
tangent to the six smaller spheres and internally tangent to the larger
sphere. What is the radius of this eighth sphere?
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22. 2018 AMC 12B Problem 23: Ajay is standing at point A near Pontianak,
Indonesia, 0◦ latitude and 110◦ E longitude. Billy is standing at point B
near Big Baldy Mountain, Idaho, USA, 45◦ N latitude and 115◦ W longi-
tude. Assume that Earth is a perfect sphere with center C. What is the
degree measure of ∠ACB?

23. 1983 AIME Problem 11(Hard):The solid shown has a square base of side
length s. The upper edge is parallel to the base and has length 2s. All
other edges have length s. Given that s = 6

p
2, what is the volume of

the solid?

24. 1984 AIME Problem 9:In tetrahedron ABCD, edge AB has length 3 cm.
The area of face ABC is 15cm2 and the area of face ABD is 12 cm2.
These two faces meet each other at a 30◦ angle. Find the volume of
the tetrahedron in cm3.

25. 1985 AIME Problem 2:When a right triangle is rotated about one leg,
the volume of the cone produced is 800π cm3. When the triangle
is rotated about the other leg, the volume of the cone produced is
1920π cm3. What is the length (in cm) of the hypotenuse of the trian-
gle?

26. 1992 AIME Problem 7:Faces ABC and BCD of tetrahedron ABCD meet
at an angle of 30◦. The area of face ABC is 120, the area of face BCD
is 80, and BC = 10. Find the volume of the tetrahedron.

27. 1997 AIME Problem 6:Point B is in the exterior of the regular n-sided
polygon A1A2 · · ·An, and A1A2B is an equilateral triangle. What is the
largest value of n for which A1, An, and B are consecutive vertices of a
regular polygon?
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28. 1998 AIME Problem 10:Eight spheres of radius 100 are placed on a flat
surface so that each sphere is tangent to two others and their centers
are the vertices of a regular octagon. A ninth sphere is placed on the
flat surface so that it is tangent to each of the other eight spheres.
The radius of this last sphere is + b

p
c, where , b, and c are positive

integers, and c is not divisible by the square of any prime. Find +b+c.

29. 1999 AIME Problem 15(Hard):Consider the paper triangle whose ver-
tices are (0,0), (34,0), and (16,24). The vertices of its midpoint trian-
gle are the midpoints of its sides. A triangular pyramid is formed by
folding the triangle along the sides of its midpoint triangle. What is the
volume of this pyramid?

30. 2000 AIME I Problem 8:A container in the shape of a right circular cone
is 12 inches tall and its base has a 5-inch radius. The liquid that is
sealed inside is 9 inches deep when the cone is held with its point
down and its base horizontal. When the liquid is held with its point up
and its base horizontal, the height of the liquid is m − n 3pp, from the
base where m, n, and p are positive integers and p is not divisible by
the cube of any prime number. Find m + n + p.

31. 2000 AIME II Problem 12:The points A, B and C lie on the surface of a
sphere with center O and radius 20. It is given that AB = 13, BC = 14,
CA = 15, and that the distance from O to △ABC is m

p
n

k , where m, n,
and k are positive integers, m and k are relatively prime, and n is not
divisible by the square of any prime. Find m + n + k.
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32. 2001 AIME I Problem 12: A sphere is inscribed in the tetrahedron whose
vertices are A = (6,0,0), B = (0,4,0), C = (0,0,2), and D = (0,0,0).
The radius of the sphere is m/n, where m and n are relatively prime
positive integers. Find m + n.

33. 2003 AIME II Problem 4:In a regular tetrahedron the centers of the four
faces are the vertices of a smaller tetrahedron. The ratio of the volume
of the smaller tetrahedron to that of the larger is m/n, where m and n
are relatively prime positive integers. Find m + n.

34. 2004 AIME I Problem 11: A solid in the shape of a right circular cone
is 4 inches tall and its base has a 3-inch radius. The entire surface of
the cone, including its base, is painted. A plane parallel to the base of
the cone divides the cone into two solids, a smaller cone-shaped solid
C and a frustum-shaped solid F, in such a way that the ratio between
the areas of the painted surfaces of C and F and the ratio between the
volumes of C and F are both equal to k. Given that k = m

n , where m
and n are relatively prime positive integers, find m + n.

35. 2007 AIME I Problem 13:A square pyramid with base ABCD and vertex
E has eight edges of length 4. A plane passes through the midpoints
of AE, BC, and CD. The plane’s intersection with the pyramid has an
area that can be expressed as

p
p. Find p.

36. 2008 AIME I Problem 5: A right circular cone has base radius r and
height h. The cone lies on its side on a flat table. As the cone rolls on
the surface of the table without slipping, the point where the cone’s
base meets the table traces a circular arc centered at the point where
the vertex touches the table. The cone first returns to its original posi-
tion on the table after making 17 complete rotations. The value of h/r
can be written in the form m

p
n, where m and n are positive integers

and n is not divisible by the square of any prime. Find m + n.

37. 2008 AIME II Problem 3: A block of cheese in the shape of a rectangular
solid measures 10 cm by 13 cm by 14 cm. Ten slices are cut from
the cheese. Each slice has a width of 1 cm and is cut parallel to one
face of the cheese. The individual slices are not necessarily parallel to
each other. What is the maximum possible volume in cubic cm of the
remaining block of cheese after ten slices have been cut off?
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38. 2010 AIME II Problem 9:Let ABCDEF be a regular hexagon. Let G, H,
, J, K, and L be the midpoints of sides AB, BC, CD, DE, EF, and AF,
respectively. The segments AH, B, CJ, DK, EL, and FG bound a smaller
regular hexagon. Let the ratio of the area of the smaller hexagon to
the area of ABCDEF be expressed as a fraction m

n where m and n are
relatively prime positive integers. Find m + n.

39. 2012 AIME II Problem 5:In the accompanying figure, the outer square S
has side length 40. A second square S′ of side length 15 is constructed
inside S with the same center as S and with sides parallel to those
of S. From each midpoint of a side of S, segments are drawn to the
two closest vertices of S′. The result is a four-pointed starlike figure
inscribed in S. The star figure is cut out and then folded to form a
pyramid with base S′. Find the volume of this pyramid.

40. 2016 AIME I Problem 4:A right prism with height h has bases that are
regular hexagons with sides of length 12. A vertex A of the prism and
its three adjacent vertices are the vertices of a triangular pyramid. The
dihedral angle (the angle between the two planes) formed by the face
of the pyramid that lies in a base of the prism and the face of the
pyramid that does not contain A measures 60 degrees. Find h2.
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41. 2017 AIME I Problem 4:A pyramid has a triangular base with side lengths
20, 20, and 24. The three edges of the pyramid from the three corners
of the base to the fourth vertex of the pyramid all have length 25. The
volume of the pyramid is m

p
n, where m and n are positive integers,

and n is not divisible by the square of any prime. Find m + n.

42. 2021 AIME II Problem 10: Two spheres with radii 36 and one sphere
with radius 13 are each externally tangent to the other two spheres
and to two different planes P and Q. The intersection of planes P and
Q is the line ℓ. The distance from line ℓ to the point where the sphere
with radius 13 is tangent to plane P is m

n , where m and n are relatively
prime positive integers. Find m + n.

43. 2022 AIME I Problem 10: Three spheres with radii 11, 13, and 19 are
mutually externally tangent. A plane intersects the spheres in three
congruent circles centered at A, B, and C, respectively, and the centers
of the spheres all lie on the same side of this plane. Suppose that
AB2 = 560. Find AC2.

44. 2022 AIME II Problem 3:A right square pyramid with volume 54 has
a base with side length 6. The five vertices of the pyramid all lie on
a sphere with radius m

n , where m and n are relatively prime positive
integers. Find m + n.

2.15 Analytical Geometry

Create a coordinate plane using right angle in rectangle, square, or from a
height; Find coordinates of points, and then linear equation of line, distance
between points or from point to a line using the following formulas:

1. The middle point M of A(A, yA) and B(B, yB) is (A+B2 , yA+yB2 ). Gener-
ally if M is between A and B such that AM

MB = p, then we have equations:
M−A
B−M = p, and yM−yA

yB−yM = p.
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2. Slope of a line= y2−y1
2−1 = tnα.

3. Two lines are parallel ⇐⇒ equal slopes or two vertical lines.

4. Two lines are perpendicular ⇐⇒ m1 ∗m2 = −1 or horizontal+vertical
lines.

5. Distance between two points:
Æ

(2 − 1)2 + (y2 − y1)2

6. Distance from a point to a line: |0+by0+c|p
2+b2

.

7. ( − 0)2 + (y − y0)2 = r2 is a circle with center (0, y0) and radius=r.

8. Parabola: y = 2 + b + c = ( − h)2 + k = ( − 1)( − 2).

Examples

1. 2014 AMC 10A Problem 14:The y-intercepts, P and Q, of two perpen-
dicular lines intersecting at the point A(6,8) have a sum of zero. What
is the area of △APQ?
Solution: Assume the two perpendicular lines:

y =m + b

y = −
1

m
 − b.

Substituting the point (6,8) gives

8 = 6m + b

and

8 = −6
1

m
− b.

So b = 10, and the area= 10+10
2 6 = 60.

2. 1990 AIME Problem 7: A triangle has vertices P = (−8,5), Q = (−15,−19),
and R = (1,−7). The equation of the bisector of ∠P can be written in
the form  + 2y + c = 0. Find  + c.
Solution: THe △PQR has lengths of side 15, 20, 25. Let the angle
bisector intersects QR at A = (A, yA). By the angle bisector theorem,
we have RA

AQ =
PR
PQ =

3
5 . Then R−A

A−Q = ƒ rc35, and yR−yA
yA−yQ = ƒ rc35. So

A = (−5,−23/2). Easy to find the line PA: 11 + 2y + 78 = 0.

3. 2005 AIME I Problem 10:Triangle ABC lies in the cartesian plane and has
an area of 70. The coordinates of B and C are (12,19) and (23,20),
respectively, and the coordinates of A are (p, q). The line containing
the median to side BC has slope −5. Find the largest possible value of
p + q.

Solution: The midpoint M of line segment BC is
�

35
2 ,

39
2

�

. The line AM

has the slope -5: −5 = q− 392
p− 352

. Simplify it to get q = −5p+107. The line of
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BC is −11y+197 = 0. The distance from A to the line BC is |p−11q+197|p
1+112

.

The length of BC is equal to
Æ

(23 − 12)2 + (20 − 19)2 =
p

1 + 112. So
the area of the triangle ABC is equal to |p−11q+197|2 = 70. Solve these
two equations to get p = 15 and q = 32.

4. 2007 AIME II Problem 3:Square ABCD has side length 13, and points E
and F are exterior to the square such that BE = DF = 5 and AE = CF =
12. Find EF2.

Solution: The two triangles △ABE and △DCF are right triangles. Con-
sider this coordinate plane with DC as x-axis, DA as y-axis. D is the
origin. Easy to find E=(25/13,-60/13), F=(144/13, 229/13). so EF2 =
(144/13 − 25/13)2 + (229/13 + 60/13)2 = 578.

5. 2020 AIME II Problem 2:Let P be a point chosen uniformly at random in
the interior of the unit square with vertices at (0,0), (1,0), (1,1), and
(0,1). The probability that the slope of the line determined by P and
the point
�

5
8 ,

3
8

�

is greater than or equal to 1
2 can be written as m

n , where
m and n are relatively prime positive integers. Find m + n.
Solution: The slope of the line through the point

�

5
8 ,

3
8

�

has the slope
y−3/8
−5/8 ≥ 1/2, where 0 ≤  ≤ 1, and 0 ≤ y ≤ 1. Graph the region in the
square and find the area of the two trapezoids:

1
16 +

3
8

2
·
5

8
+

5
8 +

7
16

2
·
3

8
=
43

128
.
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2.16 Analytical Geometry Practice Problems

1. 2006 AMC 10B Problem 20: In rectangle ABCD, we have A = (6,−22),
B = (2006,178), D = (8, y), for some integer y. What is the area of
rectangle ABCD?

2. 2012 AMC 10A Problem 21: Let points A = (0,0,0), B = (1,0,0), C =
(0,2,0), and D = (0,0,3). Points E, F, G, and H are midpoints of line
segments BD, AB, AC, and DC respectively. What is the area of EFGH?

3. 2013 AMC 10A Problem 16:A triangle with vertices (6,5), (8,−3), and
(9,1) is reflected about the line  = 8 to create a second triangle. What
is the area of the union of the two triangles?

4. 2013 AMC 10A Problem 18: Let points A = (0,0), B = (1,2), C = (3,3),
and D = (4,0). Quadrilateral ABCD is cut into equal area pieces by a
line passing through A. This line intersects CD at point

�

p
q ,

r
s

�

, where
these fractions are in lowest terms. What is p + q + r + s?

5. 2015 AMC 10A Problem 12: Points (
p
π, ) and (

p
π, b) are distinct

points on the graph of y2 + 4 = 22y + 1. What is | − b|?

6. 2015 AMC 10B Problem 12: For how many integers  is the point
(,−) inside or on the circle of radius 10 centered at (5,5)?

7. 2015 AMC 10B Problem 13: The line 12+5y = 60 forms a triangle with
the coordinate axes. What is the sum of the lengths of the altitudes of
this triangle?

8. 2016 AMC 10A Problem 16: A triangle with vertices A(0,2), B(−3,2),
and C(−3,0) is reflected about the -axis, then the image △A′B′C′ is
rotated counterclockwise about the origin by 90◦ to produce△A′′B′′C′′.
Which of the following transformations will return △A′′B′′C′′ to △ABC?

9. 2016 AMC 10B Problem 20: A dilation of the plane—that is, a size
transformation with a positive scale factor—sends the circle of radius
2 centered at A(2,2) to the circle of radius 3 centered at A(5,6). What
distance does the origin O(0,0), move under this transformation?

10. 2016 AMC 10B Problem 21: What is the area of the region enclosed by
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the graph of the equation 2 + y2 = || + |y|?

11. 2017 AMC 10B Problem 8: Points A(11,9) and B(2,−3) are vertices of
△ABC with AB = AC. The altitude from A meets the opposite side at
D(−1,3). What are the coordinates of point C?

12. 2017 AMC 10B Problem 10: The lines with equations  − 2y = c and
2 + by = −c are perpendicular and intersect at (1,−5). What is c?

13. 2017 AMC 10B Problem 24: The vertices of an equilateral triangle lie
on the hyperbola y = 1, and a vertex of this hyperbola is the centroid
of the triangle. What is the square of the area of the triangle?

14. 2019 AMC 10B Problem 23: Points A = (6,13) and B = (12,11) lie on
circle ω in the plane. Suppose that the tangent lines to ω at A and B
intersect at a point on the -axis. What is the area of ω?

15. 2021 AMC 10A Problem 19: The area of the region bounded by the
graph of

2 + y2 = 3| − y| + 3| + y|

is m + nπ, where m and n are integers. What is m + n?

16. 2021 AMC 10A Problem 24: The interior of a quadrilateral is bounded
by the graphs of (+y)2 = 42 and (−y)2 = 2, where  is a positive
real number. What is the area of this region in terms of , valid for all
 > 0?

17. 2006 Cypus MO Lyceum Problem 11: The lines (ε) :  − 2y = 0 and
(δ) : + y = 4 intersect at the point . If the line (δ) intersects the axes
O and Oy to the points A and B respectively, then the ratio of the area
of the triangle OA to the area of the triangle OB equals

18. 2017 AIME I Problem 4: A pyramid has a triangular base with side
lengths 20, 20, and 24. The three edges of the pyramid from the three
corners of the base to the fourth vertex of the pyramid all have length
25. The volume of the pyramid is m

p
n, where m and n are positive

integers, and n is not divisible by the square of any prime. Find m + n.

19. 2010 AMC 12A Problem 13: For how many integer values of k do the
graphs of 2 + y2 = k2 and y = k not intersect?

20. 1987 AIME Problem 2: What is the largest possible distance between
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two points, one on the sphere of radius 19 with center (−2,−10,5) and
the other on the sphere of radius 87 with center (12,8,−16)?

21. 1993 AIME Problem 12: The vertices of △ABC are A = (0,0) , B =
(0,420) , and C = (560,0) . The six faces of a die are labeled with
two A ’s, two B ’s, and two C ’s. Point P1 = (k,m) is chosen in the in-
terior of △ABC, and points P2 , P3 , P4, . . . are generated by rolling the
die repeatedly and applying the rule: If the die shows label L , where
L ∈ {A,B,C}, and Pn is the most recently obtained point, then P

n+1 is

the midpoint of PnL. Given that P7 = (14,92) , what is k +m?

22. 1997 AIME Problem 7: A car travels due east at 2
3 mile per minute on

a long, straight road. At the same time, a circular storm, whose radius
is 51 miles, moves southeast at 1

2

p
2 mile per minute. At time t = 0,

the center of the storm is 110 miles due north of the car. At time t = t1
minutes, the car enters the storm circle, and at time t = t2 minutes,
the car leaves the storm circle. Find 1

2(t1 + t2).

23. 1999 AIME Problem 2: Consider the parallelogram with vertices (10,45),
(10,114), (28,153), and (28,84). A line through the origin cuts this
figure into two congruent polygons. The slope of the line is m/n, where
m and n are relatively prime positive integers. Find m + n.

24. 2000 AIME I Problem 2: A point whose coordinates are both integers
is called a lattice point. How many lattice points lie on the hyperbola
2 − y2 = 20002?

25. 2001 AIME I Problem 5: An equilateral triangle is inscribed in the ellipse
whose equation is 2+ 4y2 = 4. One vertex of the triangle is (0,1), one
altitude is contained in the y-axis, and the square of the length of each
side is m

n , where m and n are relatively prime positive integers. Find
m + n.

26. 2001 AIME II Problem 4: Let R = (8,6). The lines whose equations are
8y = 15 and 10y = 3 contain points P and Q, respectively, such that
R is the midpoint of PQ. The length of PQ equals m

n , where m and n are
relatively prime positive integers. Find m + n.

27. 2005 AIME I Problem 11: We note that aligning the base of the semicir-
cle with a side of the square is certainly non-optimal. If the semicircle
is tangent to only one side of the square, we will have "wiggle-room"
to increase its size. Once it is tangent to two adjacent sides of the
square, we will maximize its size when it touches both other sides of
the square. This can happen only when it is arranged so that the center
of the semicircle lies on one diagonal of the square.
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28. 2005 AIME I Problem 14: Consider the points A(0,12), B(10,9), C(8,0),
and D(−4,7). There is a unique square S such that each of the four
points is on a different side of S. Let K be the area of S. Find the re-
mainder when 10K is divided by 1000.

29. 2011 AIME I Problem 3: Let L be the line with slope 5
12 that contains

the point A = (24,−1), and let M be the line perpendicular to line L
that contains the point B = (5,6). The original coordinate axes are
erased, and line L is made the -axis and line M the y-axis. In the
new coordinate system, point A is on the positive -axis, and point B
is on the positive y-axis. The point P with coordinates (−14,27) in the
original system has coordinates (α, β) in the new coordinate system.
Find α + β.

30. 2015 AIME I Problem 4:Point B lies on line segment AC with AB = 16
and BC = 4. Points D and E lie on the same side of line AC forming
equilateral triangles △ABD and △BCE. Let M be the midpoint of AE,
and N be the midpoint of CD. The area of △BMN is . Find 2.
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Chapter 3

Number Theory

3.1 Divisibility Rules

Divisible by Rule
2 last digit is even
4 last 2 digits is divisible by 4
2n last n digits is divisible by 2n

3 sum of digit is divisible by 3
9 sum of digit is divisible by 9
5 last digit is 0 or 5

10 last digit is 0
11 alternate sum of digits is divisible by 11
p*q divisible by p and by q

N is divisible by f(n) f(n) is a factor N
N is divisible by b N ≡ 0 (mod b)

Examples

1. 1986 AIME Problem 5:What is the largest value of n such that n3 + 100
is divisible by n + 10?
Solution: Consider the polynomial division:

n3 + 100

n + 10
= n2 − 10n + 100 −

900

n + 10

. So n + 10 must be a factor of 900 =⇒ nm = 890.

2. 2017 Texas AM High School Math Contest: Consider the infinite se-
quence of ordered pairs of integers: (1,2017), (2,2018), (3,2019), ...,?
How many ordered pairs (, b) are in this sequence where  divides
b? Solution: The general term is b

 =
n+2016

n . So n is a factor of
2016 = 25327, which has 6 ∗ 3∗ 2 = 36 positive divisors.

3. 2019 AMC 10B problem 14: 19! = 121,6T5,100,40M,832, H00, where
T,M, and H are digits. What’s T + M + H?
Solution: H: 19! has a factor 53 ⇒ 19! has 3 ending zeros ⇒ H = 0.
T,M : 19! is divisible by 9 ⇒ T +M+ 33 ≡ 0 (mod 9)⇒ T +M = 3 or 12.

137
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19! is divisible by 11 ⇒ T − M − 7 ≡ 0 (mod 11)⇒ T − M = −4 or 7. By
checking, we can see that T = 4,M = 8. Then, T + M + H = 12.

4. 2020 AMC 10B Problem 22: what is the remainder when 2202 + 202 is
divided by 2101 + 251 + 1?
Solution: We have solved this problem by polynomial division. We
also can get the answer by modular arithmetic: 2202 + 202 ≡ (−251 −
1)2+ 202 (mod 2101+ 251+ 1) ≡ 2102+ 252+ 203 = 2(2101+ 251+ 1) +
201 ≡ 201.

5. For a positive integer n, let S(n) be the sum of digits of n. Find all
possible n such that n + S(n) = 2019.
Solution: Since n < 2019, it has at most four digits. Then S(n) ≤
4∗9 = 36. So n = 2019−S(n) ≥ 2019−36 = 1983. If 1983 ≤ n ≤ 1999,
let n = 19b, S(n) = 10 +  + b = 2019 − 19b. Simplifying it yields
11+2b = 109⇒  = 9, b = 5. If 2000 ≤ n ≤ 2019, let n = 20b, S(n) =
2++b = 2019−20b. Simplifying it yields 11+2b = 17⇒  = 1, b =
3. So there are two possible n : 1995, and 2013.

3.2 Divisibility Practice Problems

1. (4n+3)/(n+1) is an integer, and n is an integer, find all possible values
of n.

2. (3n2− 2n− 4)/(n− 1) is an integer, and n is an integer, find all possible
values of n.

3. (3[] + 2)/([]− 1) is an integer, where [] is a floor function of , find
all possible values of [], [ + 0.5].

4. (2+ 14)/(3) is an integer, and a is an integer, find all possible values
of a.

5. (n3−3)/(n−1) is an integer, and n is an integer, find all possible values
of n.

6. Find all primes in the form n3 − 1

7. What’s the largest positive integer n for which n+10 divides n3 + 100?

8. ƒ (n) = (n5 + 2n4 − 3n3 + 2n2 − n+ 5)/(n3 + n− 1) is an integer, and n is
a positive integer, find all possible values of n.

9. ƒ (n) = (n4 + n3 + n2 + n + 5)/(n2 + 1) is an integer, and n is a positive
integer, find all possible values of n.

10. (2n + 5)/(n2 − 1) is an integer, and n is a positive integer, find all pos-
sible values of n.

11. 11 girls and n boys are collecting pine cones. Each member collected
the same amount, and they collected n2 + 9n− 2 cones together. How
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many boys are in the group?

12. The six digit number 12345 is divisible by 3, find 

13. When 270 is divided by an odd number n, the quotient is positive prime
and the remainder is zero. What’s n?

14. An old receipt has faded. It reads 88 chicken thighs at the total of
$4.2y, where x and y are unreadable digits. How much did each
thigh cost?

15. 1991 ARML: Computer the smallest 3-digit number multiple of 7 for
which the sum of its digits is also a multiple of 7.

16. Find the number of positive integers n<2020, such that 25n + 9n is
divisible by 13.

17. Find the smallest positive integer n such that the number n3 + 12n2 +
15n + 180 is divisible by 23.

18. 2003 AIME II-2: Find the greatest integer multiple of 8, no two of whose
digits are the same.

19. What’s the largest 5-digit integer multiple of 8, no two of whose digits
are the same?

20. How many numbers below 2020 are divisible by 8, and no two of whose
digits are the same, and all digits are decreasing, e.g., 320, but 160
not?

21. Find all integers n in the range from 50 to 100 such that the fraction
(3n + 2)/(13n − 1) is not reduced to the lowest terms.

22. 300y03 is divisible by 13, find all possible x and y

23. What’s the remainder when 1! + 2! + 3! + ... + 2020! Divided by 9?

24. How many integers from 1 to 2020 are divisible by 3 or 7, but not 21?

25. Find the smallest positive integers that has a remainder of 1 when
divided by 2 , a remainder of 2 when divided by 3, a remainder of 3
when divided by 5, and remainder of 5 when divided by 7.

26. Let T = 26, compute the number of positive integers less than or equal
to 2021 that are relatively prime to T

27. Find the largest prime factor of 8001.

28. Find the smallest positive integer that is a multiple of 18 and whose
digits can only be 4 or 7.

29. S is a set containing n distinct integers. This set S has the property
that if a, b are in S, then | + b| or | − b| is not a factor of 12. What’s
the largest possible value of n?
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30. Find all sets of three primes p, q, r such that p + q = r, and (r − p)(q −
p) − 27p is a perfect square.

31. 17! = 355687b8096000, find (a,b).

32. How many positive integers n are there such that n+2 divides (n+18)2.

33. For how many integers x in [0,2007] is (63 + 532 + 61+ 7)/(22 +
17 + 15) reducible?

34. What is the sum of all of the distinct prime factors of 253 − 272?

35. Find all possible values of an integer N such that N2 − 71 is divisible by
7N + 55.

36. A point (, y) is called an integer point if both  and y are integers.
How many points in the graph of 1/ + 1/y = 1/4 are integer points?

37. Find the smallest integer n ≥ 100 such that n2 + 4n + 2 is divisible by
7?

38. How many members of the set 1/7,2/7,3/7, ...,100/7 are integer mul-
tiple of 2/5?

39. Find all possible ordered pairs (A,B) of digits such that the integer
7A8B is divisible by 45.

40. Exactly one the five integers listed below is a prime. Which one is the
prime number? 999991, 999973, 999983, 1000001, 7999973.

41. What is the largest integer n such that (n2 − 38)/(n + 1) is an integer?

42. What is the minimal positive integer such that dividing it by 2 one gets
a square of an integer, dividing it by 3 one gets a cube of an integer,
and dividing it by 5 one gets the fifth power of an integer.

43. How many pairs of integers(x,y) satisfy the equation y = (+ 12)/(2−
1)?

44. For what values of n will a regular n-sided polygon have angles whose
measure (in degrees) is an integer?

45. Find the largest 4-digit multiple of 8 that has 3, 5, and 7 among its
digits.

46. Find the smallest 4-digit multiple of 5 that has 2, 4, and 8 among its
digits.

47. Find all ordered triples of positive integers (, b, c) such that  + 1
b+ 1c

=

9.5.

48. Find all ordered triples of positive integers (, b, c) such that + 1
b+ 1

c+1/d
=
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931
222 .

49. For a positive integer n, let S(n) be the sum of digits of n. Find all
possible n such that n + 3∗ S(n) = 2019.

50. For a positive integer n, let S(n) be the sum of digits of n. Compute
the number of positive integers less than 1000 for which the digits are
non-decreasing from left to right and S(S(S(n)))=3.

51. The evilest number 666666 has 1881 digits. Let a be the sum of digits
of 666666, and let b be the sum of digits of a, and let c be the sum of
digits of b, find c.

52. For a positive integer n, let S(n) be the sum of digits of n. if n is a
two-digit positive integer such that n/S(n) is a multiple of 3, computer
the sum of all possible values of n.

53. What is the remainder when the product of the first 100 prime numbers
is divided by 4?

54. Roll a die 10 times, what is the probability that the sum of the 10 results
is divisible by 6?

55. Let X be a 100-digit number starts with 2021 and its other digits are
randomly chosen from the digits 0,1,2,3,4,5,6. what is the probability
that the number is divisible by 140?

56. 2014 mathcount: What is the smallest prime number that divides some
number of the form 424242...42 + 1 or of the form 424242...42 − 1?

57. 2014 AMC 10A Problem 20: The product 8*888...8, where the second
factor has k digits, is an integer whose digits have a sum of 1000. what
is k?

58. 2017 AMC 10A Problem 20: Let S(n) equal the sum of the digits of
positive integer n. For example, S(1507) = 13. For a particular positive
integer n, S(n) = 1274. Which of the following could be the value of
S(n + 1)? (A) 1 (B) 3 (C) 12 (D) 1239 (E) 1265

59. 2017 AMC 10A Problem 25: How many integers between 100 and 999,
inclusive, have the property that some permutation of its digits is a
multiple of 11 between 100 and 999? For example, both 121 and 211
have this property.

60. 2018 AMC 10B Problem 11: Which of the following expression is never
a prime number when p is a prime number? P2 + 16, p2 + 24, p2 +
26, p2 + 46, p2 + 96

61. 2018 AMC 10B Problem 13: how many of the first 2018 numbers in the
sequence 101, 1001, 10001, ... are divisible by 101?

62. 2018 AMC 10A Problem 17: Let S be a set of 6 integers taken from
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1,2,...,12 with the property that if a and b are elements of S with a<b,
then b is not a multiple of a. what’s the least possible value of an
element in S?

3.3 Divisors

(i) Prime Factorization N = pe11 p
e2
2 ...p

ek
k , where p1, p2, ..., pk prime factors.

(ii) Prime Factorization of n!: floor function.

(iii) Number of Factors: t(N) = (e1 + 1)(e2 + 1)...(ek + 1).

� t(N) provides information of structure of N.

� t(N) is odd iff N is a perfect square.

� If t(N) = 3, then N = p2, where p is a prime.

� If t(N) = 4, then N = p3, or pq, where p, q are prime.

(iv) All factors are paired. The product of each pair is equal to N. So the
product of all positive factors of N is Nt(N)/2

(v) Sum of Divisors: (p01 + p
1
1 + ...p

e1
1 )...(p

0
k + p

1
k
+ ...pekk ).

(vi) Example: N = 18 = 2 ∗ 32 has (1 + 1)(2 + 1) = 6 factors: 1,2,3,6,9,18.
The product of each pair is equal to 18: 1 ∗ 18 = 2 ∗ 9 = 3 ∗ 6 = 18.
Then the product of them is equal to 183. We can list all factors 2e13e2
in the order of powers to get the sum of these factors:

Sm =
�

2030 + 2031 + 2032
�

+
�

2130 + 2131 + 2132
�

=20
�

20 + 31 + 32
�

+ 21
�

30 + 31 + 32
�

=
�

20 + 21
� �

30 + 31 + 32
�

.

(vii) Euler Function: The number of positive integers less than N and rela-
tively prime to N=ϕ(N) = N(1 − 1

p1
)...(1 − 1

pk
)

(viii) In number theory,we usually assume the prime factorization form of N
instead of a single x in algebra for unknown value.

Examples

1. 1988 AIME Problem 5: A factor of 1099 is chosen uniformly at random.
Find the probability that the selected factor is divisible by by 1088

Solution: 1099 = 299599 has 10000 factors. If the factor is a multiple
of 1088. It has the form 108825b, where 0 ≤  ≤ 11, and 0 ≤ b ≤ 11.
So there are 12 ∗ 12 = 144 factors of 1099 are multiple of 1088. The
probability is equal to 144

10000 =
9
625 .
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2. 1995 AIME Problem 6: n = 221319, how many positive factors of n2 are
less than n but do not divide n?
Solution: n2 = 262338 has (62 + 1) × (38 + 1) = 2457 factors, and
2457−1

2 = 1228 factors are less than n. n = 221319 has 32 × 20 = 640
factors and 639 of them are less than n. All these 639 factors are also
the factors of n2. So, there are 1228 − 639 = 589 factors of n2 that do
not divide n.

3. Find the sum of all positive integers n such that 2 ∗ t(n) = n.
Solution: First n is even. Let n = 2K, then K = t(2K). Let K =
2e13e25e3 .... We have 2e13e25e3 .... = (e1 + 2)(e2 + 1)(e3 + 1).... For
any prime p greater than 2, pe > e+ 1. And 2e1 > e1 + 2, when e1 ≥ 3.
We can do the casework on the value of e1.

� e1 = 0 : 3e25e3 .... = 2(e2 + 1)(e3 + 1).... No solution since the left
side is odd but the right side is even.

� e1 = 1 : 2 ∗ 3e25e3 .... = 3∗ (e2 + 1)(e3 + 1).... Try some e2 values,
we get e1 = 1, e2 = 1. n = 12.

� e1 = 2 : 223e25e3 .... = (2 + 2)(e2 + 1)(e3 + 1).... So n = 8.

n = 8, t(n) = 4 or n = 12, t(n) = 6.

4. Find the number of ordered triples of divisors (, b, c) of 360 such that
bc is also a divisor of 360.
Solution: 360 = 23325. Let  = 213y15z1 , b = 223y25z2 , c = 233y35z3 .
Then, bc = 21+2+33y1+y2+y35z1+z2+z3 is a factor⇒ 0 ≤ 1+2+3 ≤
3,0 ≤ y1 + y2 + y3 ≤ 2,0 ≤ z1 + z2 + z3 ≤ 1. 0 ≤ 1 + 2 + 3 ≤ 3 has
�3+4−1
4−1
�

= 20 (1, 2, 3) solutions. 0 ≤ y1+ y2+ y3 ≤ 2 has
�2+4−1
4−1
�

= 10

(y1, y2, y3) solutions. 0 ≤ z1 + z2 + z3 ≤ 1 has
�1+4−1
4−1
�

= 4 (z1, z2, z3)
solutions. Overall there are 20 ∗ 10∗ 4 = 800 possible (, b, c) triples.

5. PUMAC 2011: The only prime factors of an integer n are 2 and 3. If the
sum of the divisors of n including n itself is 1815, find n.
Solution: First 1815 = 3∗5∗112. Tf n = 23b, the sum of its divisors
is (1+ 2+ 4+ ...+ 2)(1+ 3+ 9+ ...+ 3b). Easy to see that (1+ 2+ 4+
8)(1 + 3 + 9 + 27 + 81) = 15∗ 121 = 1815. n = 2334 = 648.

3.4 Divisor Practice Problems

1. Find t(2020), t(100), t(17), t(172).

2. How many factors of 25∗36∗53∗7 are perfect square? Perfect cube?

3. How many positive factors of 2021?

4. How many positive divisors do 840 and 1200 have in common?
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5. N = 2020 = 22 ∗ 5 ∗ 101. How many positive factors N have? Even
factors? Odd ? Perfect square factors? End zero? Prime factors?, not
prime factors? What’s the product of all factors? The sum of all factors?
Sum of the reciprocals of all factors? What’s the second largest factor?
Third largest factor?

6. Let N = 20!. How many positive factors N are even? Odd ? Perfect
square ? Perfect cube? Sixth power? End zero? Prime factors?, not
prime factors? What’s the product of all factors? The sum of all factors?
The sum of the reciprocals of all factors? What’s the second largest
factor? Third largest factor? Bigger than

p
20!?, smaller than

p
20!?

7. How many positive divisors 20202 are less than 2020? bigger than
2020?

8. How many positive divisors 20202 are less than 2020 but not divide
2020?

9. Let n = 100, how many factors of n2 are less than n but not divide n?

10. How many factors of 248524 less than 224512 are not factor of 224512 ?

11. How many perfect squares divide 1010 ?

12. Let N = 218pe22 ...p
ek
k , where 2, p2, ..., pk different prime factors, what’s

the probability that an even factor is randomly selected from all posi-
tive factors of N?

13. One factor of 20! Is randomly selected, what’s the probability that the
selected factor is even? Multiple of 3? A perfect square? Ends zero?
Bigger than

p
20!?

14. How many factors of 105 are factors of 200? factors of 2256 ?

15. For how many positive integers x less than or equal to 100 is 3 − 2
divisible by 5?

16. How many positive divisors of 960 have 6 positive divisors? e.g. 12 is
a factor of 960 and 12 has 6 positive factors

17. N has 7 factors, how many factors of N2 are bigger than N?

18. For a positive integer n, let t(n) be the number of positive integer di-
visors of n. How many integers below 50 are there such that t(t(n)) is
odd?

19. Suppose you’re in a hallway with 100 closed lockers in a row, and 100
students walk by. The first student opens every locker. The second
student closes every other locker. The third student goes to every
third locker and toggles it: opens it if it’s closed, and closes it if it’s
open. The remaining students continue this process: the n-th student
goes to every n-th locker and toggles it. When all 100 students have
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walked by, which lockers are open?

20. Compute the smallest integer n > 1 such that 10n has exactly 21 more
factors than n.

21. Find the 2-digit integer that has the most divisors

22. Find the 3-digit positive integer that has the most divisors.

23. What’s the smallest number has exactly 3 divisors?, 5 divisors? 9 divi-
sors?

24. Find the smallest integer with exactly 10 divisors

25. Compute the smallest positive integer with exactly 18 divisors.

26. Find the smallest positive integer that has exactly 2019 different divi-
sors.

27. For how many positive integers n ≤ 50 is it true that 10n has exactly
three times as many positive divisors as n has?

28. Find the number of positive integer divisors of 12! That leave a remain-
der of 1 when divided by 3.

29. Find the number of integers between 1 and 200 inclusive whose distinct
prime factors sum to 16.

30. The product of all positive factors of n is 8000, what’s the value of n?

31. For a positive integer n, let p(n) denote the product of the positive
integer factors of n. If n is a factor of 2310 and p(n) is a perfect square,
n is called a nice number. How many possible values of n are nice?

32. If you multiple all positive factors of 2021, you get 2021. Find x

33. m ≤ 2020, GCD(m,2020) = 1, how many possible values of m has?

34. If m has 5 factors, n has 7 factors, GCD(m,n) = 1. find t(m∗ n)

35. Compute the sum of all prime numbers p such that p2020 + p2021 is a
perfect square.

36. For a positive integer k, let zk be the number of terminal zeros of
the product 1!2!...k!, for example, z6 = 2 because 1!2!3!4!5!6! =
24883200. computer z100.

37. Define a positive integer N to be lucky if there exists a positive integer
m such that m7 has exactly N positive divisors. Compute the number
of positive integers less than 2021 that are lucky.

38. For each positive integer k, let Sk denote the increasing arithmetic
sequence of integers, whose first term is 1, and whose common dif-
ference is k, for example S3 is the sequence 1, 4, 7, .... Compute the
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number of sequences in S1, S2, ..., S1000 that contain the term 2021

39. The positive integer N can be written in the form pqb, where p and q
are two distinct primes, and a and b are positive integers. If the number
25N is a perfect square with exactly 27 positive divisors, compute the
smallest possible value of N.

40. A positive integer is small-prime-free if it is not a multiple of 2,3, or 5.
Compute the 36th smallest small-prime-free integer

41. Let S be the set of positive factors of 2020. Compute the median of S.

42. Compute the number of positive integers great than one whose fourth
powers are factors of 9!

43. Let S = 1 + 2 + 3 + ... + 102021. How many factors of 2 are there in the
prime factorization of S?

44. Find the largest k such that 12k is a divisor of 66!

45. Compute the number of ordered pairs of positive integers (, y) that
satisfy the equation y = 29!

46. Compute the greatest integer n for which (6!)n is a factor of 60!

47. The number n is a positive factor of 15!, and GCD(n,60) = 5. How
many possible values of n are?

48. What’s the largest value of n such that its sum of all divisors=1854

49. How many ordered triples of positive integers (, b, c) are there for
which 4b2c = 54000?

50. Find the number of ways to write 300 as a product of three positive
integers a*b*c. Assume 1*3* 100 is different from 100*3*1.

51. Let n be a positive integer with exactly 2 prime divisors. If n2 has 27
divisors, how many values of n are less than 100?

52. If LCM(m,n) = 223354 , how many possible pairs (m,n)? How many
possible values of m*n?

53. Find the number of triples of integers (x,y,z) such that ∗ y∗ z = 720

54. Find the number of all possible solutions of the equation yz = 8000

55. 1991 AIME: How many reduced fractions b/ are there such that ∗b =
20!, and 0 < /b < 1.

56. Find the largest integer k such that 135k divides 2016!

57. Find all integers n between 100 and 200 such that the number n! is
divisible by 2n − 1.



3.4. DIVISOR PRACTICE PROBLEMS 147

58. What is the largest factor of 130000 that does not contain the digit 0
or 5?

59. Find the sum of all positive integers whose largest proper divisor is 55.

60. For positive integers n, let L(n) be the largest factor of n other than
n itself. Determine the number of ordered pairs of composite positive
integers (m,n) for which L(m)L(n) = 80.

61. How many factors of 10100 have the property that the number of divi-
sors of the divisor of 10100 is also a divisor of 10100? e.g.  = 2 ∗ 54

has 10 divisors and 10 is also a factor of 10100

62. Find the smallest positive integer n such that 4022n and 4042n have
the same number of divisors.

63. What is the smallest positive integer n such that 2020n is a perfect
cube?

64. 2003 AMC 12B-18: Let x and y be positive integers such that 75 =
11y13, find the minimal value of x.

65. If 16n and 18n have the same number of positive factors, what’s the
smallest n?

66. Find all possible values of K for which 2020*K has exactly 16 factors

67. Find the smallest positive integers such that n/2 is a square and n/3 is
a cube

68. The product of any two of 30, 72 and N is divisible by the third, what’s
the smallest possible value of N? what’s the largest possible value of
N? how many possible values of N?

69. If the sum of all the divisors of n is 91, what is n?

70. Compute the sum of all possible values of a+b, where a and b are
integers such that a>b, and 2 − b2 = 2016.

71. Let f n denote the sum of the distinct positive integer divisors of n.
Evaluate ƒ (1) + ƒ (2) + ... + ƒ (9)

72. Find the sum of the reciprocals of the positive integral factors of 84.

73. Call n an everyday number if the sum of the divisors of n (including n
itself) is even. For example, 6 is an everyday number, since 1+2+3+6
= 12, but 8 is not, since 1+2+4+8 = 15. How many of the divisors of
10100 are everyday numbers?

74. Let S be the set of all positive integers whose prime factorization only
contain powers of primes 2 and 2017, e.g., 32 = 25, 2320174, what’s
the sum of all reciprocal of the numbers in S?
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75. What’s the sum of leading digit of the integers from 1 to 2020 when
written in base 3?

76. Anderson is solving a math problem, and he encounters the expres-
sion A =

p
15!. He attempts to simplify this radical by expressing it as


p
b,where a and b are positive integers. The sum of all possible dis-

tinct values of ∗b can expressesd in the form q15! For some rational
number q. Find q.

77. Let d be a divisor of 1010. Find the sum of all possible values of d2/(d2+
1010)

78. 2013 AMC 10B Problem 24: A positive integer n is nice if there is a
positive integer m with exactly four positive divisors (including 1 and
m) such that the sum of the four divisors is equal to n. How many
numbers in the set {2010,2011,2012, . . . ,2019} are nice?
(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

79. 2014 AMC 10B Problem 17:What is the greatest power of 2 that is a
factor of 101002 − 4501?
(A) 21002 (B) 21003 (C) 21004 (D) 21005 (E) 21006

80. 2016 AMC 10a Problem 22: For some positive integer n, the number
110n3 has 110 positive integer divisors, including 1 and the number
110n3. How many positive integer divisors does the number 81n4

have?

(A) 110 (B) 191 (C) 261 (D) 325 (E) 425

81. 2018 AMC 10B Problem 21: Mary chose an even 4-digit number n. She
wrote down all the divisors of n in increasing order from the left to the
right: 1,2, ..., n/2, n. At some moment Mary wrote 323 as a divisor of
n. What is the smallest possible value of the next divisor written to the
right of 323?

82. 2019 AMC 10A Problem 9: What is the greatest three-digit positive
integer n for which the sum of the first n positive integers is not a
divisor of the product of the first n positive integers?

83. 2019 AMC 10A Problem 11:How many positive divisors of 2019 are
perfect squares or perfect cubes or both?

3.5 GCD and LCM

Given that m = p11 p22 ...pkk , n = pb11 pb22 ...pbkk where p1, p2, ..., pk prime fac-
tors.

(i) GCD(m,n) = pmn(1,b1)
1 p

mn(2,b2)
2 ...p

mn(k ,bk)
k

(ii) LCM(m,n) = pm(1,b1)
1 p

m(2,b2)
2 ...p

m(k ,bk)
k
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(iii) GCD is a kernel of m and n, and LCM is the cover of m and n. GCD is
always a factor of LCM. When they are equal, m must be equal to n.

(iv) GCD = 1↔no common prime factors↔ relatively prime↔ irreducible↔
reduced

(v) Calculate GCD:

� Definition.

� Take out common factor: GCD(k ∗ m,k ∗ n) = k ∗ GCD(m,n),
LCM(k ∗m,k ∗ n) = k ∗ LCM(m,n)

� Euclidean Algorithm: GCD(m,n) = GCD(m− k∗n, n), assume that
m − k ∗ n ≥ 0, and GCD(m,0) =m.

� Euclidean Algorithm works well when m,n are some expressions
not numbers.

(vi) k1 − k2 − d setting: Assume that m = k1∗ d, n = k2∗ d, d = GCD(m,n),
then LCM(m,n) = k1k2d, where k1, k2 are relatively prime.

(vii) LCM∗GCD = k1k2d∗ d =m∗ n

Examples

1. If GCD(m,n) = 12, LCM(m,n) = 180, find all possible values of m + n.
Solution 1: GCD(m,n) = 12 = 223, LCM(m,n) = 180 = 22325. As-
sume m = 23b5c, n = 2d3e5ƒ . We have mn(, d) = 2,m(, d) =
2; mn(b, e) = 1,m(b, e) = 2; mn(c, ƒ ) = 0,m(c, ƒ ) = 1. So we
get (, d) = (2,2), (b, e) = (1,2),or (2,1); (c, ƒ ) = (0,1) or (1,0). Then,
(m,n) = (2231,22325) or (2232,22315)→m + n = 192,or 96.
Solution 2: Let m = k1∗d, n = k2∗d, d = GCD(m,n), then LCM(m,n) =
k1k2d, where k1, k2 are relatively prime. So k1k2 = 15 → (k1, k2) =
(15,1) or (5,3). Then (m,n) = (180,12) or (60,36).

2. Use Euclid’s Algorithm to find GCD(18n + 3,27n + 4)
Solution: GCD(18n+3,27n+4) = GCD(18n+3,9n+1) = GCD(1,9n+
1) = 1.

3. If LCM(m,n) − GCD(m,n) = 13, and m> n, find all pairs of (m,n)
Solution: Let m = k1∗d, n = k2∗d, d = GCD(m,n), then LCM(m,n) =
k1k2d, where k1, k2 are relatively prime. So we have (k1k2− 1)d = 13 :

� k1k2 − 1 = 1, d = 13. So k1k2 = 2 ⇒ (k1, k2) = (2,1) ⇒ (m,n) =
(26,13).

� k1k2 − 1 = 13, d = 1. So k1k2 = 14 ⇒ (k1, k2) = (14,1) or (7,2) ⇒
(m,n) = (14,1)or(7,2).

4. 1985 AIME Problem 13: The numbers in the sequence 101, 104, 109,
116,. . . are of the form n = 100 + n2, where n = 1,2,3, . . .. For each
n, let dn be the greatest common divisor of n and n+1. Find the
maximum value of dn as n ranges through the positive integers.
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Solution: dn = GCD(n2+ 100, (n+ 1)2+ 100) = GCD(n2+ 100,2n+ 1).
Since 2n+1 is always odd, GCD(n2+100,2n+1) = GCD(4n2+400,2n+
1) = GCD(4n2 + 400 − (2n + 1)2,2n + 1) = GCD(399 − 4n,2n + 1) =
GCD(399− 4n+ 2(2n+ 1),2n+ 1) = GCD(401,2n+ 1). The maximum
GCD is 401.

3.6 GCD and LCM Practice Problems

1. Use Euclid’s Algorithm: N100 = 1...1, (there are 100 1’s), N60 = 1...1
(there are 60 1’s), find GCD(N100, N60)

2. Use Euclid’s Algorithm: GCD(m,n) = 3, find GCD(5m + 3n,13m + 8n)

3. AMC8-2016: LCM(, b) = 12, LCM(b, c) = 15, find all possible LCM(, c)

4. If LCM(, b) = 2535, how many possible ordered pairs (, b) are there?

5. If m∗ n = 9984, GCD(m,n) =m − n, find all pairs of (m,n)

6. Find the largest n < 50, such that LCM(n, n+1, ...,50) = LCM(1,2,3, ...,50)

7. What is GCD(2020∗ 2021,2019∗ 2022)?

8. Compute
∑2021
k=1 GCD(k,2021).

9. Find the number of fractions in the following list that is in its lowest
form (i.e. for p/q, GCD(p, q) = 1) 1/2020, 2/2019, ....1010/1011

10. Let k = 26355273. Let S be the sum of GCD(m,n)/LCM(m,n) over all
ordered pairs of positive integers (m,n) where mn = k. If S can be
written in simplest form as r/s. Computer r + s.

11. Let N = 2432, and m ∗ n = N. find the sum of GCD(m,n) over all
ordered pairs of (m,n).

12. How many positive integers n are there such that n is a multiple of 5
and LCM(5!, n) = 5∗GCD(10!, n)?

13. For all positive integers n, let ƒ (n) return the smallest positive integer
k for which n/k is not an integer. For example, ƒ (6) = 4 because 1,2,
and 3 all divide 6 but 4 does not. Determine the largest possible value
of ƒ (1), ƒ (2), ..., ƒ (3000).

14. What is the largest positive integer n < 1000 for which there is a posi-
tive integer m satisfying LCM(m,n) = 3m∗GCD(m,n)?

15. What’s the sum of all positive integers n such that LCM(2n, n2) = 14n−
24?

16. Russia 1995. Let m and n be positive integers such that LCM(m,n) +
GCD(m,n) =m+ n. Prove that one the two numbers is divisible by the
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other.

17. 1959 IMO Problem 1: Prove that the fraction 21n+4
14n+3 is irreducible for

every natural number n.

18. 2016 AMC 10A Problem 25: How many ordered triples (, y, z) of pos-
itive integers satisfy lcm(, y) = 72, lcm(, z) = 600 and lcm(y, z) =
900?
(A) 15 (B) 16 (C) 24 (D) 27 (E) 64

19. 2017 AMC 10A Problem 16: There are 10 horses, named Horse 1, Horse
2, . . . , Horse 10. They get their names from how many minutes it
takes them to run one lap around a circular race track: Horse k runs
one lap in exactly k minutes. At time 0 all the horses are together at
the starting point on the track. The horses start running in the same
direction, and they keep running around the circular track at their con-
stant speeds. The least time S > 0, in minutes, at which all 10 horses
will again simultaneously be at the starting point is S = 2520. Let
T > 0 be the least time, in minutes, such that at least 5 of the horses
are again at the starting point. What is the sum of the digits of T?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

20. 2018 AMC 10A Problem 22: Let , b, c, and d be positive integers
such that gcd(, b) = 24, gcd(b, c) = 36, gcd(c, d) = 54, and 70 <
gcd(d, ) < 100. Which of the following must be a divisor of ?

(A) 5 (B) 7 (C) 11 (D) 13 (E) 17

21. 2018 AMC 10B Problem 23:How many ordered pairs (, b) of positive
integers satisfy the equation

 · b + 63 = 20 · lcm(, b) + 12 · gcd(, b),

where gcd(, b) denotes the greatest common divisor of  and b, and
lcm(, b) denotes their least common multiple?
(A) 0 (B) 2 (C) 4 (D) 6 (E) 8

22. 2020 AMC 10A Problem 24: Let n be the least positive integer greater
than 1000 for which

gcd(63, n + 120) = 21 and gcd(n + 63,120) = 60.

What is the sum of the digits of n?
(A) 12 (B) 15 (C) 18 (D) 21 (E) 24

23. 2021 AIME I Problem 10: Consider the sequence (k)k≥1 of positive
rational numbers defined by 1 =

2020
2021 and for k ≥ 1, if k =

m
n for

relatively prime positive integers m and n, then

k+1 =
m + 18

n + 19
.
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Determine the sum of all positive integers j such that the rational num-
ber j can be written in the form t

t+1 for some positive integer t.

3.7 Base and Modular Arithmetic

Base

(i) Definition: N = 123.458 = 1∗ 82 + 2∗ 81 + 3∗ 80 + 4∗ 8−1 + 5∗ 8−2

(ii) Unit digit in base b is the remainder when N is divided by b i.e. N
(mod b)

(iii) Represent an integer in base b: e.g 709 in base 3:

� Forward from left to right: List powers of 3 until over 709: 33 =
27,34,81,35 = 243,36 = 729, so the most left digit is 2 since
2 ∗ 35 < 709 < 36. Then remove 2 ∗ 35 from 709 to check how
many 34 in 223 = 709 − 2 ∗ 35, which provides the second left
digit 2. Keep removing the powers until the remainder is less than
3: 709 = 2∗ 35 + 2∗ 34 + 2∗ 33 + 0∗ 32 + 2∗ 31 + 1 = 2220213.

� Backward from right to left: The most right digit is the remainder
when 709 is divided by 3. The second right digit is the remainder
when the quotient from the last step is divided by 3...:

709 = 3∗ 236 + 1
236 = 3∗ 78 + 2
78 = 3∗ 26 + 0
26 = 3∗ 8 + 2
8 = 3∗ 2 + 2
2 = 3∗ 0 + 2

So 709 = 2220213.

(iv) Represent a fraction in base b: e.g 1
4 in base 3: Assume 1

4 = 0.bcd...3 =

3 +

b
32
+ .... Multiply 3 on both sides to have 3

4 =  + b
3 +

c
32
..., then

a=0. Multiply 3 again to get 9
4 = b + c

3 ..., then b=2 and 1
4 = 0.cd...3 =

c
3 +

d
32
+ ....; Repeat the process to get 1

4 = 0.020202...3 = 0.023.

(v) Represent a number in a negative base: 709 in base -3: Apply the
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above backward method:

709 = (−3)∗ (−236) + 1
−236 = (−3)∗79 + 1
79 = (−3)∗ (−26) + 1
−26 = (−3)∗9 + 1
9 = (−3)∗ (−3) + 0
−3 = (−3)∗1 + 0
1 = (−3)∗0 + 1

So 709 = 1001111−3.

(vi) A fraction in base-b will terminate if all prime factors of the denomina-
tor is a factor of b.

Modular Arithmetic
N ≡  (mod b) if the numbers N and  have the same remainder when they
are divided by b. Consider four integers , b, c, d and a positive integer m
such that  ≡ b (mod m) and c ≡ d (mod m). In modular arithmetic, the
following identities hold:

� Addition:  + c ≡ b + d (mod m).

� Subtraction:  − c ≡ b − d (mod m).

� Multiplication: c ≡ bd (mod m).

� Division: 
e ≡

b
e (mod

m
gcd(m,e)), where e is a positive integer that di-

vides  and b.

� Exponentiation: e ≡ be (mod m) where e is a positive integer.

(i) All divisibility rules are from modular arithmetic.

(ii) Even more: N ≡ S(N) (mod 9), where S(N) is the sum of digits.

(iii) Unit digit of power: N4m+r ≡ Nr (mod 10).

(iv) 76 is a special number: 76n ≡ 76 (mod 100).

(v) ±1 are useful: 9100 (mod 10) ≡ (−1)100 ≡ 1.

(vi) N2 (mod 3) ≡ 0 or 1

(vii) N2 (mod 4) ≡ 0 or 1

(viii) Chinese Remainder Theorem: Suppose you wish to find the least num-
ber  which leaves a remainder of:
y1 when divided by d1
y2 when divided by d2
...

...
yn when divided by dn
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such that d1 , d2 , ... dn are all relatively prime. Let M = d1d2 · · ·dn,
and b =

M
d

. Now if the numbers  satisfy:

b ≡ 1 (mod d)
for every 1 ≤  ≤ n, then a solution for  is:

 =
∑n
=1 by (mod M)

(ix) This strategy also works well for linear congruences: N ≡ 1 (mod 3)
and N ≡ 3 (mod 5):
Solution:

N ≡ 3 (mod 5)⇒ N = 5 + 3,

then

N ≡ 1 (mod 5)⇒ N = 5+3 ≡ 1 (mod 3)⇒  ≡ 2 (mod 3)⇒  = 3b+2,

So N = 5 + 3 = 15b + 13.

(x) Chicken McNugget Theorem: For any two relatively prime positive in-
tegers m,n, the greatest integer that cannot be written in the form
m + bn for nonnegative integers , b is mn −m − n.

(xi) Remainder Categories: When considering remainders from division by
b, all numbers can be separated into b categories according to their
remainders. Numbers in the same category are congruent.

Congruent Statements
Divisor, multiple, divisible , remainder, base, unit digit, modulo are highly
related. The following 6 statements are congruent. When we see one state-
ment in problem, we can translate it to the others for convenience.

� N ≡  (mod b).

� N −  is divisible by b.

� N −  is a multiple of b: N −  = k ∗ b for some integer k.

� b is a factor of N − .

� The numbers N and  have the same remainder when they are divided
by n.

� The numbers N and  have the same unit digit when they are repre-
sented in base b.

Examples

1. Represent 62023 in base 37. What’s the unit digit?
Solution: The unit digit of 62023 in base 37 is just 62023 (mod 37) ≡
3610116 ≡ (−1)10116 ≡ −3 ≡ 31.
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2. Find the remainder when N = 10111213...9899 is divided by 45
Solution: Easy to see that N (mod 5) ≡ 4, and N (mod 9) ≡ 1 + 0 +
1 + 1 + 1 + 2... + 9 + 8 + 9 + 9 ≡ 0. Apply the procedure in (ix) to get
N = 45k + 9. So the remainder is 9.

3. 2005 AMC 12A Problem 19: A faulty car odometer proceeds from digit
3 to digit 5, always skipping the digit 4, regardless of position. For
example, after travelling one mile the odometer changed from 000039
to 000050. if the odometer now reads 002005, how many miles has
the car actually traveled?
Solution: The odometer counts the mileage without the number 4.
It’s equivalent to counting in base 9. Since 4 is skipped, the symbol
5 represents 4 miles of travel, and we have traveled 20049 miles. By
basic conversion, 20049 = 93(2) + 90(4) = 729(2) + 1(4) = 1458 + 4 =
1462.

4. 2019 AMC 10A Problem 18: For some positive integer k, the repeating
base-k representation of the (base-ten) fraction 7

51 is 0.23k = 0.232323...k.
What is k? (A) 13 (B) 14 (C) 15 (D) 16 (E) 17
Solution: By the definition of base number, we have 0.23k = 2 · k−1 +
3 · k−2 + 2 · k−3 + 3 · k−4 + · · · = 2·k−1+3·k−2

1−k−2 = 7
51 → k = 16.

5. 2018 AMC 10A Problem 19: A number m is randomly selected from
the set {11,13,15,17,19}, and a number n is randomly selected from
{1999,2000,2001, . . . ,2018}. What is the probability that mn has a
units digit of 1? (A) 1

5 (B) 1
4 (C) 3

10 (D) 7
20 (E) 2

5
Solution: The unit digit of mn depends on the unit of m and it has the
period of 4 for n. We can assume m = 1,3,5,7,9;n = 1,2,3,4, So

� m = 1 all 4 values of n work.

� m = 3 only 34 = 81 works.

� m = 5 None of values of n works.

� m = 7 only 74 = 2401 works.

� m = 9 only 92 = 81 and 94 ≡ 1 work.

The probability=4+1+1+2
5∗4 = 2

5 .

3.8 Base, Modular Arithmetic Practice Prob-
lems

1. If n = 423315, what’s 5 ∗ n, 25 ∗ n, n/5?

2. Compute the number of zeros of 2016! ends with when written in base
2016.

3. If 47 = 74b, compute the smallest value for  + b.
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4. Represent 100b+1 in base b assume b >= 3.

5. A positive integer n written in base b is 25b. If 2n is 52b, what is b?

6. Express 2021 in base 5.

7. Express 2021 in base -5.

8. Let B(n) be the number of digits in the base -4 representation of n. find
B(1) + B(2) + ... + B(2021)

9. What is the smallest 3-digit number when expressed in base -5? What
is the largest 3-digit number in base -5?

10. N ≡ 1 (mod 3), N ≡ 3 (mod 3), find N (mod 15)

11. What’s the unit digit of 20222022?

12. F0 = 0, F1 = 1, and Fn = Fn−1 + Fn−2, if N = 10100, find the last digit of
FN

13. Find the unit digit of the number 20182017
2016

.

14. What is the hundreds digit of 20112011?

15. HMMT 2008: Find the smallest positive integer n such that 107n has
the same last two digits as n.

16. Find the most right non-zero digit of 20!?

17. 2010 AMC-10A Problem 24: Find the last two non-zero digits of 90!.

18. If N = 432b and 126N = 432432b, what is the positive base b?

19. A number between 500 and 1000, and has a remainder of 6 when
divided by 25, and a remainder of 7 when divided by 9, find the only
odd number to satisfy these requirements.

20. Victor has stolen Misha’s pizzas! He will only give them back if Misha
can tell him exactly how many he stole. However, Misha only remem-
bers that when piled in stacks of 2, there was 1 left over, when piled in
stacks of 5, there were 3 left over, and when in stacks of 7, there were
2 left over. He also remembers there were not TOO many pizzas. How
many pizzas has Victor stolen?

21. Suppose that n leaves a remainder of 24 when divided by 77. If n
leaves a remainder of A when divided by 7, and a remainder of B when
divided by 11. Compute A+B

22. Albert has a very large bag of candies and he wants to share all of
it with his friends. At first, he splits the candies evenly amongst his
20 friends and himself and he finds there are five left over. Ante ar-
rives, and the redistribute the candies evenly again, This time, there
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are three left over. If the bag contains over 500 candies, what is the
fewest number of candies the bag may contain?

23. Let p() = 2008 + 2007 + 2006 + ... + 2 +  + 1 and let r() be the
polynomial remainder when p() is divided by 4 + 3 + 22 +  + 1.
Find the remainder when |r(2008)| is divided by 1000.

24. Determine the remainder upon dividing 62023 + 82023 by 49.

25. Compute the smallest positive integer n such that the sum of the 3
largest divisors of n is greater than 289.

26. Find the number of positive integers x less than 100 for which 3+ 5+
7 + 11 + 13 + 17 + 19 is prime.

27. Find all natural numbers n for which 2n + 1 is divisible by 3.

28. One and only one of the following integers does not divide 21650 − 1,
which integer is it? 3, 7, 31, 127, 2047

29. Find the remainder when 12 + 22 + 32 + ... + 992 is divided by 1000.

30. Find the number of positive divisors of 12! That leave a remainder of 1
when divided by 3.

31. Let S be the set of integers between 1 and 1000 that contain only one
"1" when written in base 2. How many elements does S have?

32. A 10-digit number is said to be interesting if its digits are all distinct
and it is a multiple of 11111. How many interesting integers are there?

33. From AOPS NT8.38: Begin with the 200-digit number
987654321098765...543210, which repeats the digits 0-9 in reverse
order. From the left, choose every third digit to form a new number.
Repeat the same process with the new number. Continue the process
repeatedly until the result is a two-digit number. What is the resulting
two-digit number?

34. From AOPS NT 8.42: when written in base-3, a positive integer has
two terminal zeros. When written in base 4 or base 5, this same inte-
ger has one terminal zero. In how many other positive integral bases
greater than 1 must the representation of this integer have at least one
terminal zero?

35. From AOPS NT 8.43: A cryptographer devises the following method
for encoding positive integers. First the integer is expressed in base 5.
Second, a 1-to-1 correspondence is established between the digits that
appear in the expressions in base 5 and the elements of the set V, W,
X, Y, Z. Using this correspondence, the cryptographer finds that three
consecutive integers in increasing order are coded VYZ, VYX, VVW. Re-
spectively. What is the base-10 expression for the integer coded as
XYZ?



158 CHAPTER 3. NUMBER THEORY

36. From AOPS NT 8.44: How many integers from 1 and 2021 inclusive
have a base-3 representation that does not contain the digit 2?

37. From AOPS NT 8.44: How many integers from 1 and 2021 inclusive
have a base-5 representation that does not contain the digit 4?

38. 1992 AHSME-17: N = 192021...909192, suppose that 3k is the largest
power of 3 that is a factor of N, what is k?

39. Purple Comet 2011: What is the smallest prime that does not divide
9 + 92 + ... + 92020?

40. AIME 2001: Call a positive integer N a 7-10 double if the digits of the
base-7 representation of N form a base-10 number that is twice N. For
example, 51 is a 7-10 double because its base-7 representation is 102.
What is the largest 7-10 double?

41. AMC 10 2008: Let k = 20082 + 22008, what’s the unit digit of k2 + 2k?

42. AMC 10B 2009 Problem 21: What is the remainder when 30 + 31 + 32 +
· · · + 32009 is divided by 8?

43. 2000 AMC12 Problem 9: Alice took 5 tests, the five scores are 71,
76, 80, 82 and 91. She entered her scores in an order such that the
average of the entered score is an integer. What’s the last score?

(A) 0 (B) 1 (C) 2 (D) 4 (E) 6

44. 2004 AIME II Problem 10: Let S be the set of all positive integers less
than 1000 such that when written in binary uses at most two 1’s. If a
number is chosen from S uniformly at random, what is the probability
that it is divisible by 9?

45. Compute the sum of all positive integers n < 2048 such that n has an
even number of 1’s in its binary representation.

46. On the blackboard, Amy writes 2017 in base-a to get 133201a, Betsy
notices she can erase a digit from Amy’s number and change the base
to base-b such that the value of the number remains the same. Cather-
ine then notices she can erase a digit from Betsy’s number and change
the base to base-c such that the value still remains the same. Compute
in decimal a+b+c.

47. , b are randomly selected from 1 and 2021, what’s the probability that
 + b is divisible by 3

48. An integer N is selected at random in the range 1 ≤ N ≤ 2020. what is
the probability that the remainder when N16 is divided by 5 is 1?

49. 2013 AMC 10A Problem 19: In base 10, the number 2013 ends in the
digit 3. In base 9, on the other hand, the same number is written as
(2676)9 and ends in the digit 6. For how many positive integers b does
the base-b-representation of 2013 end in the digit 3?
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(A) 6 (B) 9 (C) 13 (D) 16 (E) 18

50. 2014 AMC 10B Problem 17: What is the greatest power of 2 that is a
factor of 101002 − 4501?

51. 2015 AMC 10A Problem 18: Hexadecimal (base-16) numbers are writ-
ten using numeric digits 0 through 9 as well as the letters A through
F to represent 10 through 15. Among the first 1000 positive integers,
there are n whose hexadecimal representation contains only numeric
digits. What is the sum of the digits of n?

(A) 17 (B) 18 (C) 19 (D) 20 (E) 21

52. 2017 AMC 10B Problem 25: Last year Isabella took 7 math tests and
received 7 different scores, each an integer between 91 and 100, in-
clusive. After each test she noticed that the average of her test scores
was an integer. Her score on the seventh test was 95. What was her
score on the sixth test?

(A) 92 (B) 94 (C) 96 (D) 98 (E) 100

53. 2017 AMC 10B Problem 16: How many of the base-ten numerals for
the positive integers less than or equal to 2017 contain the digit 0?

(A) 469 (B) 471 (C) 475 (D) 478 (E) 481

54. 2018 AMC 10A Problem 18: How many nonnegative integers can be
written in the form

7 · 37 + 6 · 36 + 5 · 35 + 4 · 34 + 3 · 33 + 2 · 32 + 1 · 31 + 0 · 30,

where  ∈ {−1,0,1} for 0 ≤  ≤ 7?

(A) 512 (B) 729 (C) 1094 (D) 3281 (E) 59,048

55. 2018 AMC 10B Problem 16: Let 1, 2, . . . , 2018 be a strictly increasing
sequence of positive integers such that

1 + 2 + · · · + 2018 = 20182018.

What is the remainder when 31 + 
3
2 + · · · + 

3
2018 is divided by 6?

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4

56. 2019 AMC 10B Problem 12: What is the greatest possible sum of the
digits in the base-seven representation of a positive integer less than
2019?

(A) 11 (B) 14 (C) 22 (D) 23 (E) 27

57. 2018 Mathcounts national sprint problem 26: The rational number one-
seventh can be written as a repeating base ten decimal as 0.142857
The same rational number can be written as a repeating decimal in
base nine. What is the sum, in base nine, of the first hundred digits to
the right of the decimal point?
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58. 2014 AIME I Problem 8: The positive integers N and N2 both end in the
same sequence of four digits abcd when written in base 10, where digit
a is non-zero, find the three digit number abc

3.9 Diophantine Equation

A Diophantine equation is an equation relating integer (or sometimes natu-
ral number or whole number) quanitites.

(i) Linear Combination: +by = c can be solved using divisibility or mod-
ular arithmetic.  + by = c has solutions iff c is divisible by gcd(, b)

� Find a special solution (0, y0) (guess or use modulo calculation).

� Construct the general solutions:  = 0 + by, y = y0 − t.

(ii) Other equations in AMC 10: usually includes three steps: construct
equation; factorization; casework.

(iii) 3-step procedure to solve word problem:Equation; Factorization, and
Casework.

Examples

1. 2013 PUMAC: if p, q, r are primes with p∗ q∗ r = 7 ∗ (p + q + r), find
p + q + r
Solution: Easy to see that one of them is equal to 7. WLOG, assume
p = 7. Therefore, q∗r = 7+q+ r. BY SFFT, we have (q−1)(r−1) = 8. Do
the casework: (q − 1, r − 1) = (1,8) or (2,4) → (q, r) = (2,9) or (3,5).
The only solution is (p, q, r) = (7,3,5). Their sum is 15.

2. Find the largest positive integer n such that n3 + 4n2 − 15n − 18 is a
cube of an integer.
Solution: Consider the cubes around n3 : (n−2)3, (n−1)3, (n+1)3, (n+
2)3. Only n3+4n2−15n−18 = (n+1)3 has one integer solution n = 19.

3. CMIMC 2018: Find all integers n such that (n − 1)∗ 2n + 1 is a perfect
square.
Solution: Try some small n values to find n = 0 or 5. When n > 5, there
is no solution: https://math.stackexchange.com/questions/2979137/find-
all-integers-n-such-that-2n-1n1-is-a-perfect-square

4. 2021 AMC Problem 10B: Grandma has just finished baking a large rect-
angular pan of brownies. She is planning to make rectangular pieces of
equal size and shape, with straight cuts parallel to the sides of the pan.
Each cut must be made entirely across the pan. Grandma wants to
make the same number of interior pieces as pieces along the perime-
ter of the pan. What is the greatest possible number of brownies she
can produce?
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Solution:
Step 1 Equation: Let the side lengths of the rectangular pan be m and
n. It follows that (m − 2)(n − 2) = mn

2 .
Step 2 Factorization: By SFFT, (m − 4)(n − 4) = 8, so m − 4 and n − 4
are paired factors of 8.
Step 3 Casework:

¨

m − 4 = 1,2,4,8
n − 4 = 8,4,2,1

. (3.1)

then (m,n) = (5,12) or (6,8). The largest value of mn = 60.

5. BMT 2013 Individual -19: Equilateral triangle ABC is inscribed in a cir-
cle. Chord AD meets BC at E. If DE = 2013, how many scenarios exist
such that both DB and DC are integers (two scenarios are different if
AB is different or AD is different)?
Solution: Let m = DB,n = DC. First ABCD is cyclic, so AD ∗ BC =
AB ∗ n + AC ∗ m. Therefore, AD = m + n. Second, △BDE △ADC, so
BD
AD =

DE
DC →

m
m+n =

2013
n → (m − 2013)(n − 2013) = 2013

2 = 32112612.
So there are (33 + 1)/2 = 14 possible m + n.

3.10 Diophantine Equation Practice Problems

1. Solve 3x+7y=28.

2. Find the prime number p such that 71p + 1 is a perfect square

3. 1984 AHSME: a, b,c are positive integers and b + bc = 44, and c +
bc = 23, find (, b, c).

4. Find n such that n − 76 and n + 76 both are cubes of positive integers

5. What are all pairs of integers (, b) for which 2 + b exceeds  + b2 by
36?

6. What are both pairs of integers (, y) for which 4y − 615 = 2

7. Find all pairs of integers (, y) such that 2(2 + y2) +  + y = 5y

8. Find all pairs of integers (, y) such that 1/ + 1/y = 1/7

9. OMO Fall 2013-5: . A wishing well is located at the point (11, 11) in the
xy-plane. Rachelle randomly selects an integer y from the set 0, 1, . .
. , 10. Then she randomly selects, with replacement, two integers a, b
from the set 1, 2, . . . , 10. The probability the line through (0, y) and
(a, b) passes through the well can be expressed as m n , where m and
n are relatively prime positive integers. Compute m + n.

10. 1987 AIME, find 32y2 if x, y are integers such that y2+32y2 = 302+
517.
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11. 2008 AIME: Find x+y if x, y are positive integers such that 2 + 84 +
2008 = y2.

12. Let a, b, c, d, e are distinct integers such that (6 − )(6 − b)(6 − c)(6 −
d)(6 − e) = 45 find  + b + c + d + e

13. In how many ways can the 1776 identical flags be partitioned into piles
so that each pile has same flags and each pile has at least 100 flags?

14. Find all solutions to 2 + 3 = y2 where x and y are positive integers.

15. Factor y + 3 + 2y + 6

16. AMC 12: Integers x and y with  > y > 0 satisfy + y+ y = 80, what’s
x?

17. Find the number of pairs of integer solution (, y) that satisfies the
equation ( − y + 2)( − y − 2) = −( − 2)(y − 2)

18. How many pairs (, y) of non-negative integers satisfy 4 − y4 = 16?

19. Find the number of pairs of integers x and y such that 2+y+y2 = 28.

20. A triple of positive integers (, y, z) is called pythagorean triple, if 2 +
y2 = z2. Find all pythagorean triples where x=8, or x=9 (don’t assume
x<y)

21. Distinct prime numbers p, q, r satisfy the equation 2pqr + 50pq =
7pqr + 55pr = 8pqr + 12qr = A, Find A.

22. Find all integer pairs (a,b) such that b +  − 3b = 5.

23. Find the number of triples (, b, c) of positive integers such that  +
b + bc = 11.

24. Find the sum of all primes p for which there exists a prime q such that
p2 + pq + q2 is a square.

25. Chris thinks of three different prime numbers, and notices that their
product is equal to 19 times their sum. Compute the sum of the three
prime numbers Chris must thinking of.

26. What is the largest two-digit integer that becomes 75% greater when
its digits are reversed?

27. There are two prime numbers p so that 5p can be expressed in the
form [n2/5] for some positive integer n. What is the sum of these two
prime numbers.

28. When some positive number 2 is written in case b, the result is 144b.
If a and b are both less than 20, find the sum of all possible values of
a.

29. Find all positive integers n of the form n = p2q with p and q distinct
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primes and such that the sum of the reciprocals of all of the divisors of
n is 2.

30. CMIMC 2018: If a; b; c are relatively prime integers such that /(b+c) =
2and b/( + c) = 3, then what is |c|?

31. When the integer D > 1 is divided into each of the numbers 1059,
1417, 2312 the same remainder R is obtained. Find D.

32. Let n be a three digit positive integer, and ƒ (n)=the sum of the digits of
n+ the sum of the products of two digits of n+ the product of the digits
of n. For example, if n=234, f(n)=(2+3+4)+(2*3+2*4+3*4)+(2*3*4).
Find all possible values of n such that ƒ (n) = n?

33. Find the sum of all possible integers n such that 1 + 2 + ... + n divides
15
�

(n + 1)2 + (n + 2)2 + ... + (2n)2
�

34. The expression n2 + n − 9 is a multiple of 101 for two positive integers
less than 100. one of these integers is 10. Compute the other one.

35. Find all possible values of an integer N such that N2 − 71 is divisible by
7N+55

36. How many polynomials are there of the form 3 − 82 + c + d such
that c and d are real numbers and the three roots of the polynomial
are distinct positive integers?

37. Let ƒ () = 3 + 2 + b + c have solutions that are distinct negative
integers. If  + b + c = 2014, find c.

38. How many pairs of integers (, y) satisfy the equation y = (+12)/(2−
1)

39. Professor Conway collects a total of 58 midterms from the two sections
of his introductory linear algebra course. He notice that the number
of midterms from the smaller section is equal to the product of the
digits of the number of midterms from his larger section. Assuming
that every student handed in a midterm, how many students are there
in the smaller section?

40. Find the sum of all positive integer x such that 3∗2 = n2− 1 for some
positive integer n.

41. Find all nonnegative integers n and m such that 2n = 7m + 9.

42. A positive integer m can be represented as 24p1p2p3, where p1, p2, p3
are some off prime numbers (not necessarily distinct). The integer m+
100 can e represented as 5q1q2q3, where q1, q2, q3 are prime numbers
different from 5 (not necessarily distinct). The integer m + 200 can
be represented as 23r1r2r3r4, where r1, r2, r3, r4 are prime numbers
different from 23(not necessarily distinct). Find m.
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43. A positive integer is written on each face of a cube. Each vertex is then
assigned to the product of the numbers written on the three faces in-
tersecting the vertex. The sum of the numbers assigned to all vertices
is equal to 1001. Find the sum of the numbers written on the faces of
the cube.

44. 2005 AMC 12A Problem 8: Let A , B, C are digits, and (100A + 10B +
C)(A + B + C) = 2005, find A, B, C

45. 2008 AMC 10B Problem 15: How many right triangles have integers leg
lengths a and b, and hypotenuse of length b+1 where b < 100?

46. 2009 AMC 10A Problem 9: Positive integers a, b and 2009 with  < b <
2009, form a geometric sequence with integer ratio, what’s the value
of a?

47. 2009 AMC 10B Problem 1: Each morning of her 5-day week, Jane
bought either a 50-cent muffin or a 75-cent bagel. Her total cost at
the end of the week was a whole number of dollars. How many muffins
did she buy?

48. 2010 AMC 10B Problem 18: Positive integers a, b and c are randomly
independently selected with replacement from the set 1,2,3, ...,2010.
What’s the probability that bc + b +  is divisible by 3?

49. 2010 AMC 10B Problem 24: A high school basketball game between
the Raiders and Wildcats was tied at the end of the first quarter. The
number of points scored by the Raiders in each of the four quarters
formed an increasing geometric sequence, and the number of points
scored by the Wildcats in each of the four quarters formed an increas-
ing arithmetic sequence. At the end of the fourth quarter, the Raiders
had won by one point. Neither team scored more than 100 points.
What was the total number of points scored by the two teams in the
first half?

50. 2011 AMC 10A Problem 19: In 1991 the population of a town was a
perfect square. Ten years later, after an increase of 150 people, the
population was 9 more than a perfect square. Now, in 2011, with an
increase of another 150 people, the population is once again a perfect
square. Which of the following is closest to the percent growth of the
town’s population during this twenty-year period?

51. 2012 AMC 10A Problem 22: The sum of the first m positive odd integers
is 212 more than the sum of the first n positive even integers. What is
the sum of all possible values of n?

52. 2012 AMC 10B Problem 20: Bernardo and Silvia play the following
game. An integer between 0 and 999, inclusive, is selected and given
to Bernardo. Whenever Bernardo receives a number, he doubles it and
passes the result to Silvia. Whenever Silvia receives a number, she
adds 50 to it and passes the result to Bernardo. The winner is the last
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person who produces a number less than 1000. Let N be the smallest
initial number that results in a win for Bernardo. What is the sum of
the digits of N?

53. 2013 AMC 10A Problem 23: In triangle ABC, AB=86, and AC=97. A
circle with center A and radius AB intersects BC at point B and X. More
over BX and CX have integer lengths. What is BC?

54. 2014 AMC 12A-19: There are exactly N distinct rational numbers K such
that |K | < 200, and 52 + K + 12 = 0 has at least one integer solution
for x, what’s N?

55. 2015 AMC 10A Problem 15: Consider the set of all fractions /y, where
x and y are relatively prime positive integers. How many of these
fractions have the property that if both numerator and denominator
are increased by 1, the value of the fraction is increased by 10%?

56. 2015 AMC 10A Problem 20: A rectangle with positive integer side
lengths in cm has area A and perimeter P cm. Which of the follow-
ing numbers cannot be equal to A + P?

57. 2015 AMC 10A Problem 23: The zeros of the function ƒ () = 2−+2
are integers. What is the sum of the possible values of a?

58. 2015AMC10A-Problem 25: A rectangle box measures ∗b∗c, where a,
b and c are integers and 1<=a<=b<=c. The volume and surface area
of the box are numerically equal. How many ordered triples (, b, c)
are possible?

59. 2016 AMC 10B-17: All the numbers 2,3,4,5,6,7 are assigned to the six
faces of a cube, one number to each face. For each of the eight vertices
of the cube, a product of three numbers is computed, where the three
numbers are the numbers assigned to the three faces that include that
vertex. What is the greatest possible value of the sum of these eight
products?

60. 2018 AMC 10A Problem 25: For a positive integer n and nonzero digits
a, b, and c, let An be the n-digit integer each of whose digits is equal to
a; let Bn be the n-digit integer each of whose digits is equal to b, and
let Cn be the 2n-digit (not n-digit) integer each of whose digits is equal
to c. What is the greatest possible value of a+b+c for which there are
at least two values of n such that Cn − Bn = A2n?

61. 2018 AMC 10B Problem 19: Joey and Chloe and their daughter Zoe all
have the same birthday. Joey is 1 year older than Chloe, and Zoe is
exactly 1 year old today. Today is the first of the 9 birthdays on which
Chloe’s age will be an integral multiple of Zoe’s age. What will be the
sum of the two digits of Joey’s age the next time his age is a multiple
of Zoe’s age?

62. 2020 AMC 10A Problem 7: A single bench section at a school event
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can hold either 7 adults or 11 children. When N bench sections are
connected end to end, an equal number of adults and children seated
together will occupy all the bench space. What is the least possible
positive integer value of N?

3.11 Lifting The Exponent Lemma (LTE)

Lifting The Exponent Lemma is a powerful method for solving exponential
Diophantine equations.
Greatest Power Function p() is the greatest power of p which divides
. If p() = k, then pk |, but pk+1 is not divisible .

� p(mn) = p(m) + p(n)

� p(m + n) ≥mn(p(m), p(n))

Lifting The Exponent Lemma (LTE Lemma): Let p be an odd prime, and
let  and y be positive integers such that p does not divide either  or y.

� if n is any integer, and p| − y, then p(n − yn) = p( − y) + p(n)

� if n is odd integer, and p| + y, then p(n + yn) = p( + y) + p(n)

� if p = 2, n is even, and 2| − y, then 2(n − yn) = 2( − y) + 2( +
y) + 2(n) − 1.

� if p = 2, n is odd, and 2| − y, then 2(n − yn) = 2( − y).

� if p = 2, and 4| − y, then 2( + y) = 1, and 2(n − yn) = 2( − y) +
2(n).

Notes. Always check p| ± y before you apply LTE.
Examples

1. Use the LTE lemma to find the largest power of 3 dividing 518 − 218
Solution:

3(518 − 218) = 3(5 − 2) + 3(18) = 1 + 2 = 3.

2. Use the LTE lemma to find the largest power of 3 dividing 73
18 − 1

Solution:

3(73
18
− 1) = 3(7 − 1) + 3(318) = 1 + 18 = 19.

3. Find all the positive integers a such that 5+1
3 is a positive integer.

Solution: If  is even, the numerator is congruent to 2 mod 3. So 
must be an odd. By LTE, 3(5 + 1) = 3(5 + 1) + 3() = 1 + 3().
Only when 1 + 3() ≥ , the express is an integer.  = 1 is the only
solution.
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4. 2020 AIME I Problem 12: Let n be the least positive integer for which
149n − 2n is divisible by 33 · 55 · 77. Find the number of positive integer
divisors of n.
Solution:Because 3|149−2, 3(149n−2n) = 3(n)+3(147) = 3(n)+
1. So thus, 32|n. Because 7|149−2, 7(149n−2n) = 7(n)+7(147) =
7(n) + 2. So thus, 75|n. Because 149 ≡ 4 ≡ 22(mod(5), 5(149n −
2n) = 5(1494c − 24c) = 5(1494c − 16c) = 5(1494 − 24) + 5(c) =
1 + 5(c). So thus, 4 ∗ 54|n. Then the smallest value of n working is
32 ·75 ·4 ·54 = 22 ·32 ·54 ·75. Thus the number of divisors is (2+ 1)(2+
1)(4 + 1)(5 + 1) = 270.

5. (ISL 1991) Find the largest k such that 1991k |199019911992+199219911990

Solution: 1991=11*181, and

19901991
1992
+ 19921991

1990
= (19901991

2
)1991

1990
+ 19921991

1990
.

Let  = 19901991
2

and y = 1992. By LTE,

11
�

(19901991
2
)1991

1990
+ 19921991

1990�

= 11(19901991
2
+ 1992)

+ 11(19911990)
= 1 + 1990
= 1991.

and

181
�

(19901991
2
)1991

1990
+ 19921991

1990�

= 181(19901991
2
+ 1992)

+ 181(19911990)
= 1 + 1990
= 1991.

3.12 LTE Practice Problems

1. For each positive integer n, compute 3(23
n
+ 1).

Solution: Because 3(23
n
+ 1) = 3(2 + 1) + 3(3n) = 1 + n

2. Find all primes p such that the number 11p + 10p is a perfect power of
a positive integer.
Solution: Check p=2, 121+100=221 is not a perfect square. When p is
an odd prime, 11p+10p is divisible by 21=3*7. By LTE, 3(11p+10p) =
3(11+ 10) + 3(p) = 1+ 3(p), so p=3. But 113 + 103 is not a square.
Similarly, p = 7 does not work either. So no solution.

3. Find the sum of all the divisors d of N = 1988 − 1 which are of the form
d = 23b with , b ∈ N.
Solution: By LTE, 2(1988 − 1) = 2(19− 1) + 2(19+ 1) + 2(88)− 1 =
1+ 2+ 3− 1 = 5, and 3(1988 − 1) = 3(19− 1) + 3(88) = 2. So  ≤ 5
and b ≤ 2.
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4. Find all positive integers n such that 3n − 1 is divisible by 2n.
Solution: When n is even, 2(3n−1) = 2(3−1)+2(3+1)+2(n)−1 =
1+2+2(n)−1 = 2(n)+2 ≥ n, so 2(n) ≥ n−2, n ≥ 2n−2, n ≤ 4. When
n is odd, 2(3n − 1) = 2(3 − 1) = 1 ≥ n, so n = 1 Check n = 1,2,3,4 :
n = 1,2,4 work.

5. 2018 AIME I Problem 11: Find the least positive integer n such that
when 3n is written in base 143, its two right-most digits in base 143
are 01.
Solution: The given condition is equivalent to 3n ≡ 1 (mod 1432) and
143 = 11 · 13. So 11(3n − 1) ≥ 2, 13(3n − 1) ≥ 2. In order to find
11(3n−1) by LTE, let  = 35 ≡ 1(mod11). So 11(3n−1) = 11(243n/5−
1) = 11(242)+11(

n
5). For 13(3n−1), Let  = 33. By LTE, 13(3n−1) =

13(27n/3 − 1) = 13(26) + 13(
n
3). From the first equation we gather

that 5 divides n, while from the second equation we gather that both
13 and 3 divide n as 13(3n − 1) ≥ 2. Therefore the minimum possible
value of n is 3 × 5 × 13 = 195.

6. (Romanian Junior Balkan TST 2008). Let p ̸= 3 be a prime number, and
integers a, b such that p| + b and p2|3 + b3. Prove that p2| + b or
p3|3 + b3.
Proof: If p|, then p|b since p| + b. And thus p3|3 + b3. If p is not
divisible by  or b, by LTE, 2 ≤ p(3+b3) = p(+b)+p(3) = p(+b).
And thus p2| + b.

3.13 Euler Theorem,Fermat’s Little Theorem,
Wilson Theorem

(i) Euler’s Theorem: If integers  and n are coprime, then ϕ(n) ≡ 1 (mod n),
where ϕ(n) is Euler’s totient function. Note that ϕ(n) may not be the
smallest integer such that k ≡ 1 (mod n).

(ii) Fermat’s Little Theorem:If integers  and n are coprime and p is a prime
number, then p−1 ≡ 1 (mod p). Fermat’s Little Theorem is a special
case of Euler’s Theorem.

(iii) Wilson’s Theorem: If integer p > 1 , then (p− 1)!+ 1 is divisible by p if
and only if p is prime.
The above theorems are often used with Chinese Remainder Theorem
to simplify calculations in modular arithmetic.

Examples

1. Find 220 + 330 + 440 + 550 + 660 (mod 7).
Solution: By Fermat’s Little Theorem, ϕ(7) ≡ 1 (mod 7), for  =
2,3,4,5,6. So 220 + 330 + 440 + 550 + 660 ≡ 22 + 30 + 44 + 52 + 60 ≡ 0.

2. 2008 PUMaC NT Problem 5: If ƒ () = 


, find the last two digits of
ƒ (17) + ƒ (18) + ƒ (19) + ƒ (20).
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Solution: By the Chinese Remainder Theorem it suffices to find the
sum modulo 4 and 25.

ƒ (17) + ƒ (18) + ƒ (19) + ƒ (20) ≡ 0 (mod 4),

and
ƒ (17) + ƒ (18) + ƒ (19) + ƒ (20) ≡ 7 (mod 25).

So
ƒ (17) + ƒ (18) + ƒ (19) + ƒ (20) ≡ 32 (mod 100).

3.14 Euler Theorem Practice Problems

1. 2008 AMC 12A Problem 15: Let k = 20082 + 22008. What is the units
digit of k2 + 2k?
Solution:k ≡ 20082 + 22008 ≡ 82 + 24 ≡ 4 + 6 ≡ 0 (mod 10).
So, k2 ≡ 0 (mod 10). Since k = 20082 + 22008 is a multiple of four and
the units digit of powers of two repeat in cycles of four, 2k ≡ 24 ≡ 6
(mod 10).

Therefore, k2 + 2k ≡ 0 + 6 ≡ 6 (mod 10). So the units digit is 6.

2. 1989 AIME Problem 9: One of Euler’s conjectures was disproved in the
1960s by three American mathematicians when they showed there was
a positive integer such that

1335 + 1105 + 845 + 275 = n5.

Find the value of n.

3. ARML 2002: Let  be an integer such that 11 +
1
2 +

1
3 + · · ·+

1
23 =


23! . Find

the remainder when  is divided by 13.
Solution: Multiplying both sides by 23! yields

23!

1
+
23!

2
+ ... +

23!

23
= 

Note that 13 | 23!k for all k ̸= 13. Thus we are left with

 ≡
23!

13
≡ 12!·14·15·16·...·23 ≡ (−1)(1)(2)(3)(...)(10) ≡ 7 mod 13.

4. p is prime number and p = 2q+1. Prove that (q!)2+(−1)q divisible to p.
Solution: First observe the following congruences : (p−1) ≡ −1 (mod p)
(p − 2) ≡ −2 (mod p) etc.. the last one being p+1

2 ≡ −
p−1
2 (mod p) Ob-

serve also that p−1
2 = q. Now if you multiply all those congruences

you get : (q + 1)(q + 2) · · · (2q) ≡ (−1)qq! (mod p) (remember that
p − 1 = 2q) Now multiply this congruence with q! and then apply Wil-
son’s theorem :

(−1)q(q!)2 ≡ (2q)! ≡ (p − 1)! ≡ −1 (mod p)
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So
(q!)2 + (−1)q ≡ (−1)q−1 + (−1)q ≡ 0 (mod p)

as desired.c

5. Let 1 = 4, and n = 3n−1 for n ≥ 2. Find the two digits of 100 mode 7.
Solution: By Fermat’s Little Theorem, 46 ≡ 1 mod 7. Now, consider 499
mod 6. Because 499 ≡ 0 mod 2, and 499 ≡ 1 mod 3, Thus,499 ≡ 4 mod
6. By Fermat’s Little Theorem,

100 ≡ 44 ≡ 4 (mod 7)

6. Solve the congruence 103 ≡ 4 (mod 11).
Solution: First x and 11 must be coprime. By Fermat’s Little Theorem,
10 ≡ 1 (mod 11). Thus 103 ≡ 3 ≡ 4mod11. Try  = 1 to 10, easy to
see 53 ≡ 4 (mod 11). The solution is  ≡ 5 (mod 11).

7. What are the possible periods of the sequence , 2, 3, ... in mod 13
for different values of x? Find values of x that achieve these periods.
Solution: By Fermat’s Little Theorem, 12 ≡ 1 (mod 13). Thus, every
cyclic length has to be a factor of 12, because after 12 iterations, every
cyclic should be back where it started. Thus, the possible cycle lengths
are: 1; 2; 3; 4; 6; 12. Since 2 has a maximum side length, we can take
powers of 2 to get the other cycle lengths:

� Cycle length = 1 : x = 1

� Cycle length = 2 :  = 212/2 = 64 so x = 12 (1; 12)

� Cycle length = 3 :  = 212/3 = 16 so x = 3 (1; 3; 9)

� Cycle length = 4 :  = 212/4 = 8 so x = 8 (1; 8; 12; 5)

� Cycle length = 6 :  = 212/3 = 4 so x = 4 (1; 4; 3; 12; 9; 10)

� Cycle length = 12 : so x = 2 (1; 2; 4; 8; 3; 6; 12; 11; 9; 5; 10; 7)

8. Let p be an odd prime. How many coefficients of ( − y)p−1 will have
the remainder 1 when divided by p?
Solution: For each coefficient (−1)k

�p−1
k

�

= (p−1)!
k!(p−1−k)! , (p − 1)! ≡ −1

(mod p), and

(p−1−k)! = (p−1−k)∗(p−2−k)−...∗1 ≡ (−1−k)(−2−k)...(1−p) ≡ (−1)p−1−k(k+1)(k+2)...(p−1).

So

(−1)k
�

p − 1

k

�

≡ (−1)k(−1)p−1−k
(p − 1)!

(p − 1)!
≡ 1.

All coefficients minus 1 are divisible by p.
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Combinatorics

4.1 Basic Counting Formulas

1. Add-subtract method: b −  + 1 returns the number of elements in
(,  + 1, ..., b).

2. Addition Principle: n1 + n2 ways to perform one of two tasks.

3. Multiplication Principle: n1 × n2 ways to perform two tasks.

4. Permutations: P(n, k) = n(n− 1)(n− 2) · · · (n− k+ 1) = n!
(n−k)! returns the

number of ways to pick an k-element subset of a set with n elements,
where order matters.

5. Combinations: C(n, k) =
�n
k

�

= n!
k!(n−k)! returns the number of ways to

pick an k-element subset of a set with n elements, where order does
not matter.

6.
�n
k

�

=
� n
n−k
�

7.
�n
k

�

=
�n−1

k

�

+
�n−1
k−1
�

.

8.
∑n
k=0

�n
k

�

= 2n : Two ways to count the ways to assign n people to two
distinguishable groups.

9. Inclusion-Exclusion Principle: |A ∪ B| = |A| + |B| − |A ∩ B|

10. Generalized Principle: |A1 ∪ A2 ∪ . . . ∪ An| =
∑

|A| −
∑

|A ∩ Aj| +
∑

|A ∩
Aj ∩ Ak | − . . . + (−1)n+1|A1 ∩ A2 ∩ . . . ∩ An|

11. kids-candy formula: There are
�n+k−1
k−1
�

ways to distribute n pieces of
identical candy to k kids.

12. Number of non-negative integer solutions 1+ 2+ ...+ k = n:
�n+k−1
k−1
�

.
1, ..., k are the k kids who are sharing the n pieces of "candy."

Counting Techniques

1. Bijections or one-to-one correspondence:

171
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� Example 1: In a group of n people, how many handshakes oc-
cur if each person shakes hands with every other person exactly
once? How many games in a n-player tournament game? how
many diagonals and sides does a n-th polygon have? How many
intersection points of n lines? All answers are n(n − 1)/2, because
they have 1-1 correspondence.

� Example 2: kids-candy formula:There are
�n+k−1
k−1
�

ways to distribute
n pieces of identical candy to k kids. This is also the number
of non-negative integer solutions 1 + 2 + ... + k = n:

�n+k−1
k−1
�

.
1, ..., k are the k kids who are sharing the n pieces of "candy."

� Example 3: Counting Paths in a Grid:How many paths are there
from the top-left corner to the bottom-right corner of a grid (m x
n) if you can only move right or down? We can establish a bijec-
tion between the number of paths and the arrangements of move-
ments (e.g., ’R’ for right and ’D’ for down) in a sequence. The total
number of arrangements is just the number of permutations of m
’R’s and n’D’s.

2. Complementary counting: a useful bijection. Arrange n people in a row
such that A and B are not adjacent. It would be too complicated to
list all cases. We can bundle A and B, and treat them like one person.
There are n! arrangements in total without any restriction. In 2!(n−1)!
arrangements, A and B are together. So the n!−2!(n−1)! complemen-
tary arrangements satisfy the not-adjacent requirement.

3. Casework:Break down a complicated problem into different easy cases
or scenarios This method is especially useful when a problem cannot
be easily solved using a single, straightforward approach.

4. Constructive Counting: Break down the problem into simpler steps.
How many 3-digit numbers are divisible by 3? Solution: For any combi-
nation of last two digits, there are always 3 possible leading digits such
that the sum of all 3 digits is divisible by 3: 3*10*10=300.

5. Overcounting: In P.I.E., overcountng is corrected by subtraction. Over-
countng also can be corrected by division.

� Permutations with repeated elements: How many distinct arrange-
ments are there of TATTER? If we treat the three "T" distinct, it’s
easy to get 6! arrangements, which in fact count each arrange-
ment exactly 3! times. So there are 6!

3! distinct arrangements after
overcounting is corrected.

� Counting with symmetries(Circle): n!
n = (n − 1)! ways to arrange n

people to be seated at a round table.

� Counting with symmetries(Keychain): n!
2n = (n−1)!/2 ways to place

n keys on a keychain.

� Indistinguishable groups:
�2n
n

�

/2 ways to divide 2n students into
two n-people teams.
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4.2 Paths on Grid

How many paths are there from the top-left corner to the bottom-right cor-
ner of a grid (m x n) if you can only move right or down? We can establish
a bijection between the number of paths and the arrangements of move-
ments (e.g., ’R’ for right and ’D’ for down) in a sequence. The total number
of arrangements is just the number of permutations of m ’R’s and n’D’s:
�m+n
m

�

.
When grid is not complete/regular, labeling numbers is a good way to count
number paths for each point.
Examples

1. In how many ways to move from A(0,0,0) to B(2,3,4), each step to
increase x or y or z by 1?
Solution: Same as arranging XXYYYZZZZ in a row: 9!

2!3!4! .

2. Corrin is at the bottom left square of a seven-by seven grid and can
move two squares per turn. If he is only allowed to move right or up,
he will reach the top right square in six turns. In how many ways can
he reach that square?
Solution: Same as 3*3 grid path for 6 steps:

�6
3

�

.

3. A frog is at the point (0, 0). Every second, he can jump one unit either
up or right. He can only move to points (x, y) where x and y are not
both odd. How many ways can he get to the point (8, 14)?
Solution: After removing both-odd points, the problem becomes how
many paths from (0.0) to (4,7) :

�11
4

�

= 330 ways.

4. Mandelbrot 2013-2014 How many paths are there from A to B through
the network shown if you may only move up, down, right, and up-
right? A path also may not traverse any portion of the network more
than once. A sample path is highlighted.

Solution: You cannot move left, so we can consider columns sepa-
rately. There are 7 ways from column 1 to column 2. For any position
on the 2nd column, there are also 7 ways to the 3rd column. So there
are 73 = 343 ways from A to B.

5. 2017 HMMT: Sam spends his days walking around the following 2*2
grid of squares. Say that two squares are adjacent if they share a
side. He starts at the square labeled 1 and every second walks to an
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adjacent squares. How many paths can Sam take so that the sum of
the numbers on every square he visits in his path is equal to 20 (not
counting the square he started on)?
Solution: Let’s list the steps to find the pattern: Step 1: 2 or 4; Step
2: 1 or 3; Step 3: 2 or 4.... Assume there are m steps, the sum of the
numbers is equal to 2+1+2+1+...+2n, where n is the number of 3 or
4. Do the casework on the values of m:

� m ≤ 5 : no solution.

� m = 6 : 2+1+2+1+2+1+2n=20, no solution.

� m = 7 : 2+1+2+1+2+1+2+2n=20, no solution.

� m = 8 : 4(2+1)+2n=20, n=4. We can choose any 4 steps from the
8 steps for 3 or 4. Assign 3 to the selected even steps and 4 to the
odd steps. So there are

�8
4

�

= 70 paths.

� m = 9 : 4(2+1)+2+2n=20, n=3. Similarly,
�9
3

�

= 84 paths.

� m = 10 : 5(2+1)+2n=20, no solution.

� m = 11 : 5(2+1)++2+2n=20, no solution.

� m = 12 : 6(2+1)+2n=20, n=1,
�12
1

�

= 12 paths.

� m = 13 : 6(2+1)+2+2n=20, n=0,
�13
0

�

= 1 path.

So there are 70 + 484 + 12 + 1 = 167 paths.

4.3 Paths on Grid Practice Problems

1. 1986 AJHSME Problem 9: Using only the paths and the directions shown,
how many different routes are there from M to N?

2. 1982 AHSME Problem 25: The adjacent map is part of a city: the small
rectangles are blocks, and the paths in between are streets. Each
morning, a student walks from intersection A to intersection B, always
walking along streets shown, and always going east or south. For vari-
ety, at each intersection where he has a choice, he chooses with prob-
ability 1

2 whether to go east or south. Find the probability that through
any given morning, he goes through C.
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3. 1997 PMWC Problem 115: How many paths from A to B consist of
exactly six line segments (vertical, horizontal or inclined)?

4. 2010 AMC 12A Problem 18: A 16-step path is to go from (−4,−4)
to (4,4) with each step increasing either the -coordinate or the y-
coordinate by 1. How many such paths stay outside or on the boundary
of the square −2 ≤  ≤ 2, −2 ≤ y ≤ 2 at each step?

(A) 92 (B) 144 (C) 1568 (D) 1698 (E) 12,800

5. The configuration below is built from 27 segments. How many paths
from A to B use exactly five of these segments?

6. Bob follows a path along the grid shown, always moving either up or to
the right. How many paths from A to c do not pass through B?

7. In the figure below, how many ways are there to select 5 bricks, on in
each row, such that any two bricks in adjacent rows are adjacent?
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8. Eight identical unit cubes are stacked to form a 2*2*2 cube, as shown.
A short path from vertex A to vertex B is defined as one that consists
of six one-unit moves either right, up or back along any of the six faces
of the 2-unit cube. How many short paths are possible?

9. A moth starts at vertex A of a certain cube and is trying to get to vertex
B, which is opposite A, in five or fewer steps, where a step consists in
traveling along an edge from one vertex to another. The moth will
stop as soon as it reaches B. How many ways can the moth achieve its
objective?

10. The integers 1,2...9, are written in the squares of a 3*3 board, such
that the number n and n+1 share an edge. What’s the largest possible
sum that can appear along one of the diagonals?, the smallest?

11. 2007 AIME I Problem 10: In a 6 x 4 grid (6 rows, 4 columns), 12 of
the 24 squares are to be shaded so that there are two shaded squares
in each row and three shaded squares in each column. Let N be the
number of shadings with this property. Find the remainder when N is
divided by 1000.

12. 2020 AMC 8 Problem 21: A game board consists of 64 squares that
alternate in color between black and white. The figure below shows
square P in the bottom row and square Q in the top row. A marker
is placed at P. A step consists of moving the marker onto one of the
adjoining white squares in the row above. How many 7-step paths are
there from P to Q? (The figure shows a sample path.)
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13. 2017 mathcounts nation sprint-14: Philippa stands on the shaded square
of the 8-by-8 checkerboard shown. She moves to one of the four ad-
jacent squares sharing an edge with her starting square, with each of
the four squares equally likely to be chosen. She then makes two more
moves to adjacent squares in the same way. Given any square S, let
P(S) be the probability that Philippa lands on that square after her third
move. What is the greatest possible value of P(S)?

14. 2015 Mathcounts School Team-problem 3:Each line segment in the di-
agram represents a distinct road between two cities. If the roads can
only be used to go between cities in alphabetical order (but not every
city must be visited), how many routes are there from A to E?

15. Charlotte places a coin on the center square marked M in the 7*7 grid
shown. How many ways are there for her spell MATH by moving to
three other squares, if for each move she can move the coin to either
a square with a common side or a diagonally adjacent square?
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4.4 Distribute N balls to K boxes

(i) 4 cases: Balls distinguishable/identical, Boxes distinguishable/identical,

(ii) Size Restriction: No restriction, or with size restriction (r1, r2, ..., rK), r1+
r2 + ... + rK = N.

(iii) No restriction

� NK ways to distribute N distinguishable balls to K distinguishable
boxes because each ball has K choices.

�

�N+K−1
K−1
�

ways to distribute N identical balls to K distinguishable
boxes.

� Distribute N distinguishable balls to K identical boxes: E.g., dis-
tribute labeled 1-10 balls to 2 identical boxes:

Distribution Number of ways
10+0

�10
0

�

9+1
�10
1

�

8+2
�10
2

�

7+3
�10
3

�

6+4
�10
4

�

5+5
�10
5

�

/2

� When the boxes have different sizes, they automatically become
distinguishable. But for "5+5", we need to correct the overcount-
ing for the two identical boxes with identical size.

� [N/2] + 1 ways to distribute N identical balls to K identical boxes
since there is only one way for each distribution. E.g., distribute 10
identical balls to 2 identical boxes 10+0, 9+1, 8+2,7+3,6+4,5+5.

(iv) with restriction: (r1, r2, ..., rK), r1 + r2 + ... + rK = N.

� If balls are identical and the distribution (r1, r2, ..., rK) is known,
there is only one way no matter if boxes are identical or not.
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� If both balls and boxes are distinguishable, N!
r1!r2!...rK !

ways to dis-
tribute r distinguishable balls to the th distinguishable box,  =
1,2, ..., K.

� If balls are distinguishable and boxes are identical, but all (r1, r2, ..., rK)
are different, we can assume boxes distict. There are also N!

r1!r2!...rK !
ways to distribute r distinguishable balls to the th box,  = 1,2, ..., K.

� If balls are distinguishable and boxes are identical, but m r are
equal, we need to correct the overcounting by dividing m!. E.g.,
10!
3!3!4! /2! ways to distribute 10 distinguishable balls to 3 identical
boxes (3+3+4), where 2! is for overcounting correction. These
two distributions (1,2,3)+ (4,5,6)+ (7+ 8+ 9+ 10) and (4,5,6)+
(1,2,3) + (7+ 8+ 9+ 10) are the same distribution since all boxes
are identical.

Summary Table

No restriction
Balls distinguishable Balls identical

Balls distinguishable NK
�N+K−1

K−1
�

Balls identical casework, correct overcounting [N/2] + 1
With restriction (r1, r2, ..., rK), r1 + r2 + ... + rK = N

Balls distinguishable Balls identical
Balls distinguishable N!

r1!r2!...rK !
may need to correct overcounting 1

Balls identical casework, correct overcounting 1

Some equal cases:
There are N!

r1!r2!...rK !
ways to

� Distribute distinguishable balls into distinguishable Boxes (r1, r2, ..., rK)

� List N numbers in a row if there are r1 "1"’s, r2 "2"’s,...,rK "K"’s.

� Expand (1 + 2 + ... + K)N , what’s the coefficient of r11 
r2
2 ...

rK
K ?

There are
�N+K−1

K−1
�

ways to

� Distribute N pieces of candy to K kids.

� Number of non-negative integer solutions to1 + 2 + ... + K = N.

� Number of terms if (1 + 2 + ... + K)N is expanded and like terms are
combined.

Examples

1. How many non-negative ordered pairs of (, b, c, d) satisfying  + b +
c + d = 11?
Solution: Kids-candy formula:

�11+4−1
4−1
�

=
�14
3

�

.
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2. How many non-negative ordered pairs of (, b, c, d) satisfying  + b +
c + d ≤ 11?
Solution: Let e = 11− (+ b+ c+ d). So + b+ c+ d+ e = 11 and all of
them are non-negative. Applying kid-candy formula yields

�11+5−1
5−1
�

=
�15
4

�

.

3. How many ways to select 4 digits in strictly increasing order from
1,2,...,9?
Solution: For any selection of 4 digits, there is only one way to arrange
them:
�9
4

�

.

4. How many ways to select 4 digits in increasing order from 1,2,...,9?
Solution: Assume , b, c, d are selected. Some of them may be equal
1 ≤  ≤ b ≤ c ≤ d ≤ 9. Let e = −1, ƒ = b−, g = c−b, h = d−c,  = 9−d.
So the problem becomes selecting e, ƒ , g, h,  such that e+ ƒ +g+ h+  =
9 − 1 = 8, where e, ƒ , g, h,  ≥ 0. There are

�8+5−1
5−1
�

=
�12
4

�

.

5. 2007 AIME II Problem 2: Find the number of ordered triple (a; b; c)
where a, b, and c are positive integers, a is a factor of b, b is a factor
of c, and  + b + c = 100.
Solution: Let m = b

 and n = c
 .  + b + c = 100→ (1 +m + n) = 100.

Therefore, m + n + 1 is a factor of 100 = 2252. Do all the casework on
m+ n There are 0+ 0+ 2+ 3+ 8+ 18+ 23+ 48+ 98 = 200 solutions of
(, b, c).

6. 2010 AIME II Problem 8: Let N be the number of ordered pairs of
nonempty sets A and B that have the following properties:

A ∪ B = {1,2,3,4,5,6,7,8,9,10,11,12}, A ∩ B = ∅, The number of
elements of A is not an element of A, The number of elements of B is
not an element of B. Find N.
Solution: First 6 + 6 does not work since 6 cannot be in A or B. Sec-
ond, A and B contain at least one number. Consider n+(12-n) case,
n=1,2...11. Then n must be in B and 12-n must in A. Need to choose
(n-1) numbers from the remaining 10 numbers for A. So there are

� 10
n−1
�

ways. Total =
�

∑11
n=1

�

10

n − 1

��

−
�

10

5

�

= 210 − 252 = 772.
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4.5 Distribution Practice Problems

1. How many ways are there to put 4 balls in 3 boxes if (a). The balls are
distinguishable and the boxes are distinguishable? (b) The balls are
distinguishable but the boxes are not distinguishable? (c) The balls are
not distinguishable but the boxes are distinguishable? (d) The balls are
not distinguishable neither the boxes are distinguishable? (e) If two
balls are indistinguishable green and two balls are indistinguishable
red, and the boxes are distinguishable?

2. 10 students are divided into two equal size groups to play a game. In
how many ways can they do this (a) Without restriction? (b) If A and
B insisting on playing on the same team? (c)If A and B want to be in
different teams?

3. In how many ways to split 3 girls and 7 boys to two 5-person groups?

4. In how many ways can we distribute 11 piece of candy to 4 kids?

5. In how many ways can we distribute 11 piece of candy to 4 kids pro-
vided that each kid must receive at least one piece of candy?

6. In how many ways can we distribute 11 piece of candy to 4 kids pro-
vided that Alice must receive no more pieces of candy than any of the
others?

7. In how many ways can we distribute 11 piece of candy to 4 kids pro-
vided that Alice must receive no less pieces of candy than any of the
others?

8. In how many ways can we distribute 11 piece of candy to 4 kids pro-
vided that Alice and Julia must receive the same number of pieces of
candy?

9. In how many ways can we distribute 16 chocolate donuts, 12 glazed
donuts, and 15 jelly donuts among 4 people?

10. In how many ways can we distribute 16 chocolate donuts, 12 glazed
donuts, and 15 jelly donuts among 4 people if each person insists on
receiving at least 2 of each variety of donut?

11. 3 students are running for class president in a class of 70 students.
How many different vote counts are possible if every student votes?

12. 3 students are running for class president in a class of 70 students.
How many different vote counts are possible if some students may not
vote?

13. How many positive ordered pairs of (, b, c, d) satisfy +b+ c+d = 11?

14. How many non-negative ordered pairs of (, b, c, d) satisfy +b+c+d =
11 provided that  ≤mn(b, c, d)?
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15. How many non-negative ordered pairs of (, b, c, d) satisfy +b+c+d =
11 provided that  ≥m(b, c, d)?

16. How many non-negative ordered pairs of (, b, c) satisfy +b+2c = 11?

17. In how many ways can we distribute 7 pieces of taffy and 8 pieces of
licorice to 5 kids such that each kid received exactly 3 pieces of candy?

18. How many non-negative ordered pairs of (, b, c) satisfy + b+ c ≤ 70?

19. How many non-negative ordered pairs of (, b, c, d) satisfy +b+c+d <
25?

20. How may sets of positive integers (a,b,c) satisfies  > b > c and + b+
c = 103?

21. Andrew has 10 candy bars, 10 packages of jelly beans, 10 lollipops, and
10 packs of chewing gum, and Andrew has two sisters. In how many
ways can Andrew distribute the candies between his sisters, so that
each sister gets 20 items total? Victor and twelve friends have a pile
of sixty orbs. In how many ways can they distribute the orbs among
themselves such that at least two people do not receive anything?

22. Eli, Joy Paul and Sam want to form a company; the company will have
16 shares to split among the 4 people. The following constrains are
imposed: � Every person must get a positive integer number of shares,
and all 16 shares must be given out. � No one person can have more
shares than the other three people combined. Assume that shares are
indistinguishable, but people are distinguishable, in how many ways
can the shares be given out? How many ways there are to change a
$20 bill into smaller bills? (You can use $1,$2,$5 and $10 bills; no
coins are allowed)

23. HMMT 2010 Guts problem 28: Danielle Bellatrix Robinson is organizing
a poker tournament with 9 people. The tournament will have 4 rounds,
and in each round the 9 players are split into 3 groups of 3. During the
tournament, each player plays every other player exactly once. How
many different ways can Danielle divide the 9 people into three groups
in each round to satisfy these requirements?

24. 1986 AJHSME Problem 24: The 600 students at King Middle School are
divided into three groups of equal size for lunch. Each group has lunch
at a different time. A computer randomly assigns each student to one
of three lunch groups. The probability that three friends, Al, Bob, and
Carol, will be assigned to the same lunch group is approximately

(A) 1
27 (B) 1

9 (C) 1
8 (D) 1

6 (E) 1
3

25. 2003 AMC 10A Problem 21: Pat is to select six cookies from a tray
containing only chocolate chip, oatmeal, and peanut butter cookies.
There are at least six of each of these three kinds of cookies on the
tray. How many different assortments of six cookies can be selected?
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(A) 22 (B) 25 (C) 27 (D) 28 (E) 729

26. 2007 AMC 10A Problem 12: Two tour guides are leading six tourists.
The guides decide to split up. Each tourist must choose one of the
guides, but with the stipulation that each guide must take at least one
tourist. How many different groupings of guides and tourists are possi-
ble?

(A) 56 (B) 58 (C) 60 (D) 62 (E) 64

27. 2017 AMC 10A Problem 8: At a gathering of 30 people, there are 20
people who all know each other and 10 people who know no one. Peo-
ple who know each other hug, and people who do not know each other
shake hands. How many handshakes occur?

(A) 240 (B) 245 (C) 290 (D) 480 (E) 490

28. 2015 AIME I Problem 2: The nine delegates to the Economic Coop-
eration Conference include 2 officials from Mexico, 3 officials from
Canada, and 4 officials from the United States. During the opening
session, three of the delegates fall asleep. Assuming that the three
sleepers were determined randomly, the probability that exactly two
of the sleepers are from the same country is m

n , where m and n are
relatively prime positive integers. Find m + n.

4.6 Binomial Theorem

Binomial Theorem: (X + Y)n =
∑n
k=0

�n
k

�

XkYn−k

How to understand this theorem?
If we treat each (X + Y) as a group and expand (X + Y)n, each term has the
form XkYn−k. To get Xk is the same as to choose k groups and force them
to contribute X, and for the other n − k groups, force them to contribute Y,
so there are

�n
k

�

ways to have XkYn−k, i.e., the coefficient of XkYn−k is
�n
k

�

.

� Binary result: yes/no, or flip a coin, p=P(Head), q=P(Tail). Let X=p,
Y=q, then we have 1 = (p + q)n =

∑n
k=0

�n
k

�

pkqn−k, where
�n
k

�

pkqn−k is
the probability of k Heads in n flips.

� Sum of all coefficients: (1 + 1)n = 2n =
∑n
k=0

�n
k

�

� (1 − 1)n = 0 =
∑n
k=0(−1)

k
�n
k

�

, so
∑� n

een

�

=
∑� n

odd

�

.

� (2023)2023 = (2000 + 23)2023 =
∑2023
k=0

�2023
k

�

2000k232023−k.

� X and Y can be any expression: ( + y + 3)10 = (( + 1) + (y + 2))10 =
∑10
k=0

�n
k

�

( + 1)n−k(y + 2)k.

Multinomial Theorem:

(X1 + X2 + ... + Xk)n =
∑

e1+e2+...+ek=n

n!

e1!e2!...ek!
Xe11 Xe22 ...Xekk
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� Number of simplified terms: e1+e2+ ...+ek = n, all e are non-negative.
There are
�n+k−1
k−1
�

possible solutions. Each term has the coefficient
n!

e1!e2!...ek!

Examples

1. 1974 AHSME Problem 3: What is the coefficient of 7 in the polynomial
expansion of (1 + 2 − 2)4?
Solution: The coefficient of 1e1(2X)e2(−X2)ek = 2e2(−1)e3e2+2e3 is

n!
e1!e2!e3!

, where e1+e2+e3 = 4 and e2+2e3 = 7. The only possible com-

bination is (e1, e2, e3) = (0,1,3). The coefficient is 2e2(−1)e3 n!
e1!e2!e3!

=

2(−1) 4!
0!1!3! = −8.

2. How many terms are in the simplified expression of (+ b+ c+ d)2023?
Solution: Same as counting the ways to distributing 2023 to the four
letters:
�2023+4−1

4−1
�

=
�2026

3

�

.

3. Let  be the coefficient of  in P() = (+ 1)(+ 2)...(+ 11), where
 = 1, ...,12, how many  are divisible by 3?
Solution: P() has as many coefficients divisible by 3 as Q() = (+
1)(−1)(+1)(−1)...(−1) = 4(+1)4(−1)4. Q() can be easily
expanded to

12 − 410 + 68 − 46 + 4.
Therefore, 12 − 4 = 8 coefficients including zeros of Q() are divisible
by 3.

4. If (+ 1)10 = 0 + 1(1− ) + 2(1− )2 + ...+ 10(1− )10, what is 8?
Solution: ( + 1)10 = (2 − (1 − ))10 =

∑10
k=0

�10
k

�

210−k(1 − )k, so 8 =
�10
8

�

210−8 = 180.

4.7 Binomial Theorem Practice Problems

1. 2006 AMC 12A Problem 24: The expression (+y+z)2006+(−y−z)2006
is simplified by expanding it and combining like terms. How many
terms are in the simplified expression?

2. 1993 University of South Carolina High School Math Contest: What is
the coefficient of 3 in the expansion of (1 +  + 2 + 3 + 4 + 5)6?

3. An unfair cond has the property that when flipped four times, it has
the same probability of tuning up 2 heads and 2 tails (in any order) as
3 heads and 1 tail (in any order). What is the probability of getting a
head in any one flip?

4. Find the coefficient of 5 in the polynomial expansion of (1+2−32)5.

5. Find the coefficient of 5 in the polynomial expansion of (1+ 2+ 32+
43)5.
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6. How many terms are in the simplified expression of (+ b+ c+ d)2021+
( + b − c − d)2021?

7. How many terms are in the simplified expression of (1++2+3)2021?

8. If (2 − 3)10 = 0 + 1(4 − 2) + 2(4 − 2)2 + ... + 20(4 − 2)20, what
is the maximum ?

9. Let  be the coefficient of  in P() = (+1)(+2)...(+239), where
 = 1, ...,240, how many  are even?

10. Let  be the coefficient of  in P() = (+1)(+2)...(+239), where
 = 1, ...,240, how many  are divisible by 3?

11. AOPS Introduction to Counting and Probability Problem 8.11: The Grun-
ters And the Screamers are playing for the Grand Championship. The
two teams will play each other until one has won 4 games, at which
point the 4-game winner will be declared Grand Champion. The Grun-
ters have a 75% probability of winning any individual game. What is
the probability that Grunters will win the Grand Championship in ex-
actly 7 games? what is the probability of the Grunters winning the
Championship in any number of games?

12. AOPS Intermediate Counting and Probability Problem 13.2.3: The Red
sox play the Yankees in a best of seven series that ends as soon as one
team wins four games. Suppose that the probability that the Red Sox
win game n is (n-1)/6. What is the probability that the Red Sox will win
the series?

13. Team Acton and Team Belmont are playing each other in a best-to-3
series.

� Each team has a 50% chance of winning any individual game.
What’s the probability that the series will go to 5 games?

� Each team has a 50% chance of winning any individual game.
What’s the probability that the series will end in the 4th game?

� Acton Team has p chance of winning any individual game. What’s
the probability that the series will go to 5 games?

� Assume this series is best to n+1, and each team has a 50%
chance of winning any individual game. What’s the probability
that the series will go to 2n+1 games?

4.8 Dice, Cards, and Coin

Dice

� One fair dice: P(1)=P(2)=...=P(6)=1/6

� Two fair dice: P(1,1)=P(1,2)=...=P(6,6)=1/36
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� Opposite face: 1-6, 2-5, 3-4

� Roll 2 die, P(1 + 2 = k) = P(1 + 2 = 14 − k).
Cards

� A standard 52-card French-suited deck comprises 13 ranks in each of
the four suits: spades ♠ clubs ♣ , diamonds ♢, hearts ♡.

� Each suit includes three court cards (face cards), King, Queen and Jack,
with reversible (i.e. double-headed) images. Each suit also includes
ten numeral cards or pip cards, from one (Ace) to ten.

� Card problems never appear in AMC 10 test?

Coin

� Let P(Hed) = p, P(T) = q, p + q = 1.

� Fair coin: p = q = 1/2

� Unfair coin: p ̸= q, e.g AB swimming team has 60% chance to win this
year’s champion.

� Binomial Theorem: (p+q)n =
∑n
k=0

�n
k

�

pkqn−k.
�n
k

�

is the number of ways
to get k heads in n flips, and pkqn−k is the corresponding probability.

Examples

1. 2006 AMC 10A Problem 13: A player pays 5 dollars to play a game.
A die is rolled. If the number on the die is odd, the game is lost. If
the number on the die is even, the die is rolled again. In this case the
player wins if the second number matches the first and loses otherwise.
How much should the player win if the game is fair? (In a fair game the
probability of winning times the amount won is what the player should
pay.)
Solution: The win probability is equal to 1

2
1
6 =

1
12 . The expected value

of the game is 1
12 +

11
12(−5). When  = 60, the game is fair.

2. 2001 AIME I Problem 6: A fair die is rolled four times. The probability
that each of the final three rolls is at least as large as the roll preceding
it may be expressed in the form m

n where m and n are relatively prime
positive integers. Find m + n.
Solution: Same as selecting 4 numbers from 1-6, and arrange them
in the increasing order.

� all four numbers are distinct:
�6
4

�

= 15.

� two of them are equal:
�6
3

��3
1

�

= 60.

� two pairs of equal numbers:
�6
2

�

= 15.

� three equal numbers:
�6
2

��2
1

�

= 30.

� four equal numbers:
�6
1

�

= 6.

Probability=15+60+15+30+6
64

= 7
72
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4.9 Dice, Cards, and Coin Practice Problems

1. 2002 Indonesia MO Problem 2: Five regular dices are thrown, one at
each time, then the product of the 5 numbers shown are calculated.
Which probability is bigger; the product is 180 or the product is 144?

2. 2012 UNCO Math Contest II Problem 2:Four ordinary, six-sided, fair dice
are tossed. What is the probability that the sum of the numbers on top
is 5?

3. 2006 AMC 10B Problem 21: For a particular peculiar pair of dice, the
probabilities of rolling 1, 2, 3, 4, 5, and 6, on each die are in the ratio
1 : 2 : 3 : 4 : 5 : 6. What is the probability of rolling a total of 7 on the
two dice?

(A) 4
63 (B) 18 (C) 8

63 (D) 16 (E) 27

4. 2009 AMC 10A Problem 22: Two cubical dice each have removable
numbers 1 through 6. The twelve numbers on the two dice are re-
moved, put into a bag, then drawn one at a time and randomly reat-
tached to the faces of the cubes, one number to each face. The dice
are then rolled and the numbers on the two top faces are added. What
is the probability that the sum is 7?

(A) 19 (B) 18 (C) 16 (D) 2
11 (E) 15

5. 2014 AMC 10A Problem 17: Three fair six-sided dice are rolled. What
is the probability that the values shown on two of the dice sum to the
value shown on the remaining die?

(A)
1

6
(B)

13

72
(C)

7

36
(D)

5

24
(E)

2

9

6. 2018 AMC 10A Problem 11: When 7 fair standard 6-sided dice are
thrown, the probability that the sum of the numbers on the top faces
is 10 can be written as

n

67
,

where n is a positive integer. What is n?

(A) 42 (B) 49 (C) 56 (D) 63 (E) 84

7. 2005 AMC 12A Problem 14: On a standard die one of the dots is re-
moved at random with each dot equally likely to be chosen. The die
is then rolled. What is the probability that the top face has an odd
number of dots?

(A) 5
11 (B) 1021 (C) 12 (D) 1121 (E) 6

11

8. 2006 AIME II Problem 5: When rolling a certain unfair six-sided die with
faces numbered 1, 2, 3, 4, 5, and 6, the probability of obtaining face F
is greater than 1/6, the probability of obtaining the face opposite is less
than 1/6, the probability of obtaining any one of the other four faces
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is 1/6, and the sum of the numbers on opposite faces is 7. When two
such dice are rolled, the probability of obtaining a sum of 7 is 47/288.
Given that the probability of obtaining face F is m/n, where m and n
are relatively prime positive integers, find m + n.

9. Katie has a fair 2019-sided die with sides labeled 1,2,...,2019. After
each roll, she replaces her n-sided die with an (n+ 1)−sided die having
the n sides of her previous die and an additional side with the number
she just rolled. What is the probability that Katie’s 2019th roll is a
2019?

10. Brian has a 20-sided die with faces numbered from 1 to 20, and George
has three 6-sided dice with faces numbered from 1 to 6. Brian and
George simultaneously roll all their dice. What is the probability that
the number on Brian’s die is larger than the sum of the numbers on
George’s dice?

11. 2008 iTest Problem 34: While entertaining his younger sister Alexis,
Michael drew two different cards from an ordinary deck of playing
cards. Let a be the probability that the cards are of different ranks.
Compute ⌊1000⌋.

12. 2008 iTest Problem 35: Let b be the probability that the cards are from
different suits. Compute ⌊1000b⌋.

13. 2008 iTest Problem 36: Let c be the probability that the cards are nei-
ther from the same suit or the same rank. Compute ⌊1000c⌋.

14. 2000 AIME II Problem 3: A deck of forty cards consists of four 1’s,
four 2’s,..., and four 10’s. A matching pair (two cards with the same
number) is removed from the deck. Given that these cards are not
returned to the deck, let m/n be the probability that two randomly
selected cards also form a pair, where m and n are relatively prime
positive integers. Find m + n.

15. 2005 AIME II Problem 1: A game uses a deck of n different cards, where
n is an integer and n ≥ 6. The number of possible sets of 6 cards that
can be drawn from the deck is 6 times the number of possible sets of
3 cards that can be drawn. Find n.

16. 2004 AMC 10A Problem 10: Coin A is flipped three times and coin B is
flipped four times. What is the probability that the number of heads
obtained from flipping the two fair coins is the same?

(A) 29
128 (B) 23

128 (C) 14 (D) 35
128 (E) 12

17. 2008 AMC 10A Problem 22: Jacob uses the following procedure to write
down a sequence of numbers. First he chooses the first term to be 6.
To generate each succeeding term, he flips a fair coin. If it comes up
heads, he doubles the previous term and subtracts 1. If it comes up
tails, he takes half of the previous term and subtracts 1. What is the
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probability that the fourth term in Jacob’s sequence is an integer?

(A) 16 (B) 13 (C) 12 (D) 58 (E) 34

18. 2011 AMC 10A Problem 21: Two counterfeit coins of equal weight are
mixed with 8 identical genuine coins. The weight of each of the coun-
terfeit coins is different from the weight of each of the genuine coins.
A pair of coins is selected at random without replacement from the 10
coins. A second pair is selected at random without replacement from
the remaining 8 coins. The combined weight of the first pair is equal
to the combined weight of the second pair. What is the probability that
all 4 selected coins are genuine?

(A) 7
11 (B) 9

13 (C) 11
15 (D) 15

19 (E) 15
16

19. 2015 AMC 10A Problem 22: Eight people are sitting around a circular
table, each holding a fair coin. All eight people flip their coins and those
who flip heads stand while those who flip tails remain seated. What is
the probability that no two adjacent people will stand?

(A)
47

256
(B)

3

16
(C)

49

256
(D)

25

128
(E)

51

256

20. 2010 AMC 12A Problem 15: A coin is altered so that the probability that
it lands on heads is less than 1

2 and when the coin is flipped four times,
the probability of an equal number of heads and tails is 1

6 . What is the
probability that the coin lands on heads?

(A)
p
15−3
6 (B) 6−

p
6
p
6+2

12 (C)
p
2−1
2 (D) 3−

p
3

6 (E)
p
3−1
2

21. 2017 AMC 12B Problem 17: A coin is biased in such a way that on each
toss the probability of heads is 2

3 and the probability of tails is 1
3 . The

outcomes of the tosses are independent. A player has the choice of
playing Game A or Game B. In Game A she tosses the coin three times
and wins if all three outcomes are the same. In Game B she tosses the
coin four times and wins if both the outcomes of the first and second
tosses are the same and the outcomes of the third and fourth tosses
are the same. How do the chances of winning Game A compare to the
chances of winning Game B?

(A) The probability of winning Game A is 4
81 less than the probability of

winning Game B.

(B) The probability of winning Game A is 2
81 less than the probability of

winning Game B.

(C) The probabilities are the same.

(D) The probability of winning Game A is 2
81 greater than the probability

of winning Game B.

(E) The probability of winning Game A is 4
81 greater than the probability

of winning Game B.
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22. 2017 AMC 12B Problem 22: Abby, Bernardo, Carl, and Debra play a
game in which each of them starts with four coins. The game consists
of four rounds. In each round, four balls are placed in an urn—one
green, one red, and two white. The players each draw a ball at random
without replacement. Whoever gets the green ball gives one coin to
whoever gets the red ball. What is the probability that, at the end of
the fourth round, each of the players has four coins?

(A)
7

576
(B)

5

192
(C)

1

36
(D)

5

144
(E)

7

48

23. 1989 AIME Problem 5: When a certain biased coin is flipped five times,
the probability of getting heads exactly once is not equal to 0 and is
the same as that of getting heads exactly twice. Let 

j , in lowest terms,
be the probability that the coin comes up heads in exactly 3 out of 5
flips. Find  + j.

24. 1990 AIME Problem 9: A fair coin is to be tossed 10 times. Let / j, in
lowest terms, be the probability that heads never occur on consecutive
tosses. Find  + j.

4.10 Geometric Probability

Geometric Probability Probability is defined by the ratio of the number of
desired outcomes to total possible outcomes. This definition does not work
for infinite outcomes. In geometric probability, we can measure the number
of outcomes geometrically, in terms of length, area, or volume.
Examples

1. 2003 AMC 10A Problem 12: A point (, y) is randomly picked from in-
side the rectangle with vertices (0,0), (4,0), (4,1), and (0,1). What is
the probability that  < y?
Solution: The enclosed area=4, and the area with  < y is 1

2 . So the
geometric probability is 1

8 .

2. 2020 AMC 10A Problem 16: A point is chosen at random within the
square in the coordinate plane whose vertices are (0,0), (2020,0),
(2020,2020), and (0,2020). The probability that the point is within d
units of a lattice point is 1

2 . (A point (, y) is a lattice point if  and y
are both integers.) What is d to the nearest tenth?
Solution: We only need to consider each unit square. The points
within d units of each vertex form 4 quarter-circles. The area is equal
to πd2. The geometric probability is equal to πd2

12
= πd2 = 1

2 , when

d = 1p
2π
.
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4.11 Geometric Probability Practice Problems

1. 2004 AMC 10B Problem 19: Two concentric circles have radii 1 and 2.
Two points on the outer circle are chosen independently and uniformly
at random. What is the probability that the chord joining the two points
intersects the inner circle?

(A) 1
6 (B) 1

4 (C) 2−
p
2

2 (D) 1
3 (E) 1

2

2. 2009 AMC 10B Problem 23: Rachel and Robert run on a circular track.
Rachel runs counterclockwise and completes a lap every 90 seconds,
and Robert runs clockwise and completes a lap every 80 seconds. Both
start from the same line at the same time. At some random time be-
tween 10 minutes and 11 minutes after they begin to run, a photog-
rapher standing inside the track takes a picture that shows one-fourth
of the track, centered on the starting line. What is the probability that
both Rachel and Robert are in the picture?

(A) 116 (B)18 (C) 316 (D)14 (E) 516

3. 2011 AMC 10A Problem 20: Two points on the circumference of a cir-
cle of radius r are selected independently and at random. From each
point a chord of length r is drawn in a clockwise direction. What is the
probability that the two chords intersect?

(A) 1
6 (B) 1

5 (C) 1
4 (D) 1

3 (E) 1
2

4. 2019 AMC 10A Problem 22: Real numbers between 0 and 1, inclusive,
are chosen in the following manner. A fair coin is flipped. If it lands
heads, then it is flipped again and the chosen number is 0 if the sec-
ond flip is heads and 1 if the second flip is tails. On the other hand,
if the first coin flip is tails, then the number is chosen uniformly at
random from the closed interval [0,1]. Two random numbers  and y
are chosen independently in this manner. What is the probability that
| − y| > 1

2?

(A) 1
3 (B) 7

16 (C) 1
2 (D) 9

16 (E) 2
3

5. 2004 AMC 12A Problem 20: Select numbers  and b between 0 and 1
independently and at random, and let c be their sum. Let A,B and C be
the results when , b and c, respectively, are rounded to the nearest
integer. What is the probability that A + B = C?

(A) 1
4 (B) 1

3 (C) 1
2 (D) 2

3 (E) 3
4

6. 2007 AMC 12B Problem 13: A traffic light runs repeatedly through the
following cycle: green for 30 seconds, then yellow for 3 seconds, and
then red for 30 seconds. Leah picks a random three-second time inter-
val to watch the light. What is the probability that the color changes
while she is watching?

(A) 1
63 (B) 1

21 (C) 1
10 (D) 17 (E) 13
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7. 2008 AMC 12B Problem 21: Two circles of radius 1 are to be constructed
as follows. The center of circle A is chosen uniformly and at random
from the line segment joining (0,0) and (2,0). The center of circle B is
chosen uniformly and at random, and independently of the first choice,
from the line segment joining (0,1) to (2,1). What is the probability
that circles A and B intersect?

(A) 2+
p
2

4 (B) 3
p
3+2
8 (C) 2

p
2−1
2 (D) 2+

p
3

4 (E) 4
p
3−3
4

8. 2009 AMC 12B Problem 20: A convex polyhedron Q has vertices V1, V2, . . . , Vn,
and 100 edges. The polyhedron is cut by planes P1, P2, . . . , Pn in such
a way that plane Pk cuts only those edges that meet at vertex Vk. In
addition, no two planes intersect inside or on Q. The cuts produce n
pyramids and a new polyhedron R. How many edges does R have?

(A) 200 (B) 2n (C) 300 (D) 400 (E) 4n

9. 2004 AIME I Problem 10: A circle of radius 1 is randomly placed in a
15-by-36 rectangle ABCD so that the circle lies completely within the
rectangle. Given that the probability that the circle will not touch diag-
onal AC is m/n, where m and n are relatively prime positive integers.
Find m + n.

4.12 Number Theory Related Counting

� Number of divisors: t(n) = (e1 + 1)(e2 + 1)...(ek + 1).

� Number of relatively prime to n: ϕ(n) = n(1−1/p1)(1−1/p2...(1−1/pk).

� Remainder Categories: Separate a set of numbers into remainder cat-
egories.

1. 2017 AMC 10B Problem 20: The number 21! has over 60,000 positive
integer divisors. One of them is chosen at random. What is the proba-
bility that it is odd?
Solution: Assume the prime factorization of 21! is 2213e2 ...19, where
e1 = 10 + 5 + 2 + 1 = 18. So 21! has (18 + 1)(e2 + 1)...(1 + 1) factors
and (e2 + 1)...(1 + 1) odd factors. Therefor, the probability is 1

19 .

2. 2018 AMC 12B Problem 15: How many odd positive 3-digit integers are
divisible by 3 but do not contain the digit 3?
Solution: Let Let ABC be one such odd integer.A has 8 choices, C has
4 choices. For any combination of A and B, C has exactly 3 choices
because A+ B+C ≡ 0 (mod 3). So C must be any number in one of the
three sets {0,6,9},{1,4,7}, or {2,5,8}.

3. 2016 HMMT Find the number of ordered pairs of integers (a,b) such
that a, b are divisors of 720 but ab is not.
Solution: 720 = 24325 has 5 ∗ 3 ∗ 2 = 30 factors, so there are 900
possible pairs (, b). We only need to consider how many of them are
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there such that ab are also factors of 720. Consider one prime factor 2.
Assume  = 2, b = 2y. So 0 ≤  ≤ 4,0 ≤ y ≤ 4,0 ≤  + y ≤ 4. There are
�4+3−1
3−1
�

=
�6
2

�

ways to distribute the factor 2 to a and b. Similarly, there

are
�4
2

�

ways to distribute factor 3, and
�3
2

�

ways to distribute factor 5.

By complementary counting, there are 900 −
�6
2

��4
2

��3
2

�

= 630 possible
pairs of (, b).

4. 2017 HMMT: How many ways are there to insert +’s between the digits
of 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 (fifteen 1’s ) so that the result will be a
multiple of 30?
Solution: Note that because there are 15 1’s, no matter how we insert
+’s, the result will always be a multiple of 3. Therefore, it suffices to
consider adding +’s to get a multiple of 10. By looking at the units digit,
we need the number of summands to be a multiple of 10. Because
there are only 15 digits in our number, we have to have exactly 10
summands. Therefore, we need to insert 9 +’s in 14 possible positions,
giving an answer of

�14
9

�

= 2002.

5. 2022 12B Problem 6: Consider the following 100 sets of 10 elements
each:

{1,2,3, . . . ,10},
{11,12,13, . . . ,20},
{21,22,23, . . . ,30},
...
{991,992,993, . . . ,1000}.

How many of these sets contain exactly two multiples of 7?
Solution: Each set contains 1 or 2 multiples of 7. Let X= the number
of sets containing exactly 1 multiple of 7, and Y=the number of sets
containing 2 multiples of 7. SO we have X+Y = 100, and 1∗+2∗Y =
[ 10007 ] = 142. Solving the equation yields Y = 42.

4.13 Number Theory Related Counting Prob-
lems

1. 2005 AMC 10A Problem 15: How many positive cubes divide 3! · 5! · 7!
?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

2. 2010 AMC 10B Problem 15: On a 50-question multiple choice math
contest, students receive 4 points for a correct answer, 0 points for
an answer left blank, and −1 point for an incorrect answer. Jesse’s
total score on the contest was 99. What is the maximum number of
questions that Jesse could have answered correctly?

(A) 25 (B) 27 (C) 29 (D) 31 (E) 33
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3. 2010 AMC 10B Problem 18: Positive integers , b, and c are randomly
and independently selected with replacement from the set {1,2,3, . . . ,2010}.
What is the probability that bc + b +  is divisible by 3?

(A)
1

3
(B)

29

81
(C)

31

81
(D)

11

27
(E)

13

27

4. 2010 AMC 10B Problem 21: A palindrome between 1000 and 10,000
is chosen at random. What is the probability that it is divisible by 7?

(A)
1

10
(B)

1

9
(C)

1

7
(D)

1

6
(E)

1

5

5. 2011 AMC 10B Problem 13: Two real numbers are selected indepen-
dently at random from the interval [−20,10]. What is the probability
that the product of those numbers is greater than zero?

(A) 1
9 (B) 1

3 (C) 4
9 (D) 5

9 (E) 2
3

6. 2011 AMC 10B Problem 23: What is the hundreds digit of 20112011?

(A) 1 (B) 4 (C) 5 (D) 6 (E) 9

(A) 49
512 (B) 7

64 (C) 121
1024 (D) 81

512 (E) 9
32

7. 2012 AMC 10A Problem 23: Adam, Benin, Chiang, Deshawn, Esther,
and Fiona have internet accounts. Some, but not all, of them are inter-
net friends with each other, and none of them has an internet friend
outside this group. Each of them has the same number of internet
friends. In how many different ways can this happen?

(A) 60 (B) 170 (C) 290 (D) 320 (E) 660

8. 2013 AMC 10A Problem 19: In base 10, the number 2013 ends in the
digit 3. In base 9, on the other hand, the same number is written as
(2676)9 and ends in the digit 6. For how many positive integers b does
the base-b-representation of 2013 end in the digit 3?

(A) 6 (B) 9 (C) 13 (D) 16 (E) 18

9. 2013 AMC 10A Problem 21: A group of 12 pirates agree to divide a trea-
sure chest of gold coins among themselves as follows. The kth pirate to
take a share takes k

12 of the coins that remain in the chest. The num-
ber of coins initially in the chest is the smallest number for which this
arrangement will allow each pirate to receive a positive whole number
of coins. How many coins does the 12th pirate receive?

(A) 720 (B) 1296 (C) 1728 (D) 1925 (E) 3850

10. 2016 AMC 10A Problem 25: How many ordered triples (, y, z) of pos-
itive integers satisfy lcm(, y) = 72, lcm(, z) = 600 and lcm(y, z) =
900?

(A) 15 (B) 16 (C) 24 (D) 27 (E) 64

11. 2017 AMC 10A Problem 25: How many integers between 100 and 999,
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inclusive, have the property that some permutation of its digits is a
multiple of 11 between 100 and 999? For example, both 121 and 211
have this property.

(A) 226 (B) 243 (C) 270 (D) 469 (E) 486

12. 2017 AMC 10B Problem 14: An integer N is selected at random in the
range 1 ≤ N ≤ 2020. What is the probability that the remainder when
N16 is divided by 5 is 1?

(A) 1
5 (B) 2

5 (C) 3
5 (D) 4

5 (E) 1

13. 2018 AMC 10A Problem 18: How many nonnegative integers can be
written in the form

7 · 37 + 6 · 36 + 5 · 35 + 4 · 34 + 3 · 33 + 2 · 32 + 1 · 31 + 0 · 30,

where  ∈ {−1,0,1} for 0 ≤  ≤ 7?

(A) 512 (B) 729 (C) 1094 (D) 3281 (E) 59,048

14. 2018 AMC 10A Problem 19: A number m is randomly selected from
the set {11,13,15,17,19}, and a number n is randomly selected from
{1999,2000,2001, . . . ,2018}. What is the probability that mn has a
units digit of 1?

(A) 1
5 (B) 1

4 (C) 3
10 (D) 7

20 (E) 2
5

15. 2018 AMC 10A Problem 22: Let , b, c, and d be positive integers
such that gcd(, b) = 24, gcd(b, c) = 36, gcd(c, d) = 54, and 70 <
gcd(d, ) < 100. Which of the following must be a divisor of ?

(A) 5 (B) 7 (C) 11 (D) 13 (E) 17

16. 2020 AMC 10A Problem 6: How many 4-digit positive integers (that is,
integers between 1000 and 9999, inclusive) having only even digits
are divisible by 5?

(A) 80 (B) 100 (C) 125 (D) 200 (E) 500

17. 2020 AMC 10B Problem 25: Let D(n) denote the number of ways of
writing the positive integer n as a product

n = ƒ1 · ƒ2 · · · ƒk,

where k ≥ 1, the ƒ are integers strictly greater than 1, and the order
in which the factors are listed matters (that is, two representations
that differ only in the order of the factors are counted as distinct). For
example, the number 6 can be written as 6, 2 ·3, and 3 ·2, so D(6) = 3.
What is D(96)?

(A) 112 (B) 128 (C) 144 (D) 172 (E) 184

18. 2007 AMC 12B Problem 21: The first 2007 positive integers are each
written in base 3. How many of these base-3 representations are palin-
dromes? (A palindrome is a number that reads the same forward and
backward.)
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(A) 100 (B) 101 (C) 102 (D) 103 (E) 104

19. 2010 AMC 12B Problem 11: A palindrome between 1000 and 10,000
is chosen at random. What is the probability that it is divisible by 7?

(A)
1

10
(B)

1

9
(C)

1

7
(D)

1

6
(E)

1

5

20. 2010 AMC 12B Problem 16: Positive integers , b, and c are randomly
and independently selected with replacement from the set {1,2,3, . . . ,2010}.
What is the probability that bc + b +  is divisible by 3?

(A)
1

3
(B)

29

81
(C)

31

81
(D)

11

27
(E)

13

27

21. 2015 AMC 12B Problem 23: A rectangular box measures  × b × c,
where , b, and c are integers and 1 ≤  ≤ b ≤ c. The volume and
the surface area of the box are numerically equal. How many ordered
triples (, b, c) are possible?

(A) 4 (B) 10 (C) 12 (D) 21 (E) 26

22. 2017 AMC 12A Problem 21: A set S is constructed as follows. To begin,
S = {0,10}. Repeatedly, as long as possible, if  is an integer root of
some polynomial nn + n−1n−1 + · · ·+ 1+ 0 for some n ≥ 1, all of
whose coefficients  are elements of S, then  is put into S. When no
more elements can be added to S, how many elements does S have?

23. 2017 AMC 12B Problem 11: Call a positive integer monotonous if it is a
one-digit number or its digits, when read from left to right, form either
a strictly increasing or a strictly decreasing sequence. For example,
3, 23578, and 987620 are monotonous, but 88, 7434, and 23557 are
not. How many monotonous positive integers are there?

(A) 1024 (B) 1524 (C) 1533 (D) 1536 (E) 2048

24. 2019 AMC 12A Problem 13: How many ways are there to paint each of
the integers 2,3, . . . ,9 either red, green, or blue so that each number
has a different color from each of its proper divisors?

(A) 144 (B) 216 (C) 256 (D) 384 (E) 432

25. 2019 AMC 12A Problem 16: The numbers 1,2, . . . ,9 are randomly
placed into the 9 squares of a 3×3 grid. Each square gets one number,
and each of the numbers is used once. What is the probability that the
sum of the numbers in each row and each column is odd?

(A) 1
21 (B) 1

14 (C) 5
63 (D) 2

21 (E) 1
7

26. 2012 AIME I Problem 1: Find the number of positive integers with three
not necessarily distinct digits, bc, with  ̸= 0 and c ̸= 0 such that both
bc and cb are multiples of 4.

27. Find the number of ordered pairs of integers (a,b) such that a, b are
divisors of 72 but a+b is not.
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28. Find the number of ordered pairs of integers (a,b) such that a, b are
divisors of 100 but ab is not.

29. How many 2-element subsets of the set 1,2,3...,12 have sum of ele-
ments divisible by 3?

30. How many 3-element subsets of the set 1,2,3...,20 have sum of ele-
ments divisible by 4?

31. How many 2-element subsets of the set 1,2,3...,2020 have sum of ele-
ments divisible by 5?

32. The ordered pairs (a,b) are randomly selected from 1,2,3,...,2020. What
is the probability that a+2b is divisible by 5? ( a and b are not neces-
sarily distinct)

33. The ordered pairs (a,b) are randomly selected from 1,2,3,...,2020. What
is the probability that ab has unit digit 6? ( a and b are not necessarily
distinct)

34. How many ordered pairs (a,b) are randomly selected from 1,2,3,...,2020
such that 2a+3b is divisible by 5? ( a and b are not necessarily distinct)

35. For how many triples (x,y,z) of integers between -10 and 10 inclusive
do there exist reals a, b and c that satisfy ab=x, ac=y, bc=z?

36. Let S be the set of all 3-digit numbers with all digits in the set 1,2,3,4,5,6,7
(so in particular, all three digits are nonzero). For how many elements
ABC of S is it true that at least one of the (not necessarily distinct) digit
cycles ABC, BCA, CAB is divisible by 7?

37. HMMT 2014:We have a calculator with two buttons that displays an
integer x. Pressing the first button replaces x by [x/2], and pressing
the second button replaces x by 4x+1. Initially, the calculator displays
0. How many integers less than or equal to 2014 cab be achieved
through a sequence of arbitrary button presses? (it is permitted for the
number displayed to exceed 2014 during the sequence.) 14. Danielle
picks a positive integer 1<=n<=2021 uniformly at random. What is
the probability that GCD(n,2020)=1?

4.14 Double Counting

Double counting, also called counting in two ways, is a combinatorial proof
technique for showing that two expressions are equal by demonstrating that
they are two ways of counting the size of one set.
Example

1. Prove
∑n
k=0

�n
k

�

= 2n

Proof: Consider the number of ways in which a committee can be
formed from n people, allowing any number of the people(even zero of
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them) to be part of the committee. Since each person has two choices:
in or not in. Therefore there are 2n possibilities. Alternatively, we can
do the casework on the number of people in the committee. There are
�n
k

�

ways to choose k people from n. So
∑n
k=0

�n
k

�

= 2n.

2. 2021 AMC 12B Problem 23: What is the average number of pairs of
consecutive integers in a randomly selected subset of 5 distinct in-
tegers chosen from the set {1,2,3, . . . ,30}? (For example the set
{1,17,18,19,30} has 2 pairs of consecutive integers.)
(A) 2

3 (B) 29
36 (C) 5

6 (D) 29
30 (E) 1

Solution: There are 29 possible pairs of consecutive integers, namely
p1 = {1,2}, · · · , p29 = {29,30}. Instead of finding the expected num-
ber of pairs, we can also find the average number of each pair, and
add them together. Let X be the average number of the first pair (1,2).

Easy to see E(X) = (
28
3 )
(305 )

= 2
87 . The average number of pairs=29∗ 2

87 =
2
3 .

4.15 Recursive Method

When traditional counting methods don’t work, for example, casework is
too long, recursive method is an useful strategy. For example, Alice wants
to climb a 10 step staircase. She can climb either 1 or 2 steps at a time.
In how many ways can she climb the staircase? It’s possible but not wise
to list out all possible combinations. Let Sn be the number of ways to climb
n stairs. Consider the first step. If Alice chooses 1 stair, then she has Sn−1
ways to climb the remaining n − 1) stairs. If Alice chooses 2 stairs, then
she has Sn−2 ways to climb the remaining n − 2 stairs. Now we have the
recursive equation: Sn = Sn−1 + Sn−2. Our aim is to find S10, which is equal
to S9 + S8, and S9 = S8 + S7 ,...,S3 = S2 + S1 = 3. It is easy to see that
S1 = 1 and S2 = 2. So we can find S3 = S2 + S1 = 3, S4 = S3 + S2 = 5,
...,S10 = S9 + S8 = 89.

Recursive Method For Counting is the process to find a count related
to n by

� Define a sequence for the count: Sn

� Find the values of Sn for small values of n and explore the pattern or
change when n changes.

� Find the recursive equation, and verify it using values from small n.

� Find the count Sn iteratively from small n to large n

Example Everyday at school, Jo climbs a flight of 6 stairs. Jo can take the
stairs 1, 2, or 3 at a time. For example, Jo could climb 3, then 1, then 2. In
how many ways can Jo climb the stairs?
Solution: Let Sn be the number of ways to climb n stairs. Easy to see that
Sn = Sn−1+Sn−2+Sn−3 and S1 = 1, S2 = 2, and S3 = 4. So S4 = 1+2+4 = 7,
S5 = 2 + 4 + 7 = 13, and S6 = 4 + 7 + 13 = 24.
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Recursive Method For Probability is the process to find a probability
of an event with infinite states by

� Define the probability of the event: P

� Find the recursive equation using conditional probability.

� Solve the equation to find the probability.

Example A fair coin is flipped repeatedly and the throws are recorded.
What’s the probability that HH is before HT?
Solution: Let E=the event that HH is before HT, and P= the probability that
HH is before HT. If the first flip is H, we need to do further casework since it
is not guarantee to have determined P(E). Consider the below three cases:

� If the first two flips are HH, P(E|HH)=1.

� If the first two flips are HT, then P(E|HT)=0 since HH cannot be before
TH because when T appears.

� If the first flip is T, it does not provide any useful information about
which one is before which one. Basically we are restart the game. So
the probability that HH is before HT when the first flip is T is still equal
to p. This is recursive.
So the recursive equation is P=P(HH)*1+P(HT)*0+P(T)*P, then P=1/2.

Examples

1. HMMT Nov 2012 Guts: A monkey forms a string of letters by repeatedly
choosing one of the letters a, b, or c to type at random. Find the
probability that he first type the string aaa before abc.
Solution: Let p=Probability that he first type the string aaa before
abc, p = the probability that he type the string aaa before abc if he
types the first letter a, pb = the probability that he type the string aaa
before abc if he types the first letter b, pc = the probability that he type
the string aaa before abc if he types the first letter c. First,pb = pc = p
since the first letter b or c will not affect the order of aaa and abc.
Secons, p = 1

3p +
1
3pb +

1
3pc, so p = p = pb = pc. Third, consider the

sequences starting with a:

� a-aa-aaa: 1
9 ∗ 1, where 1

9 is the probability he types the second
letter  and the third letter  , and 1 is the probability that aaa
appears before abc in this scenario.

� a-aa-aab:

– a-aa-aab-aaba: 1
27 ∗ p, where 1

27 is the probability he types
the second letter  and the third letter b and the fourth letter
 , and p is the probability that aaa appears before abc in this
scenario.

– a-aa-aab-aabb: 1
27 ∗ pb.

– a-aa-aab-aabc: 1
27 ∗0.
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� a-aa-aac: 1
9 ∗ pc.

� a-aba: 1
9 ∗ p.

� a-abb: 1
9 ∗ pb.

� a-abc: 1
9 ∗0.

� a-ac: 1
3 ∗ pc.

Add all these above probabilities together to get p : p =
1
9 ∗ 1 +

1
27 ∗

p+
1
27 ∗pb+

1
27 ∗0+

1
9 ∗pc+

1
9 ∗p+

1
9 ∗pb+

1
9 ∗0+

1
3 ∗pc. So p = 3

7 .

2. 2007 HMMT Combinations: Jack, Jill and john play a game in which each
randomly picks and then replaces a card from a standard 52 card deck
until a spades card is drawn. What is the probability that Jill draw the
spade? (Jack, Jill and John draw in that order, and the game repeats if
no spade is drawn.)
Solution: Let p=probability that Jill draw the spade. The probability
that Jill draw the spade in the first round= The probability that Jack
does not draw spade but Jill does=3

4
1
4 =

3
16 . The probability that no one

draws spade=
�

3
4

�3
. So p = 3

16 +
�

3
4

�3
p→ p = 12

37 . Another solution is to
find the probability that Jill draws spade in each round and add all of
them together. This is the sum of a geometric series: 3/16

1−
�

3
4

�3 =
12
37 .

4.16 Recursive Method Practice Problems

1. A fair coin is flipped repeatedly and the throws are recorded until three
consecutive flips are in order Heads, Heads, and Tails or Heads, Tails,
and Tails. Compute the probability that the sequence HHT appears
first.

2. A fair coin is flipped repeatedly and the throws are recorded, what’s
the probability that HHH is before HTT?

3. A fair coin is flipped repeatedly and the throws are recorded, what is
the probability that HHT is before TTT?

4. HMMT November 2014: A particular coin has 1/3 chance of landing on
heads (H), 1/3 chance of landing on tails (T), and 1/3 chance of landing
vertically in the middle (M). When continuously flipping this coin, what
is the probability of observing the continuous sequence HMMT before
HMT?

5. If A and B play a game in which they take turns tossing a fair coin. The
winner of a game is the first person to obtain a head. A and B play this
game several times with the stipulation that the loser of a game goes
first in the next time. A starts first in the first game,
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� What’s the probability that A wins the 1st game?

� What’s the probability that A wins the 2nd game?

� What’s the probability that A wins the 3rd game?

6. 2003 HMMT combinations: Daniel and Scott are playing a game where
a player wins as soon as he has two points more than his opponent.
The score starts at 0-0, and points are earned one at a time. If Daniel
has a 60% chance of winning each point, what is the probability that
he will win the game?

7. Johanna and Edward play a game with a 6-sided die. For each turn, a
player rolls a die until they roll a 1, in which case they lose the game,
or until they roll a 5 or 6, in which case their turn is over and the other
player rolls the die under the same rules. The game continues until
some player rolls a 1 and loses. If Johanna plays first, compute the
probability that she wins the game.

8. Starting with an empty string, we create a string by repeatedly append-
ing one of the letters H, M, T with probability 1/4, 1/2, 1/4 respectively
until the letter M appears twice consecutively. What is the expected
value of the length of the resulting string?

9. Joie’s Dice: Joie rolls two standard 6-sided dice repeatedly, noting the
sum of the numbers on the both dice. She stops when she obtains a
sum of 12 or she obtains two consecutive sums of 7. What is the prob-
ability that Joie obtains a sum of 12 before she obtains two consecutive
sum of 7?

10. Alice keeps rolling a standard 6-sided dice and record the numbers.
She will stop if 4 is rolled or one odd numbers have been rolled. What
is the probability that 4 was rolled before one odd numbers?

11. Alice keeps rolling a standard 6-sided dice and record the numbers.
She will stop if 4 is rolled or two odd numbers have been rolled. What
is the probability that 4 was rolled before two odd numbers?

12. Alice keeps rolling a standard 6-sided dice and record the numbers.
She will stop if 4 is rolled or all three odd numbers have been rolled.
What is the probability that 4 was rolled before all three odd numbers
rolled at least once each?

13. 2019 AMC 10B: How many sequences of 0s and 1s of length 19 are
there that begin with a 0, end with a 0, contain no two consecutive 0s,
and contain no three consecutive 1s?

14. 2010 AMC 10B Problem 18: Positive integers , b, and c are randomly
and independently selected with replacement from the set {1,2,3, . . . ,2010}.
What is the probability that bc + b +  is divisible by 3?

(A)
1

3
(B)

29

81
(C)

31

81
(D)

11

27
(E)

13

27
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15. 2010 AMC 10B Problem 21: A palindrome between 1000 and 10,000
is chosen at random. What is the probability that it is divisible by 7?

(A)
1

10
(B)

1

9
(C)

1

7
(D)

1

6
(E)

1

5

16. 2010 AMC 10B Problem 22: Seven distinct pieces of candy are to be
distributed among three bags. The red bag and the blue bag must each
receive at least one piece of candy; the white bag may remain empty.
How many arrangements are possible?

(A) 1930 (B) 1931 (C) 1932 (D) 1933 (E) 1934

17. 2010 AMC 10B Problem 23: The entries in a 3 × 3 array include all the
digits from 1 through 9, arranged so that the entries in every row and
column are in increasing order. How many such arrays are there?

(A) 18 (B) 24 (C) 36 (D) 42 (E) 60

18. 2009 AMC 12B problem 21: Ten women sit in 10 seats in a line. All
of the 10 get up and then reseat themselves using all 10 seats, each
sitting in the seat she was in before or a seat next to the one she
occupied before. In how many ways can the women be reseated?

19. 2014 AMC 12B-22: In a small pond there are eleven lily pads in a row
labeled 0 through 10. A frog is sitting on pad 1. When the frog is on
pad N, 0 < N < 10, it will jump to pad N − 1 with probability N

10 and
to pad N+1 with probability 1 − N

10 . Each jump is independent of the
previous jumps. If the frog reaches pad 0 it will be eaten by a patiently
waiting snake. If the frog reaches pad 10 it will exit the pond, never to
return. What is the probability that the frog will escape without being
eaten by the snake?

20. 2015 AMC 12A-22: For each positive integer n, let S(n) be the number
of sequences of length n consisting solely of the letters A and B, with
no more than three As in a row and no more three Bs in a row. What is
the remainder when S(2015) is divided by 12?

21. 2007 AMC 12A: Call a set of integers spacy if it contains no more
than one out of any three consecutive integers. How many subsets
of 1,2,3,...,12, including the empty set, are spacy?

22. 2019 AMC 10A Problem 25: How many sequences of 0s and 1s of
length 19 are there that begin with a 0, end with a 0, contain no two
consecutive 0s, and contain no three consecutive 1s?

23. 2021 Fall AMC 12B Problem 17: A bug starts at a vertex of a grid made
of equilateral triangles of side length 1. At each step the bug moves
in one of the 6 possible directions along the grid lines randomly and
independently with equal probability. What is the probability that after
5 moves the bug never will have been more than 1 unit away from the
starting position?
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(A) 13
108 (B) 7

54 (C) 29
216 (D) 4

27 (E) 1
16

24. 2019 AMC 12A 25: Let △A0B0C0 be a triangle whose angle measures
are exactly 59.999◦, 60◦, and 60.001◦. For each positive integer n, de-
fine An to be the foot of the altitude from An−1 to line Bn−1Cn−1. Like-
wise, define Bn to be the foot of the altitude from Bn−1 to line An−1Cn−1,
and Cn to be the foot of the altitude from Cn−1 to line An−1Bn−1. What
is the least positive integer n for which △AnBnCn is obtuse?

25. 2022 AMC 12B Problem 17: A bug starts at a vertex of a grid made
of equilateral triangles of side length 1. At each step the bug moves
in one of the 6 possible directions along the grid lines randomly and
independently with equal probability. What is the probability that after
5 moves the bug never will have been more than 1 unit away from the
starting position?

(A) 13
108 (B) 7

54 (C) 29
216 (D) 4

27 (E) 1
16

26. 1993 AIME 11:Alfred and Bonnie play a game in which they take turns
tossing a fair coin. The winner of a game is the first person to obtain a
head. Alfred and Bonnie play this game several times with the stipula-
tion that the loser of a game goes first in the next game. Suppose that
Alfred goes first in the first game, and that the probability that he wins
the sixth game is m/n , where m and n are relatively prime positive
integers. What are the last three digits of m + n?

27. 1994 AIME 9:A solitaire game is played as follows. Six distinct pairs of
matched tiles are placed in a bag. The player randomly draws tiles one
at a time from the bag and retains them, except that matching tiles are
put aside as soon as they appear in the player’s hand. The game ends
if the player ever holds three tiles, no two of which match; otherwise
the drawing continues until the bag is empty. The probability that the
bag will be emptied is p/q, where p and q are relatively prime positive
integers. Find p + q.

28. 1995 AIME 15:Let p be the probability that, in the process of repeatedly
flipping a fair coin, one will encounter a run of 5 heads before one
encounters a run of 2 tails. Given that p can be written in the form
m/n where m and n are relatively prime positive integers, find m + n.

29. 2001 AIME I 14: A mail carrier delivers mail to the nineteen houses on
the east side of Elm Street. The carrier notices that no two adjacent
houses ever get mail on the same day, but that there are never more
than two houses in a row that get no mail on the same day. How many
different patterns of mail delivery are possible?

30. 2003 AIME II 13:A bug starts at a vertex of an equilateral triangle. On
each move, it randomly selects one of the two vertices where it is not
currently located, and crawls along a side of the triangle to that vertex.
Given that the probability that the bug moves to its starting vertex on
its tenth move is m/n, where m and n are relatively prime positive



204 CHAPTER 4. COMBINATORICS

integers, find m + n.

31. 2006 AIME I: A collection of 8 cubes consists of one cube with edge-
length k for each integer k A tower is to be built using all 8 cubes
according to the rules:

� Any cube may be the bottom cube in the tower.

� The cube immediately on top of a cube with edge-length k must
have edge-length at most k+2

Let T be the number of different towers than can be constructed. What
is the remainder when T is divided by 1000?

32. 2008 AIME I 11:Consider sequences that consist entirely of A’s and B’s
and that have the property that every run of consecutive A’s has even
length, and every run of consecutive B’s has odd length. Examples
of such sequences are AA, B, and AABAA, while BBAB is not such a
sequence. How many such sequences have length 14?

33. 2015 AIME II-10: Call a permutation 1, 2, ..., n of the integers 1,2, ..., n
quasi-increasing if k ≤ k+1 + 2 for each 1 ≤ k ≤ n − 1. For example,
53421 and 14253 are quasi-increasing permutations of the integers
1, 2, 3, 4, 5, but 45123 is not. Find the number of quasi-increasing
permutations of the integers 1, 2, . . . , 7.

34. 2015 AIME II 12:There are 210 = 1024 possible 10-letter strings in
which each letter is either an A or a B. Find the number of such strings
that do not have more than 3 adjacent letters that are identical.

35. 2016 AIME II-12: The figure below shows a ring made of six small sec-
tions which you are to paint on a wall. You have four paint colors avail-
able and you will paint each of the six sections a solid color. Find the
number of ways you can choose to paint the sections if no two adjacent
sections can be painted with the same color.

36. 2017 AIME II 9:A special deck of cards contains 49 cards, each labeled
with a number from 1 to 7 and colored with one of seven colors. Each
number-color combination appears on exactly one card. Sharon will
select a set of eight cards from the deck at random. Given that she
gets at least one card of each color and at least one card with each
number, the probability that Sharon can discard one of her cards and
still have at least one card of each color and at least one card with each
number is p

q , where p and q are relatively prime positive integers. Find
p + q.

37. 2018 AIME II 13:Misha rolls a standard, fair six-sided die until she rolls
1 − 2 − 3 in that order on three consecutive rolls. The probability that

she will roll the die an odd number of times is
m

n
where m and n are

relatively prime positive integers. Find m + n.
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38. 2019 AIME II 2:Lily pads 1,2,3, . . . lie in a row on a pond. A frog makes
a sequence of jumps starting on pad 1. From any pad k the frog jumps
to either pad k+ 1 or pad k+ 2 chosen randomly with probability 1

2 and
independently of other jumps. The probability that the frog visits pad
7 is p

q , where p and q are relatively prime positive integers. Find p+ q.

39. Problem 10.2 In how many ways to assign 12 parking lots to three
types of vehicles: Cadillac, Continental or a Porsche, if Cadillacs and
Continentals each take 2 spaces which Porsches only require only 1?

40. Problem 9.10: The parking lot outside our building has 12 parking
spaces. Compact cars can easily fit within a single space, but SUVs
take up 2 spaces. In how many different ways can the lot be filled?

41. Problem 9.11 For any positive integer n, determine the number of or-
dered sums of positive integers greater than 1 summing to n. (for
example, if n=6, then the sums are 6, 4+2, 3+3, and 2+2+2)

42. Problem 9.12 (a) Fourteen people sit in a row of 14 chairs, one person
per chair. At the sound of a bell, they all are allowed to change seats,
but each person is permitted to move no farther than one seat from
her original chair. Each person is not required to move, and there must
be one person per chair in the rearrangement. The bell sounds, how
many rearrangements can the people form? (b)What is the answer if
the 14 people are sitting in chairs around a round table?

43. Problem 9.13 On the planet Venus, female Venusians have a mother
and a father, but male Venusians have only a mother. For any positive
integer n, how many n-generation ancestors does a male Venusian
have?

44. Problem 9.15: How many 10-digit base-4 numbers are there that start
with the digit 3 and in which each digit is exactly one more or one less
than the previous digit?

45. Problem 9.3.1: Norman wishes to buy a can of soda costing 75 cents
from a vending machine. He has an unlimited supply of identical nick-
els and dimes. In how many different orders can he insert coins into
the machine to pay for his soda?

46. Problem 10.4–Read solution 6 sprinters are in the 100-meter dash. Ties
are allowed in the final standings, so that, for example, one possible
order of finish is: Runner 6 wins, 2 and 5 tie for 2nd: and 1, 3, and 4 all
tie for last. How many different finishing orders are possible?

47. Problem 10.2.1 In how many ways to fill a 10-foot flagpole if you have
3 types of 2-foot flags and 2 different types of 1-foot flags?

48. Find the number of 10-digit ternary sequences (that is, sequences with
digits 0, 1, or 2) such that the sequence does not contain consecutive
zeros.
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49. Problem 10.2.6 Find the number of 10-digit binary sequences that have
exactly one pair of consecutive 0’s?

50. Problem 10.16 A teacher wishes to split 2n students into n pairs. Use
recursion to find n, the number of ways he can form the pairs.

51. Problem 10.25 We have coins C1, C2, .., Cn. For each k, Ck is biased so
that, when tossed, it has probability 1/(2k + 1) of showing heads. If n
coins are tossed, what is the probability that the number of heads is
odd?

4.17 Principle of Inclusion and Exclusion (PIE)

The principle of inclusion and exclusion states that for a finite set S and a
collection of events A1, A2, . . . , An, the number of elements in the union of
these events can be calculated as follows:
�

�

�

�

�

n
⋃

=1
A

�

�

�

�

�

=
n
∑

=1

|A| −
∑

1≤<j≤n

�

�A ∩ Aj
�

�

+
∑

1≤<j<k≤n

�

�A ∩ Aj ∩ Ak
�

�− . . . + (−1)n+1 |A1 ∩ A2 ∩ . . . ∩ An|

� When n is small, Venn diagrams are used in presentations.

� Congruent Statements:

– A1 ∪ A2 ∪ . . . ∪ An
– at least one of A
– A1 or A2,...,or An
– (Ac1 ∩ A

c
2 ∩ . . . ∩ A

c
n
)c

Examples

1. 2017 AMC 10B Problem 13: There are 20 students participating in an
after-school program offering classes in yoga, bridge, and painting.
Each student must take at least one of these three classes, but may
take two or all three. There are 10 students taking yoga, 13 taking
bridge, and 9 taking painting. There are 9 students taking at least two
classes. How many students are taking all three classes?
Solution: Let A1 be the set of students taking yoga, A2 bridge, and
A3 paining. So |A1| = 10, |A2| = 13, |A3| = 9, |A1 ∪ A2 ∪ A3| = 20, and
∑

|A ∩ Aj| − 2|A1 ∩ A2 ∩ A3| = 9. By PIE, |A1 ∪ A2 ∪ A3| =
∑

|A| −
∑

|A ∩
Aj| + |A1 ∩ A2 ∩ A3|. which gives |A1 ∩ A2 ∩ A3| = 3.

2. A derangement is a permutation with no fixed points. That is, a de-
rangement of a set leaves no element in its original place. For ex-
ample, the derangements of {1,2,3} are {2,3,1} and {3,1,2}, but
{3,2,1} is not a derangement of {1,2,3} because 2 is a fixed point.
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The number of derangements of an n-element set is called the nth de-
rangement number or rencontres number, or the subfactorial of n and
is sometimes denoted !n or Dn.

!n = n!
n
∑

k=0

(−1)k

k!
.

Proof: This can be proven using PIE. First, you take n!, which rep-
resents all arrangements of the whole sequence. Then, you must
subtract all arrangements in which each element appears in its orig-
inal location, and now you have n! −

�n
1

�

(n − 1)!. Then, you must
add back in permutations in which each set of two elements stay in
their original positions, as we subtracted them twice. Now, we have
n! −
�n
1

�

(n − 1)! +
�n
2

�

(n − 2)!. PIE continues to give us this pattern. We
have to alternate between subtracting and adding.

Now, we can change the form of
�n
k

�

(n− k)!. This is written as n!
k!(n−k)! ×

(n − k)! = n!
k! . We can now write our relation as n! − n!

1! +
n!
2! −

n!
3! +

... + (−1)n(n!n!). We can factor out n! and get n!(1 − 1
1! +

1
2! −

1
3! + ... +

(−1)n 1n!) = n!
∑n
k=0

(−1)k
k! .

3. Suppose you need to come up with a password that uses only the let-
ters A, B, and C and which must use each letter at least once. How
many such passwords of length 8 are there?
Solution: We will first find the number of passwords that leave out
at least one of A, B, or C. � Let X be the set of passwords that don’t
contain A � Let Y be the set of passwords that don’t contain B � Let Z
be the set of passwords that don’t contain C We want to find the size
of X ∪ Y ∪ Z. � Passwords that don’t contain A just contain B and C. So
there are 28 such passwords—i.e. |X| = 28 . By the same reasoning
|Y | = |Z| = 28 . � Passwords that don’t contain A or B just contain C.
There is one such password (namely ’CCCCCCCC’) so |X ∩ Y | = 1. By
the same reasoning |X ∩ Z| = |Y ∩ Z| = 1. � Passwords that don’t con-
tain A, B, or C can’t exist because passwords in this problem only use
the letters A, B, and C. So |X ∩ Y ∩ Z| = 0. So by inclusion-exclusion,
|X ∪ Y ∪ Z| = 3· 28 − 3 ∗ 1 + 0 = 3 ∗ 28 − 3. To find the answer to the
original question, we need to subtract the number we just found from
the total number of passwords, which is 38. This gives 38− (3∗28− 3).

4. The dollar menu at your favorite tax-free fast food restaurant has 7
items. You have 10 dollars to spend. How many different meals can
you buy if you spend all your money and don’t get more than 2 of any
particular item.
Solution: By kids-candy formula, there are

�10+7−1
7−1
�

=
�16
6

�

possible
meals. Assume you have spent 3 dollars on one particular item, you
have 7 dollars to spend, there will be

�13
6

�

meals. By PIE, we have
�16
6

�

− [
�7
1

��13
6

�

−
�7
2

��10
6

�

+
�7
3

��7
6

�

] meals.
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5. How many of those solutions to the equation 1+2+ ...+5 = 13 have
0 ≤  ≤ 3 for each ?
Solution: We must subtract off the number of solutions in which one
or more of the variables has a value greater than 3. We will need to
use PIE because counting the number of solutions for which each of the
five variables separately are greater than 3 counts solutions multiple
times. Let A = sotonsth > 3. Need to find Ac1 ∩ A

c
2 ∩ ...A

c
5 which

is equal to S − (A1 ∪ A2 ∪ ...A5) Here is what we get:

� Total solutions: |S| =
�17
4

�

.

� Solutions with 1 > 3 : Give 1 4 units first, then distribute the
remaining 9 units to the 5 variables. |A1| =

�13
4

�

.

� Similarly |A2| = ... = |A5| =
�13
4

�

.

� Solutions with 1 > 3, 2 > 3 : |A1 ∪ A2| =
�9
4

�

. There are
�5
2

�

=
10A ∪ Aj.

� Solutions with 1 > 3, 2 > 3, 3 > 3 : |A1 ∪A2 ∪A3| =
�5
4

�

. There are
�5
3

�

= 10A ∪ Aj ∪ Ak.
� No solutions with more than 3 variables greater than 3.

By PIE, the number of solutions with 0 ≤  ≤ 3 is
�17
4

�

− [
�5
1

��13
4

�

−
�5
2

��9
4

�

+
�5
3

��5
4

�

] = 15.

4.18 PIE Practice Problems

1. 2005 AMC 12A Problem 18: Call a number prime-looking if it is com-
posite but not divisible by 2,3, or 5. The three smallest prime-looking
numbers are 49,77, and 91. There are 168 prime numbers less than
1000. How many prime-looking numbers are there less than 1000?

2. 2002 AIME I Problem 1: Many states use a sequence of three letters
followed by a sequence of three digits as their standard license-plate
pattern. Given that each three-letter three-digit arrangement is equally
likely, the probability that such a license plate will contain at least one
palindrome (a three-letter arrangement or a three-digit arrangement

that reads the same left-to-right as it does right-to-left) is
m

n
, where m

and n are relatively prime positive integers. Find m + n.

3. 2020 AIME II Problem 9:While watching a show, Ayako, Billy, Carlos,
Dahlia, Ehuang, and Frank sat in that order in a row of six chairs. During
the break, they went to the kitchen for a snack. When they came back,
they sat on those six chairs in such a way that if two of them sat next
to each other before the break, then they did not sit next to each other
after the break. Find the number of possible seating orders they could
have chosen after the break.
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4. From a set of 26 English letters (with repetition allowed), if we ex-
tract 10 letters to form a string (without considering whether the string
forms an English word), and we exclude the 5 vowels (A, E, I, O, U),
how many different arrangements are possible?

5. In a city, there are 6 different supermarkets, each selling a unique com-
bination of groceries. However, 3 supermarkets sell apples, 4 super-
markets sell bananas, and 5 supermarkets sell oranges. Out of these, 2
supermarkets sell both apples and bananas, 3 supermarkets sell both
bananas and oranges, and 4 supermarkets sell both apples and or-
anges. Additionally, 1 supermarket sells all three types of fruits. If a
person randomly chooses a supermarket to buy groceries from, what
is the probability that they can buy at least one type of fruit?

6. 2005 PMWC Problems/Problem I11: There are 4 men: A, B, C and D.
Each has a son. The four sons are asked to enter a dark room. Then A,
B, C and D enter the dark room, and each of them walks out with just
one child. If none of them comes out with his own son, in how many
ways can this happen?

4.19 Events With States

Sample Space, Event, State

� Sample Space: the set of all equally likely outcomes.

� An event is a set of outcomes (a subset of the sample space).

� A state is an intermediate stage of an event.

Example AOPS Intermediate Counting and Probability Problem 13.2(a): A
bug is sitting on vertex A of a regular tetrahedron. At the start of each
minute, he randomly choose one of the edges at the vertex he is currently
sitting on and crawls along that edge to the adjacent vertex. What is the
probability that he is back to vertex A after 6 moves?

Solution: Define states: State is related to vertex(position), but we are
only interested in vertex A and not A, so define two states: on-A, Not-on-A
Need to find P(he is in state On-A after 6 moves), this probability is related
to state and time.
Let pn=Probability that he is in state On-A after n moves. qn=Probability
that he is in state On-A after n moves.

� From on-A to Not-on-A: The probability that he moves from on-A to Not-
on-A is 1 since it will definitely move out.

� P(From Not-on-A to on-A)=1/3

� P(From Not-on-A to Not-on-A)=2/3, eg from B to C or D
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Table 4.1: Values of n, pn and qn
n pn qn
0 1 0
1 0 1
2 1/3 2/3
3 2/9 7/9
4 7/27 20/27
5 20/81 61/81
6 61/243 182/243

So pn =
1
3qn−1 and qn =

2
3qn−1 + pn−1. Then we can List all pn and qn for

small values of n
Example AOPS Intermediate Counting and Probability Problem 13.2(b): Do
the same problem as in part (a), but this time the bug is crawling along the
edges of a cube.
Solution: The states will be On-A, one-move-away from A, two-moves-
away-from A, three-move-away-from A. And the states are related to time
n Let n=P(it’s On-A after n moves), bn=P(it’s one-move-away from A, after
n moves), cn=P(it’s two-moves-away-from A after n moves) and dn=P(it’s
three-move-away-from A after n moves).

So we have

� n =
1
3bn−1

� bn =
2
3cn−1 + n−1

� cn =
2
3bn−1 + dn−1

� dn =
1
3cn−1

and then we can get all probabilities

Table 4.2: Values of n, n, bn, cn and dn
n 0 1 2 3 4 5 6
n 1 0 1/3 0 7/27 0 61/243
bn 0 1 0 7/9 0 61/81 0
cn 0 0 2/3 0 20/27 0 182/243
dn 0 0 0 2/9 0 20/81 0

Example AOPS Intermediate Counting and Probability Problem 13.3(b) Ran-
dom Walk :A drunk person randomly moves on a line: half chance to left,
and half chance to right. He is at position 0 now. (a) what is the probability
that he will be back to the origin after n moves? Solution: if n is odd, the
probability is zero. If n is even, he must have n

2 right moves and also n
2 left

moves. P =
( n
n/2)
2n .

The person may visit the origin before n moves.
(b) what is the probability that the person will reach m before he will

reach -n?
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Solution: Let Pk= the probability that he will touch m before -n when A
is at k now. After one more move, A has half chance to move right, and
has half chance to move left. So Pk = 0.5Pk+1 + 0.5Pk−1 Or Pk − Pk−1 =
Pk+1 − Pk, which means Pk is an arithmetic sequence with P − n, Pm = 1, So
d = 1

m+n , P0 = n∗ d = n
m+n .

Example Another version of Problem 13.3: :A and B are playing a game by
flipping a fair coin. A gives $1 to B if the coin lands head, and A receives $1
from B if it lands tail. If A has $m and B has $n at the beginning, and they
keep playing the game until one loses all money, what is the probability that
A wins all money?
Solution: The probability that A wins all money depends on the position or
how much money he has now. Let Pk= the probability that A will win all
money when A has $k now. After one more game, A has half chance to win
$1, and has half chance to lose $1, So Pk = 0.5Pk+1+ 0.5Pk−1 Or Pk− Pk−1 =
Pk+1 − Pk, which means Pk is an arithmetic sequence with P − n, Pm = 1, So
d = 1

m+n , P0 = n∗ d = n
m+n .

Note: if A has much more money (m >> n), Pm =
m

m+n is close to 1. That is
what’s happening in Casino.

4.20 Events With States Practice Problems

1. 2021 AMC 10A Problem 23: Frieda the frog begins a sequence of hops
on a 3×3 grid of squares, moving one square on each hop and choosing
at random the direction of each hop-up, down, left, or right. She does
not hop diagonally. When the direction of a hop would take Frieda
off the grid, she "wraps around" and jumps to the opposite edge. For
example if Frieda begins in the center square and makes two hops "up",
the first hop would place her in the top row middle square, and the
second hop would cause Frieda to jump to the opposite edge, landing
in the bottom row middle square. Suppose Frieda starts from the center
square, makes at most four hops at random, and stops hopping if she
lands on a corner square. What is the probability that she reaches a
corner square on one of the four hops?

(A) 9
16 (B) 5

8 (C) 3
4 (D) 25

32 (E) 13
16

2. 2021 AMC 10B Problem 18: A fair 6-sided die is repeatedly rolled un-
til an odd number appears. What is the probability that every even
number appears at least once before the first occurrence of an odd
number?

(A) 1
120 (B) 1

32 (C) 1
20 (D) 3

20 (E) 1
6
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4.21 Extra Counting Practice Problems

Here are extra combinatorics practice problems.

1. How many 4-digit numbers have only odd digits?

2. A restaurant has six appetizers, five main courses, and four deserts to
choose from its menu. How many possible dinners are there if a main
course is required but appetizers and deserts are not?

3. A senate committee has 5 Republicans and 4 Democrats. In how many
ways can the committee members sit in a row of 9 chairs, such that all
4 Democrats sit together?

4. Farmer John has 5 cows, 4 pigs, and 7 horses. How many ways can he
pair up the animals so that every pair consists of animals of different
species? (Assume that all animals are distinguishable from each other.)

5. A committee of 5 is to be chosen from a group of 9 people. How many
ways can it be chosen, if Biff and Jacob must serve together or not at
all, and Alice and Jane refuse to serve with each other?

6. 2014 AIME: An urn contains 4 green balls and 6 blue balls. A second
urn contains 16 green balls and N blue balls. A single ball is drawn at
random from each urn. The probability that both balls are of the same
color is 0.58. find N.

7. 2013-2014 Mandelbrot: In the diagram at right, how many ways are
there to color two of the dots red, two of the dots blue, and two of the
dots green so that dots of the same color are joined by a segment?

8. 2012 AMC 10A: A pair of six-sided fair dice are labeled so that one die
has only even numbers (two each of 2, 4, and 6), and the other die has
only odd numbers (two each of 1, 3, and 5). The pair of dice is rolled.
What is the probability that the sum of the numbers on top of the two
dice is 7?

9. 2006 AMC 12B: Mr. and Mrs. Lopez have two children. When they get
into their family car, two people sit in the front, and the other two sit in
the back. Either Mr. Lopez or Mrs. Lopez must sit in the driver’s seat.
How many seating arrangements are possible?

10. 2013 Purple Comet HS: How many four-digit positive integers have ex-
actly one digit equal to 1 and exactly one digit equal to 3? Hint: This
is sort of tricky: remember, a 0 cannot occupy the leftmost digit of any
four-digit integer.

11. 2013 AMC 10B: Let S be the set of sides and diagonals of a regular
pentagon. A pair of elements of S are selected at random without
replacement. What is the probability that the two chosen segments
have the same length?
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12. 2013 AMC 10A 2013: A student council must select a two-person wel-
coming committee and a three-person planning committee from among
its members. There are exactly 10 ways to select a two-person team
for the welcoming committee. It is possible for students to serve on
both committees. In how many diferent ways can a three-person plan-
ning committee be selected? Hint: First thing’s first, how many mem-
bers are there?

13. 2010 AIME: Dave arrives at an airport which has twelve gates arranged
in a straight line with exactly 100 feet between adjacent gates. His
departure gate is assigned at random. After waiting at that gate, Dave
is told the departure gate has been changed to a different gate, again
at random. Let the probability that Dave walks 400 feet or less to
the new gate be a fraction m/n , where m and n are relatively prime
positive integers. Find m + n.

14. 2013 AMC 10A: How many three-digit numbers are not divisible by 5,
have digits that sum to less than 20, and have the first digit equal to
the third digit?

15. 2014 AMC 12A: A fancy bed and breakfast inn has 5 rooms, each with
a distinctive color-coded decor. One day 5 friends arrive to spend the
night. There are no other guests that night. The friends can room in
any combination they wish, but with no more than 2 friends per room.
In how many ways can the innkeeper assign the guests to the rooms?

16. You roll two 6-sided dice. What is the probability of rolling at least one
6?

17. 2009 AMC 10A: Three distinct vertices of a cube are chosen at ran-
dom. What is the probability that the plane determined by these three
vertices contains points inside the cube?

18. 2010 AMC 10A: Bernardo randomly picks 3 distinct numbers from the
set 1, 2, 3, 4, 5, 6, 7, 8, 9 and arranges them in descending order to
form a 3-digit number. Silvia randomly picks 3 distinct numbers from
the set 1, 2, 3, 4, 5, 6, 7, 8 and also arranges them in descending
order to form a 3-digit number. What is the probability that Bernardo’s
number is larger than Silvia’s number?

19. The Airplane Probability Problem: just read the solution or remember
the conclusion https://medium.com/i-math/solving-an-advanced-probability-
problem-with-virtually-no-math-5750707885f1 100 passengers aboard
an airplane with exactly 100 seats. Everyone has a ticket with an as-
signed seat number. However, the first passenger has lost their ticket
and takes a random seat. Every subsequent passenger attempts to
choose their own seat, but takes a random seat if their seat is taken.
Suppose you are the very last passenger to board the plane. What is
the probability that you will get your assigned seat?



214 CHAPTER 4. COMBINATORICS

20. 2003 AMC 10B Problem 21: A bag contains two red beads and two
green beads. You reach into the bag and pull out a bead, replacing
it with a red bead regardless of the color you pulled out. What is the
probability that all beads in the bag are red after three such replace-
ments?

21. 2007 HMMT: Jack, Jill and John play a game in which each randomly
picks and then replaces a card from a standard 52 card deck, until a
spades card is drawn. What is the probability that Jill draws the spade?
(Jack, Jill and John draw in that order, and the game repeats if no spade
is drawn.)

22. How many 5-digit numbers abcde exist such that digits b and d are
each the sum of the digits to their immediate left and right? (That is, b
= a + c and d = c + e.)

23. 2003 AIME: Define a good word as a sequence of letters that consists
only of the letters A: B: and C - some of these letters may not appear in
the sequence - and in which A is never immediately followed by B: B is
never immediately followed by C: and C is never immediately followed
by A: How many seven-letter good words are there?

24. Let S=1,2,...,2021. For any non-empty subset A of S, define m(A) to be
the median of A (when A has an even number of elements, m(A) is the
average of the middle two elements). Determine the average of m(A),
when A is taken over all non-empty subsets of S.

25. You have 2021 switches, numbered from 1 to 2021, arranged in a circle.
Initially, each switch is either ON or OFF, with both possibilities equally
likely. You perform the following operation: for each switch S, if the two
switches next to S are initially in the same position, then you set S to
ON: otherwise you set S to OFF. What is the probability that all switches
will now to ON?

26. Let a and b be five-digit palindromes without leading zeros such that
a<b and there are no other five-digit palindromes strictly between a
and b. what are all possible values of b-a?

27. Kelvin the frog is going to roll three fair ten-sided dice with faces la-
belled 0,1,2,...,9. First he rolls two dice, and finds the sum of the two
rolls. Then he rolls the third die. What is the probability that the sum
of the first two rolls equals the third roll?

28. (Hard)Kelvin the frog likes numbers whose digits strictly decrease but
numbers that violate this condition in at most one place are good
enough. In other words, if di denote the ith digit, then di<=di+1 for at
most one value of i. For example Kelvin likes the numbers 43210, 132,
and 3 but not the numbers 1337 and 123. How many 5-digit numbers
does Kelvin like?

29. Bob writes a random string of 5 letters, where each letter is either A, B,
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C, or D. The letter in each position is independently chosen , and each
of the letters A, B, C, D is chosen with equal probability. Given that
there are at least two A’s in the string, find the probability that there
are at least three A’s in the string.

30. If Alice does not sing on Saturday, then she has a 70% chance of
singing on Sunday: however, to rest her voice, she never sings on
both days. If Alice has a 50% chance of singing on Sunday, find the
probability that she sings on Saturday.

31. In Patrick’s guild, there are ten distinct members, and each member
can be one of five classes. In how many ways can the members choose
their classes such that the guild has at most two classes that are not
represented?

32. If 7 students are choosing 3 clubs, in how many ways students selected
two clubs? (one club has no student)

33. 2012 AIME II problem 3: At a certain university, the division of math
science consists of the departments of mathematics, statistics, and
computer science., There are two male and two female professors in
each department. A committee of six professors is to contain three
men and three women and must also contain two professors from each
of the three departments. Find the number of possible committees that
can be formed sunject to these requirements.

34. Alice is arranging the 9 letters AAABBBCCC in a row. What is the prob-
ability that the three A’s appear before three B’s, and before three C’s?
For example, ABABABCCC

35. Alice is arranging the 10 letters AAAABBBCCC in a row. What is the
probability that the three B’s appear before three A’s, and before three
C’s? For example, ABABABCACC

36. Alice is arranging the 10 letters AAAABBBCCC in a row. What is the
probability that the three A’s appear before three BBB, and before
three CCC? For example, ABABABCACC

37. 2016 CMIMC: Shen, Ling, and Ru each place four slips of paper with
their name on it into a bucket. They then play the following game:
slips are removed one at a time, and whoever has all of their slips
removed first wins. Shen cheats, however, and adds an extra slip of
paper intot the bucket, and will win when four of his are drawn. What
is the probability that Shen wins the game?

38. There are 1000 rooms in a row along a long corridor. Initially the first
room contains 1000 people and the remaining rooms are empty. Each
minute, the following happens: for each room containing more than
one person, one person in that room decides it is too crowded and
moves to the next room. All these movements are simultaneous (so
nobody moves more than once within a minute). After one hour, how
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many different rooms will have people in them?

39. A true-false test has ten questions. If you answer five questions "true"
and five "false", no matter which five questions you pick, your score is
guaranteed to be at least four. How many answer keys are there for
which this is true?

40. 1950 AHSME problem 45: how many diagonals does a 100-gon has?

41. 1985 AJHSME problem 22: Assume every 7-digit whole number is a
possible telephone number except that begin with 0 or 1, what fraction
of telephone numbers begin with 9 and end with 0?

42. Let A be the number of unordered pairs of integers between 1 and
6 inclusive, and let B be the number of ordered pairs of integers be-
tween 1 and 6 inclusive. (Repetitions are allowed in both ordered and
unordered pairs.) Find A-B.

43. Find the number of eight digit positive integers that are multiple of 9
and have all distinct digits.

44. Practice for problem 45: if N ≡ 1(mod3), and N ≡ 2(mod5), How many
possible values of N less than or equal to 2021

45. Find the number of integers n with 1 <= n <= 2021, so that n(n− 1) is
an integer multiple of 15.

46. If N ≡ 1(mod7), N ≡ 2(mod11), and N ≡ 0(mod13), How many possible
positive values of N less than or equal to 2021

47. Find the number of integers n with 1<=n<=2021, so that n(n-1)(n-
2)(n-7) is an integer multiple of 1001.

48. How many sequence of integers (1, 2, ..., 7) are there for which −1 ≤
 ≤ 1 for every , and 12 + 23 + 34 + 45 + 56 + 67 = 4?

49. The numerals for the counting numbers 1,2,3,.... are written in increas-
ing order beginning with 1. what is the 125th digit written?

50. How many ways can one list 1,2,3,4 so that on integer is followed by
its successor, i.e. n, n+1 never occurs? For example 2, 1, 4, 3 is one
such listing but 2, 1, 3, 4 is not ( 4 is the successor of 3).

51. Acton High school has 85 seniors, each of whom plays on at least
one of the school’s three varsity sports teams: football, baseball, and
lacrosse. It so happens that 74 are on the football team: 26 are on the
baseball team: 17 are on both football and lacrosse teams: 18 are on
both the baseball and football teams: and 13 are on both the baseball
and lacrosse teams. Compute the number of seniors playing all three
sports, given that twice this number are members of the lacrosse team.

52. Two ordered pairs (a, b) and (c, d), where a, b, c, d are real numbers,
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form a basis of the coordinate plane if a*d is not equal to b*c. Deter-
mine the number of ordered quadruples (a, b, c, d) of integers between
1 and 3 inclusive for which (a, b) and (c, d) form a basis for the coordi-
nate plane.

53. How many numbers between 1 and 1000000 are perfect squares but
not perfect cubes?

54. 2014 UNCO Math Contest II Problem 7: Animal X wears three pairs of
socks in order. It owns five different matched pairs of socks. It keeps
the ten socks jumbled in random order inside a silk sack. Dressing
in the dark, It selects socks, choosing randomly without replacement.
How many ways for it to select three mismatched pairs ?

55. Alice picks 4 numbers one by one from 0, 0, 1, 1, 2, 2, 3, 3, 4, 4 , 5, 5,
6, 6, 7, 7, 8, 8, 9, 9, what is the probability that the first two numbers
are different, and the last two numbers are also different?

56. Four numbers are picked from 0, 0, 1, 1, 2, 2, 3, 3, 4, 4 , 5, 5, 6, 6, 7,
7, 8, 8, 9, 9, and are listed in a row. How many ways to list them such
that the first two numbers are the same, but the last two numbers are
different?

57. How many ways to list the 20 digits 0, 0, 1, 1, 2, 2, 3, 3, 4, 4 , 5, 5, 6,
6, 7, 7, 8, 8, 9, 9 such that the first two numbers are the same, but the
last two numbers are different?

58. How many 3-element subsets of 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 are there
such that they contain at least two consecutive integers?

59. How many 4-element subsets of 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 are there
such that they contain at least two consecutive integers?

60. How many sets of positive integers (a, b, c) satisfies a>b>c>0 and
a+b+c=103?

61. How many sets of positive integers (a, b, c) satisfies a>b>c>0 and
a+b+c=2021?

62. Eli, Joy, Paul, and Sam want to form a company: the company will
have 16 shares to split among the 4 people. The following constraints
are imposed: 1. Every person must get a positive integer number of
shares, and all 16 shares must be given out. 2. No one person can
have more shares than the other people combined. In how many ways
can the shares be given out?

63. Find the number of solutions to x+y+z=15 if x, y, z must be non-
negative integers

64. Find the number of solutions to x+y+z=15 if x, y, z must be positive
integers
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65. Find the number of solutions to  + y + z ≤ 15 if x, y, z must be non-
negative integers

66. Find the number of solutions to + y+ z ≤ 15 if x, y, z must be positive
integers

67. Find the number of solutions to x+y+z<15 if x, y, z must be non-
negative integers

68. Find the number of solutions to x+y+z<15 if x, y, z must be positive
integers

69. How many terms are in the simplified expression of (1 −  + 2)2021?

70. 2007 AIME II Problem 2: Find the number of ordered triple (a: b: c)
where a, b, and c are positive integers, a is a factor of b, a is a factor
of c, and a + b + c = 100.

71. In a game of Minesweeper, a number on a square denotes the number
of mines that share at least one vertex with that square. A square with
a number may not have a mine, and the blank squares are undeter-
mined. How many ways can the mines be placed in the configuration?

72. 2010 AIME II Problem 8: Let N be the number of ordered pairs of
nonempty sets A and B that have the following properties:

A ∪ B = {1,2,3,4,5,6,7,8,9,10,11,12}, A ∩ B = ∅, The number of
elements of A is not an element of A, The number of elements of B is
not an element of B. Find N.

73. How many ways there are to change a $20 bill into smaller bills? (You
can use $1, $2, $5, and $10 bills: no coins are allowed.)

74. How many ways there are to change a $50 bill into smaller bills? (You
can use $1, $5, $10 and $20 bills.)

75. When Alice walks up stairs she takes one or steps at a time. Her step-
ping sequence is not necessarily regular. She might step up one step ,
then two again, then one, and then two in order to climb up a total of
9 steps. In how many ways can Alice walk up a 10 step stairwell?

76. If five fair coins are flipped simultaneously, what is the probability that
at least three of them show heads?

77. If 2021 fair coins are flipped simultaneously, what is the probability
that at least 1011 of them show heads?

78. If five fair coins are flipped simultaneously, and P(H)=2/3, what is the
probability that at least three of them show heads?

79. Justine flips five coins, exactly three of which land heads, what is the
probability that the first two are both heads?
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80. Justine flips six coins, exactly three of which land heads, what is the
probability that the first two are both heads?

81. Hard Read the solution: Ryan is messing with Brice’s coin. He weights
the coin such that it comes up on one side twice as frequently as the
other, and he chooses whether to weight heads or tails more with equal
probability. Brice flips his modified coin twice. What is the probability
that it lands up heads both times?

82. 1989 AIME Problem 5: When a certain biased coin is flipped five times,
the probability of getting heads exactly once is not equal to 0 and is
the same as that of getting heads exactly twice. What is the probability
that the coin comes up heads in exactly 3 out of 5 flips?

83. 1990 AIME Problem 9: A fair coin is to be tossed 10 times, let i/j be the
probability that heads never occur on consecutive tosses. Find i+j

84. A fair coin is to be tossed 10 times, in how many possible sequences
there are at least two consecutive heads?

85. Julia and Alice are playing a roll-dice game. The first one to get 6 wins.
If Julia goes first, what’s the probability that Julia wins?

86. Michael is playing basketball. He makes 10% of his shots, and gets
the ball back after 90% of his missed shots. If he does not get the ball
back he stops playing. What is the probability that Michael eventually
makes a shot.

87. You alternate tossing two weighted coins. The first coin you toss has
a 2/3 chance of landing heads, and a 1/3 chance of landing tails. The
second coin has a 1/4 chance of landing heads and a 3/4 chance of
landing tails. What is the probability that you will toss two heads in a
row before you toss two tails in a row?

88. AOPS MOCK AMC10-PMC Problem 17: Ipegunn has two copies of each
of the numbers 1, 2, 3, and 4. He wishes to arrange them in a row
such that any two adjacent numbers differ by at most one. How many
ways can he do this, given that two copies of the same number are
indistinguishable? Note: Two arrangements are the same if one is the
other but in reverse order, for example 11223344 and 44332211 are
the same arrangement.

89. 1963 AHSME Problem 36:A person starting with 64 and making 6 bets,
wins three times and loses three times, the wins and losses occurring
in random order. The chance for a win is equal to the chance for a loss.
If each wager is for half the money remaining at the time of the bet,
then the final result is:

(A) a loss of 27 (B) a gain of 27 (C) a loss of 37
(D) neither a gain nor a loss
(E) a gain or a loss depending upon the order in which the wins and losses occur
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90. 1968 AHSME Problem 30:Convex polygons P1 and P2 are drawn in the
same plane with n1 and n2 sides, respectively, n1 ≤ n2. If P1 and P2 do
not have any line segment in common, then the maximum number of
intersections of P1 and P2 is:

(A) 2n1 (B) 2n2 (C) n1n2 (D) n1 + n2 (E) none of these

91. 1974 AHSME Problem 3:The coefficient of 7 in the polynomial expan-
sion of (1 + 2 − 2)4 is

(A) − 8 (B) 12 (C) 6 (D) − 12 (E) none of these

92. 1986 AHSME Problem 17:A drawer in a darkened room contains 100 red
socks, 80 green socks, 60 blue socks and 40 black socks. A youngster
selects socks one at a time from the drawer but is unable to see the
color of the socks drawn. What is the smallest number of socks that
must be selected to guarantee that the selection contains at least 10
pairs? (A pair of socks is two socks of the same color. No sock may be
counted in more than one pair.)

(A) 21 (B) 23 (C) 24 (D) 30 (E) 50

93. 1986 AHSME Problem 22:Six distinct integers are picked at random
from {1,2,3, . . . ,10}. What is the probability that, among those se-
lected, the second smallest is 3?

(A) 1
60 (B) 1

6 (C) 1
3 (D) 1

2 (E) none of these

94. 1986 AJHSME Problem 24:Let p() = 2 + b + c, where b and c are
integers. If p() is a factor of both 4+62+25 and 34+42+28+5,
what is p(1)?

(A) 0 (B) 1 (C) 2 (D) 4 (E) 8

95. 1988 AHSME Problem 18:At the end of a professional bowling tourna-
ment, the top 5 bowlers have a playoff. First 5 bowls 4. The loser
receives 5th prize and the winner bowls 3 in another game. The loser
of this game receives 4th prize and the winner bowls 2. The loser of
this game receives 3rd prize and the winner bowls 1. The winner of this
game gets 1st prize and the loser gets 2nd prize. In how many orders
can bowlers 1 through 5 receive the prizes?

(A) 10 (B) 16 (C) 24 (D) 120 (E) none of these

96. 1988 AHSME Problem 28:An unfair coin has probability p of coming up
heads on a single toss. Let  be the probability that, in 5 independent
toss of this coin, heads come up exactly 3 times. If  = 144/625, then

(A) p must be 2
5 (B) p must be 3

5
(C) p must be greater than 3

5 (D) p is not uniquely determined
(E) there is no value of p for which  = 144

625

97. 1989 AHSME Problem 22:A child has a set of 96 distinct blocks. Each
block is one of 2 materials (plastic, wood), 3 sizes (small, medium,
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large), 4 colors (blue, green, red, yellow), and 4 shapes (circle, hexagon,
square, triangle). How many blocks in the set differ from the ’plastic
medium red circle’ in exactly 2 ways? (The ’wood medium red square’
is such a block)

(A) 29 (B) 39 (C) 48 (D) 56 (E) 62

98. 1989 AHSME Problem 24:Five people are sitting at a round table. Let
ƒ ≥ 0 be the number of people sitting next to at least 1 female and
m ≥ 0 be the number of people sitting next to at least one male. The
number of possible ordered pairs (ƒ ,m) is

(A) 7 (B) 8 (C) 9 (D) 10 (E) 11

99. 1989 AHSME Problem 25:In a certain cross country meet between 2
teams of 5 runners each, a runner who finishes in the nth position
contributes n to his teams score. The team with the lower score wins.
If there are no ties among the runners, how many different winning
scores are possible?

(A) 10 (B) 13 (C) 27 (D) 120 (E) 126

100. 1989 AHSME Problem 29:What is the value of the sum S =
∑49
k=0(−1)

k
�99
2k

�

=
�99
0

�

−
�99
2

�

+
�99
4

�

− · · · −
�99
98

�

?

(A) −250 (B) −249 (C) 0 (D) 249 (E) 250

101. 1989 AHSME Problem 30:Suppose that 7 boys and 13 girls line up
in a row. Let S be the number of places in the row where a boy
and a girl are standing next to each other. For example, for the row
GBBGGGBGBGGGBGBGGBGG we have that S = 12. The average value
of S (if all possible orders of these 20 people are considered) is closest
to

(A) 9 (B) 10 (C) 11 (D) 12 (E) 13

102. 1990 AHSME Problem 16:At one of George Washington’s parties, each
man shook hands with everyone except his spouse, and no handshakes
took place between women. If 13 married couples attended, how many
handshakes were there among these 26 people?

(A) 78 (B) 185 (C) 234 (D) 312 (E) 325

103. 1991 AHSME Problem 28:Initially an urn contains 100 white and 100
black marbles. Repeatedly 3 marbles are removed (at random) from
the urn and replaced with some marbles from a pile outside the urn
as follows: 3 blacks are replaced with 1 black, or 2 blacks and 1 white
are replaced with a white and a black, or 1 black and 2 whites are
replaced with 2 whites, or 3 whites are replaced with a black and a
white. Which of the following could be the contents of the urn after
repeated applications of this procedure?

(A) 2 black (B) 2 white (C) 1 black (D) 1 black and 1 white (E) 1 white
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104. 1993 AHSME Problem 28:How many triangles with positive area are
there whose vertices are points in the y-plane whose coordinates are
integers (, y) satisfying 1 ≤  ≤ 4 and 1 ≤ y ≤ 4?

(A) 496 (B) 500 (C) 512 (D) 516 (E) 560

105. 1998 AHSME Problem 27:A 9× 9× 9 cube is composed of twenty-seven
3 × 3 × 3 cubes. The big cube is ‘tunneled’ as follows: First, the six
3 × 3 × 3 cubes which make up the center of each face as well as
the center 3 × 3 × 3 cube are removed. Second, each of the twenty
remaining 3 × 3 × 3 cubes is diminished in the same way. That is, the
center facial unit cubes as well as each center cube are removed. The
surface area of the final figure is:

(A) 384 (B) 729 (C) 864 (D) 1024 (E) 1056

106. 1990 AJHSME Problem 12: There are twenty-four 4-digit numbers that
use each of the four digits 2, 4, 5, and 7 exactly once. Listed in numer-
ical order from smallest to largest, the number in the 17th position in
the list is

(A) 4527 (B) 5724 (C) 5742 (D) 7245 (E) 7524

107. 1996 AJHSME Problem 22:Four distinct points, A, B, C, and D, are to be
selected from 1996 points evenly spaced around a circle. All quadru-
ples are equally likely to be chosen. What is the probability that the
chord AB intersects the chord CD?

(A) 1
4 (B) 1

3 (C) 1
2 (D) 2

3 (E) 3
4

108. 2001 Pan African MO Problem 2:Let n be a positive integer. A child
builds a wall along a line with n identical cubes. He lays the first cube
on the line and at each subsequent step, he lays the next cube either
on the ground or on the top of another cube, so that it has a common
face with the previous one. How many such distinct walls exist?

109. 2003 Indonesia MO Problem 6:A hall of a palace is in a shape of regular
hexagon, where the sidelength is 6 m. The floor of the hall is covered
with an equilateral triangle-shaped tile with sidelength 50 cm. Every
tile is divided into 3 congruent triangles (refer to the figure). Every
triangle-region is colored with a certain color so that each tile has 3
different colors. The King wants to ensure that no two tiles have the
same color pattern. At least, how many colors are needed?

110. 2005 Indonesia MO Problem 8:There are 90 contestants in a mathe-
matics competition. Each contestant gets acquainted with at least 60
other contestants. One of the contestants, Amin, state that at least
four contestants have the same number of new friends. Prove or dis-
prove his statement.

111. 2006 Indonesia MO Problem 4:A black pawn and a white pawn are
placed on the first square and the last square of a 1 × n chessboard,
respectively. Wiwit and Siti move alternatingly. Wiwit has the white
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pawn, and Siti has the black pawn. The white pawn moves first. In ev-
ery move, the player moves her pawn one or two squares to the right
or to the left, without passing the opponent’s pawn. The player who
cannot move anymore loses the game. Which player has the winning
strategy? Explain the strategy.

112. 2005 Alabama ARML TST Problem 1:Two six-sided dice are constructed
such that each face is equally likely to show up when rolled. The num-
bers on the faces of one of the dice are 1,3,4,5,6, and 8. The num-
bers on the faces of the other die are 1,2,2,3,3, and 4. Find the prob-
ability of rolling a sum of 9 with these two dice.

113. 2005 Alabama ARML TST Problem 2:A large cube is painted green and
then chopped up into 64 smaller congruent cubes. How many of the
smaller cubes have at least one face painted green?

114. 2005 Alabama ARML TST Problem 4:For how many ordered pairs of
digits (A,B) is 2AB8 a multiple of 12?

115. 2005 Alabama ARML TST Problem 5:A 2 × 2 square grid is constructed
with four 1 × 1 squares. The square on the upper left is labeled A,
the square on the upper right is labeled B, the square in the lower left
is labeled C, and the square on the lower right is labeled D. The four
squares are to be painted such that 2 are blue, 1 is red, and 1 is green.
In how many ways can this be done?

116. 2005 Alabama ARML TST Problem 12:Find the number of ordered pairs
of positive integers (, b, c, d) that satisfy the following equation:+b+
c + d = 12.

117. 2008 Mock ARML 1 Problem 2: A positive integer n is a yo-yo if the
absolute value of the difference between any two consecutive digits of
n is at least 7 . Compute the number of 8-digit yo-yos.

118. 2008 Mock ARML 1 Problem 4:There are 4 black balls and 1 white ball
in a hat. A turn consists of picking a ball from the hat and replacing
it with one of the opposite color. Compute the probability that, after a
sequence of turns, there are 5 black balls in the hat before there are 5
white balls.

119. 2008 Mock ARML 2 Problem 3:A variation of Pascal’s triangle is con-
structed by writing the numbers 2 and 3 in the top row and writing
each subsequent term as the sum of the two terms above it. Find the
fifth term from the left in the thirteenth row.

2 3
2 5 3

2 7 8 3
2 9 15 11 3

2 11 24 26 14 3
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120. 2008 Mock ARML 2 Problem 6:John has a pile of 63 blocks. On top of the
pile is one block. Below this block are two smaller blocks. Below each
of these two blocks are two even smaller blocks. Below each of these
blocks are two still smaller blocks, and so on until the last row, which
contains 32 blocks. John removes blocks one at a time, removing only
blocks that currently have no blocks on top of them. Find the number of
ways (order matters) in which John can remove exactly seven blocks.

121. 1971 Canadian MO Problem 10:Suppose that n people each know ex-
actly one piece of information, and all n pieces are different. Every time
person A phones person B, A tells B everything that A knows, while B
tells A nothing. What is the minimum number of phone calls between
pairs of people needed for everyone to know everything? Prove your
answer is a minimum.

122. 2005 Canadian MO Problem 1:Consider an equilateral triangle of side
length n, which is divided into unit triangles, as shown. Let ƒ (n) be
the number of paths from the triangle in the top row to the middle
triangle in the bottom row, such that adjacent triangles in our path
share a common edge and the path never travels up (from a lower row
to a higher row) or revisits a triangle. An example of one such path is
illustrated below for n = 5. Determine the value of ƒ (2005).

123. 2007 UNCO Math Contest II Problem 10:A quaternary “number” is an ar-
rangement of digits, each of which is 0,1,2,3. Some examples: 001,3220,022113.

(a) How many 6-digit quaternary numbers are there in which each of
0,1 appear at least once?

(b) How many n-digit quaternary numbers are there in which each of
0,1,2, appear at least once? Test your answer with n = 3.

(c) Generalize.

124. 2010 UNCO Math Contest II Problem 11:(a) The 3 × 3 square grid has
9 dots equally spaced. How many squares (of all sizes) can you make
using four of these dots as vertices? Two examples are shown.

(b) How many for a 4 × 4?

(c) How many for a 5 × 5?

(d) How many for an (N + 1) × (N + 1) grid of dots?

Solution (a) 6 (b) 20 (c) 50 (d) 1 ·n2+ 2 · (n− 1)2+ 3 · (n− 2)2+ · · ·+ n ·12

125. 2012 UNCO Math Contest II Problem 3:Mrs. Olson begins a journey at
the intersection of Avenue A and First Street in the upper left on the
attached map. She ends her journey at one of the Starbucks on Avenue
D. There is a Starbucks on Avenue D at every intersection from First
Street through Sixth Street! If Mrs. Olson walks only East and South,
how many different paths to a Starbucks on Avenue D can she take?
Note that Mrs. Olson may pass one Starbucks on her way to another
Starbucks farther to the East.
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126. 2012 UNCO Math Contest II Problem 8:An ordinary fair die is tossed
repeatedly until the face with six dots appears on top. On average,
what is the sum of the numbers that appear on top before the six? For
example, if the numbers 3,5,2,2,6 are the numbers that appear, then
the sum of the numbers before the six appears is 3+ 5+ 2+ 2 = 12. Do
not include the 6 in the sum.

127. 2012 UNCO Math Contest II Problem 9:Treasure Chest . You have a
long row of boxes. The 1st box contains no coin. The next 2 boxes
each contain 1 coin. The next 4 boxes each contain 2 coins. The next
8 boxes each contain 3 coins. And so on, so that there are 2N boxes
containing exactly N coins.

(a) If you combine the coins from all the boxes that contain 1,2,3, or 4
coins you get 98 coins. How many coins do you get when you combine
the coins from all the boxes that contain 1,2,3, . . . , or N coins? Give a
closed formula in terms of N. That is, give a formula that does not use
ellipsis (. . .) or summation notation.

(b) Combine the coins from the first K boxes. What is the smallest value
of K for which the total number of coins exceeds 20120 ? (Remember
to count the first box.)

128. 2014 UNCO Math Contest II Problem 6:(a) Alice falls down a rabbit hole
and finds herself in a circular room with five doors of five different sizes
evenly spaced around the circumference. Alice tries keys in some or
all of the doors. She must leave no pair of adjacent doors untried. How
many different sets of doors left untried does Alice have to choose
from? For example, Alice might try doors 1, 2, and 4 and leave doors 3
and 5 untried. There are no adjacent doors in the set of untried doors.
Note: doors 1 and 5 are adjacent.

(b) Suppose the circular room in which Alice finds herself has nine doors
of nine different sizes evenly spaced around the circumference. Again,
she is to try keys in some or all of the doors and must leave no pair
of adjacent doors untried. Now how many different sets of doors left
untried does Alice have to choose from?

129. 2015 UNCO Math Contest II Problems/BONUS:You arrange 12 biologists
of 12 different heights in three rows of 4, with the same conditions on
height as in part 10(a) for all three rows. How many different arrange-
ments are possible?

130. 2015 UNCO Math Contest II Problem 9: Starting at the node in the cen-
ter of the diagram, an orb spider moves along its web. It is permissible
for the spider to backtrack as often as it likes, in either direction, on
segments it has previously traveled. On each move, the spider moves
along one of the segments (curved or straight) to some adjacent node
that is different from the node that it currently occupies.

(a) How many different five-move paths start at the center node and
end at the center node?
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(b) How many different seven-move paths start at the center node and
end at the center node?

131. 2015 UNCO Math Contest II Problem 10:

(a) You want to arrange 8 biologists of 8 different heights in two rows for
a photograph. Each row must have 4 biologists. Height must increase
from left to right in each row. Each person in back must be taller than
the person directly in front of him. How many different arrangements
are possible?

(b) You arrange 12 biologists of 12 different heights in two rows of 6,
with the same conditions on height as in part (a). How many different
arrangements are possible? Remember to justify your answers.

(c) You arrange 2n biologists of 2n different heights in two rows of n,
with the same conditions on height as in part (a). Give a formula in
terms of n for the number of possible arrangements.

Solution

132. 2016 UNCO Math Contest II Problem 8:Each circle in this tree diagram
is to be assigned a value, chosen from a set S, in such a way that
along every pathway down the tree, the assigned values never in-
crease. That is, A ≥ B,B ≥ C,C ≥ D,D ≥ E, and A,B,C,D, E ∈ S. (It
is permissible for a value in S to appear more than once.)

(a) How many ways can the tree be so numbered, using only values
chosen from the set S = {1, ...,6}?

(b) Generalize to the case in which S = {1, ..., n}. Find a formula for
the number of ways the tree can be numbered.

For maximal credit, express your answer in closed form as an explicit
algebraic expression in n.

133. 2016 UNCO Math Contest II Problem 9:Four identical white pawns and
four identical black pawns are to be placed on a standard 8 Ö 8, two-
colored chessboard.

How many distinct arrangements of the colored pawns on the colored
board are possible?

No two pawns occupy the same square. The color of a pawn need not
match the color of the square it occupies, but it might. You may give
your answer as a formula involving factorials or combinations: you are
not asked to compute the number.
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134. 2016 UNCO Math Contest II Problem 10:How many distinct plane wall-
paper patterns can be created by cloning the chessboard arrange-
ments described in Question 9?

Each periodic wallpaper pattern is generated by this method: start-
ing with a chessboard arrangement from Question 9 (the master tile),
use copies of that tile to fill the plane seamlessly, placing the copies
edge-to-edge and corner-to-corner. Note that the resulting wallpaper
pattern repeats with period 8, horizontally and vertically. When the
tiling is done, the chessboard edges and corners vanish, leaving only
an infinite periodic pattern of black and white pawns visible on the
wallpaper. Regard two of the infinite wallpaper patterns as the same
if and only if there is a plane translation that slides one wallpaper pat-
tern onto an exact copy of the other one. You may slide vertically,
horizontally, or a combination of both, any number of squares. (Rota-
tions and reflections are not allowed, just translations.) Note that the
wallpaper pattern depicted above can be generated by many different
master tiles (by regarding any square 8 Ö 8 portion of the wallpaper
as the master tile chessboard). The challenge is to account for such
duplication. Remember that each master tile has exactly four pawns
of each color. You may give your answer as an expression using facto-
rials and/or combinations (binomial coefficients). You are not asked to
compute the numeric answer.

135. 2017 UNCO Math Contest II Problem 5:(a) Find a substitution code on
the seven letters A, B, C, D, E, F, and G that has the property that if
you apply it twice in a row (that is, encrypt the encryption), the mes-
sage ABCDEFG becomes ECBFAGD. Describe your answer by giving the
message that results when encryption is applied once to the message
ABCDEFG.

(b) Find another such code, if there is one.

136. 2017 UNCO Math Contest II Problem 7:A box of 48 balls contains balls
numbered 1, 2, 3, . . ., 12 in each of four different colors. Without ever
looking at any of the balls, you choose balls at random from the box
and put them in a bag.

(a) If you must be sure that when you finish, the bag contains at least
one set of five balls whose numbers are consecutive, then what is the
smallest number of balls you can put in the bag? (For example, a set
of balls, in any combination of colors, with numbers 3, 4, 5, 6, and 7 is
a set of five whose numbers are consecutive.)

(b) If instead you must be sure that the bag contains at least one set
of five balls all in the same color and with consecutive numbers, then
what is the smallest number of balls you can put in the bag? Remember
to justify answers for maximum credit.

137. 2018 UNCO Math Contest II Problem 7: Let  = 2A + 10B where A and
B are randomly chosen with replacement from among the positive in-
tegers less than or equal to twelve. What is the probability that  is a
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multiple of 12?

(A) 500 (B) 625 (C) 1089 (D) 1199 (E) 1296

138. 2018 UNCO Math Contest II Problem 9:Call a set of integers Grassilian
if each of its elements is at least as large as the number of elements in
the set. For example, the three-element set {2,48,100} is not Gras-
silian, but the six-element set {6,10,11,20,33,39} is Grassilian. Let
G(n) be the number of Grassilian subsets of {1,2,3, ..., n}. (By defini-
tion, the empty set is a subset of every set and is Grassilian.) (a) Find
G(3), G(4), and G(5). (b) Find a recursion formula for G(n+ 1). That is,
find a formula that expresses G(n+ 1) in terms of G(n), G(n1), dots (c)
Give an explanation that shows that the formula you give is correct.

139. University of South Carolina High School Math Contest/1993 Exam/Problem
14:How many permutations of 1, 2, 3, 4, 5, 6, 7, 8, 9 have:

1 appearing somewhere to the left of 2, 3 somewhere to the left of 4,
and 5 somewhere to the left of 6? For example, 8 1 5 7 2 3 9 4 6 would
be such a permutation.

(A) 9 · 7! (B) 8! (C) 5!4! (D) 8!4! (E) 8! + 6! + 4!

140. 2018 UNCO Math Contest II Problem 10:Find an infinite sequence of
integers 1, 2, 3, . . . that has all of these properties:

(1) n = c + dn with c and d the same for all n = 1,2,3, . . .

(2) c and d are positive integers, and

(3) no number in the sequence is the rth power of any integer, for any
power r = 2,3,4, . . .

Reminder: Justify answers. In particular, for maximum credit, make
it clear in your presentation that your sequence possesses the third
property.

141. University of South Carolina High School Math Contest/1993 Exam/Problem
20:Let A1, A2, . . . , A63 be the 63 nonempty subsets of {1,2,3,4,5,6}.
For each of these sets A, let π(A) denote the product of all the ele-
ments in A. Then what is the value of π(A1) + π(A2) + · · · + π(A63)?
(A) 5003 (B) 5012 (C) 5039 (D) 5057 (E) 5093

142. 2006 iTest Problem 16:The Minnesota Twins face the New York Mets in
the 2006 World Series. Assuming the two teams are evenly matched
(each has a .5 probability of winning any game) what is the probability
that the World Series (a best of 7 series of games which lasts until one
team wins four games) will require the full seven games to determine
a winner?

143. 2007 iTest Problem 4:Star flips a quarter four times. Find the probability
that the quarter lands heads exactly twice.

(A) 18 (B) 316 (C) 38 (D) 12



4.21. EXTRA COUNTING PRACTICE PROBLEMS 229

Note: Two cards are drawn.

144. 2007 iTest Problem 19:One day Jason finishes his math homework early,
and decides to take a jog through his neighborhood. While jogging, Ja-
son trips over a leprechaun. After dusting himself off and apologizing to
the odd little magical creature, Jason, thinking there is nothing unusual
about the situation, starts jogging again. Immediately the leprechaun
calls out, "hey, stupid, this is your only chance to win gold from a lep-
rechaun!" Jason, while not particularly greedy, recognizes the value of
gold. Thinking about his limited college savings, Jason approaches the
leprechaun and asks about the opportunity. The leprechaun hands Ja-
son a fair coin and tells him to clop it as many times as it takes to
flip a head. For each tail Jason flips, the leprechaun promises one gold
coin. If Jason flips a head right away, he wins nothing. If he first flips
a tail, then a head, he wins one gold coin. If he’s lucky and flips ten
tails before the first head, he wins ten gold coins. What is the expected
number of gold coins Jason wins at this game?

(A) 0 (B)
1

10
(C)

1

8
(D)

1

5
(E)

1

4
(F)

1

3
(G)

2

5

(H)
1

2
(I)

3

5
(J)

2

3
(K)

4

5
(L) 1 (M)

5

4

(N)
4

3
(O)

3

2
(P) 2 (Q) 3 (R) 4 (S) 2007

145. 2007 iTest Problem 21:James writes down fifteen 1’s in a row and ran-
domly writes + or - between each pair of consecutive 1’s. One such
example is

1 + 1 + 1 − 1 − 1 + 1 − 1 + 1 − 1 + 1 − 1 − 1 − 1 + 1 + 1.

What is the probability that the value of the expression James wrote
down is 7?

146. 2007 iTest Problem TB3:4014 boys and 4014 girls stand in a line holding
hands, such that only the two people at the ends are not holding hands
with exactly two people (an ordinary line of people). One of the two
people at the ends gets tired of the hand-holding fest and leaves. Then,
from the remaining line, one of the two people at the ends leaves. Then
another from an end, and then another, and another. This continues
until exactly half of the people from the original line remain. Prove that
no matter what order the original 8028 people were standing in, that it
is possible that exactly 2007 of the remaining people are girls.

147. 2008 iTest Problem 26:Done working on his sand castle design, Joshua
sits down and starts rolling a 12-sided die he found when cleaning the
storage shed. He rolls and rolls and rolls, and after 17 rolls he finally
rolls a 1. Just 3 rolls later he rolls the first 2 after that first roll of
1. 11 rolls later, Joshua rolls the first 3 after the first 2 that he rolled
after the first 1 that he rolled. His first 31 rolls make the sequence
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4,3,11,3,11,8,5,2,12,9,5,7,11,3,6,10,1,8,3,2,10,4,2,8,1,9,7,12,11,4,3.
Joshua wonders how many times he should expect to roll the 12-sided
die so that he can remove all but 12 of the numbers from the entire
sequence of rolls and (without changing the order of the sequence),
be left with the sequence 1,2,3,4,5,6,7,8,9,10,11,12. What is the
expected value of the number of times Joshua must roll the die before
he has such a sequence? (Assume Joshua starts from the beginning
- do not assume he starts by rolling the specific sequence of 31 rolls
above.)

148. 2008 iTest Problem 27:Hannah Kubik leads a local volunteer group of
thirteen adults that takes turns holding classes for patients at the Chil-
dren’s Hospital. At the end of August, Hannah took a tour of the hos-
pital and talked with some members of the staff. Dr. Yang told Hannah
that it looked like there would be more girls than boys in the hospi-
tal during September. The next day Hannah brought the volunteers
together and it was decided that three women and two men would vol-
unteer to run the September classes at the Children’s Hospital. If there
are exactly six women in the volunteer group, how many combinations
of three women and two men could Hannah choose from the volunteer
group to run the classes?

149. 2008 iTest Problem 28:Of the thirteen members of the volunteer group,
Hannah selects herself, Tom Morris, Jerry Hsu, Thelma Paterson, and
Louise Bueller to teach the September classes. When she is done, she
decides that it’s not necessary to balance the number of female and
male teachers with the proportions of girls and boys at the hospital
every month, and having half the women work while only 2 of the 7
men work on some months means that some of the women risk getting
burned out. After all, nearly all the members of the volunteer group
have other jobs.

Hannah comes up with a plan that the committee likes. Beginning
in October, the committee of five volunteer teachers will consist of
any five members of the volunteer group, so long as there is at least
one woman and at least one man teaching each month. Under this
new plan, what is the least number of months that must go by (in-
cluding October when the first set of five teachers is selected, but not
September) such that some five-member committee must have taught
together twice (all five members are the same during two different
months)?

150. 2008 iTest Problem 34:While entertaining his younger sister Alexis,
Michael drew two different cards from an ordinary deck of playing
cards. Let a be the probability that the cards are of different ranks.
Compute ⌊1000⌋.

151. 2008 iTest Problem 36:Let c be the probability that the cards are neither
from the same suit or the same rank. Compute ⌊1000c⌋.
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152. 2008 iTest Problem 44:Now Wendy wanders over and joins Dr. Lisi and
her younger siblings. Thinking she knows everything there is about
how to work with arithmetic series, she nearly turns right around to
walk back home when Dr. Lisi poses a more challenging problem.
"Suppose I select two distinct terms at random from the 2008 term
sequence. What’s the probability that their product is positive?" If 
and b are relatively prime positive integers such that /b is the prob-
ability that the product of the two terms is positive, find the value of
 + b.

Note: Dr. Lisi’s sequence is −1776,−1765,−1754 · · ·

153. 2008 iTest Problem 60:Consider the Harmonic Table

1
1
2

1
2

1
3

1
6

1
3

1
4

1
12

1
12

1
4

...

where n,1 = 1/n and n,k+1 = n−1,k − n,k.
Find the remainder when the sum of the reciprocals of the 2007 terms
on the 2007th row gets divided by 2008.

154. 2008 iTest Problem 72:On the last afternoon of the Kubik family vaca-
tion, Michael puts down a copy of Mathematical Olympiad Challenges
and goes out to play tennis. Wendy notices the book and decides to
see if there are a few problems in it that she can solve. She decides to
focus her energy on one problem in particular:

Given 69 distinct positive integers not exceeding 100, prove that one
can choose four of them , b, c, d such that  < b < c and + b+ c = d.
Is this statement true for 68 numbers?

After some time working on the problem, Wendy finally feels like she
has a grip on the solution. When Michael returns, she explains her so-
lutions to him. "Well done!" he tells her. "Now, see if you can solve this
generalization. Consider the set S = {1,2,3, . . . ,2007,2008}. Find the
smallest value of t such that given any subset T of S where |T | = t, then
there are necessarily distinct , b, c, d ∈ T for which + b+ c = d." Find
the answer to Michael’s generalization.

155. 2008 iTest Problem 82:Tony’s favorite “sport” is a spectator event known
as the Super Mega Ultra Galactic Thumbwrestling Championship (SMUG
TWC). During the 2008 SMUG TWC, 2008 professional thumbwrestlers
who have dedicated their lives to earning lithe, powerful thumbs, com-
pete to earn the highest title of Thumbzilla. The SMUG TWC is designed
so that, in the end, any set of three participants can share a banana
split while telling FOXTM television reporters about a bout between
some pair of the three contestants. Given that there are exactly two
contestants in each bout, let m be the minimum number of bouts nec-
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essary to complete the SMUG TWC (so that the contestants can enjoy
their banana splits and chat with reporters). Compute m.

156. 2008 iTest Problem 87:Find the number of 12-digit "words" that can be
formed from the alphabet {0,1,2,3,4,5,6} if neighboring digits must
differ by exactly 2.

157. 2008 iTest Problem 93:For how many positive integers n, 1 ≤ n ≤ 2008,
can the set

1,2,3, ...,4n be divided into n disjoint 4-element subsets such that ev-
ery one of the n subsets contains the element which is the arithmetic
mean of all the elements in that subset?

158. 2013 UMO Problem 6:How many ways can one tile the border of a tri-
angular grid of hexagons of length n completely using only 1 × 1 and
1 × 2 hexagon tiles? Express your answer in terms of a well-known se-
quence, and prove that your answer holds true for all positive integers
n ≥ 3 (examples of such grids for n = 3, n = 4, n = 5, and n = 6 are
shown below).

159. 2014 UMO Problem 1:Todd and Allison are playing a game on the grid
shown below. At the beginning, an orange stone is placed in the center
intersection on the grid. They take turns, with Todd going first. In
each of Todd’s turns, he must move the orange stone from its current
position to a horizontally or vertically adjacent intersection that is not
occupied by a blue stone, and then he places a blue stone in the orange
stone’s previous spot. In each of Allison’s turns, she places a blue stone
on exactly one unoccupied intersection. Todd loses the game when
he is forced to move into one of the corner intersections, labeled by
A,B,C, and D in the diagram below. Allison loses if Todd can’t move.
Allison tries to force Todd to lose in as few as turns as possible, and
Todd tries to survive as long as possible. If both of them play as best
they can, how many blue stones will be on the board at the end of the
game? (You may assume that Todd always loses.)

160. 2014 UMO Problem 6:Draw n rows of 2n equilateral triangles each,
stacked on top of each other in a diamond shape, as shown below when
n = 3. Set point A as the southwest corner and point B as the north-
east corner. A step consists of moving from one point to an adjacent
point along a drawn line segment, in one of the four legal directions
indicated. A path is a series of steps, starting at A and ending at B,
such that no line segment is used twice. One path is drawn below.
Prove that for every positive integer n, the number of distinct paths is
a perfect square. (Note: A perfect square is a number of the form k2,
where k is an integer).
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161. 2015 UMO Problem 5:A 3 × 3 grid is filled with integers (positive or
negative) such that the product of the integers in any row or column is
equal to 20. For example, one possible grid is:




1 −5 −4
10 −2 −1
2 2 5





In how many ways can this be done?

162. 2016 UMO Problem 1:Ada and Otto are engaged in a battle of wits. In
front of them is a figure with six dots, and nine sticks are placed be-
tween pairs of dots as shown below. The dots are labeled A,B,C,D, E, F.
Ada begins the game by placing a pebble on the dot of her choice.
Then, starting with Ada and alternating turns, each player picks a stick
adjacent to the pebble, moves the pebble to the dot at the other end
of the stick, and then removes the stick from the figure. The game
ends when there are no sticks adjacent to the pebble. The player who
moves last wins. A sample game is described below. If both players
play optimally, who will win?

Sample Game

1. Ada places the pebble at B.

2. Ada removes the stick BC, placing the pebble at C.

3. Otto removes the stick CD, placing the pebble at D.

4. Ada removes the stick DE, placing the pebble at E.

5. Otto removes the stick EA, placing the pebble at A.

6. Ada removes the stick AB and wins.

163. 2016 UMO Problem 2:Four fair six-sided dice are rolled. What is the
probability that they can be divided into two pairs which sum to the
same value? For example, a roll of (1,4,6,3) can be divided into (1,6)
and (4,3), each of which sum to 7, but a roll of (1,1,5,2) cannot be
divided into two pairs that sum to the same value.

164. 2016 UMO Problem 3:Can each positive integer 1,2,3, . . . be colored
either red or blue, such that for all positive integers , b, c, d (not nec-
essarily distinct), if  + b + c = d then , b, c, d are not all the same
color?

165. 2017 UNM-PNM Statewide High School Mathematics Contest II Prob-
lem 6:There are 12 stacks of 12 coins. Each of the coins in 11 of the
12 stacks weighs 10 grams each. Suppose the coins in the remaining
stack each weigh 9.9 grams. You are given one time access to a pre-
cise digital scale. Devise a plan to weigh some coins in precisely one
weighing to determine which pile has the lighter coins.

166. 2017 UNM-PNM Statewide High School Mathematics Contest II Problem

7:Find a formula for
∑⌊ n4 ⌋
k=0

� n
4k

�

for any natural number n.
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167. 2018 UNM-PNM Statewide High School Mathematics Contest II Problem
3:Let 1 < 2 < 3 be three positive integers in the interval [1,14]
satisfying 2 − 1 ≥ 3 and 3 − 2 ≥ 3. How many different choices of
(1, 2, 3) exist?

168. 2018 UNM-PNM Statewide High School Mathematics Contest II Problem
6:A round robin chess tournament took place between 16 players. In
such a tournament, each player plays each of the other players exactly
once. A win results in a score of 1 for the player, a loss results in a
score of −1 for the player and a tie results in a score of 0. If at least
75 percent of the games result in a tie, show that at least two of the
players have the same score at the end of the tournament.

169. 2018 UNM-PNM Statewide High School Mathematics Contest II Prob-
lem 8:Using red, blue and yellow colored toothpicks and marshmal-
lows, how many ways are there to construct distinct colored regular
hexagons? (Note that two colored hexagons are the same if we can
either rotate one of the hexagons and obtain the other or flip one of
the hexagons about some line and obtain the other.)

170. 2019 CIME I Problem 15: Let (Fn)n≥1 be a sequence of functions going
from N+ to N+ defined recursively by F1(n) = 1 and Fk(n) =

∑

d|nFk−1(d)
for all k ≥ 1. Compute the greatest integer less than or equal to
F2019(864)/F2019(648).

171. 2020 CIME I Problem 1:A knight begins on the point (0,0) in the coordi-
nate plane. From any point (, y) the knight moves to either (+2, y+1)
or (+1, y+2). Find the number of ways the knight can reach the point
(15,15).

172. 2020 CIME II Problem 2:Find the number of nonempty subsets S of
{1,2,3,4,5,6,7,8,9,10} such that S has an even number of elements,
and the product of the elements of S is even.

173. 2020 CIME I Problem 15:Find the number of integer sequences 1, 2, . . . , 6
such that

(1) 0 ≤ 1 < 6 and 12 ≤ 6 < 18, (2) 1 ≤ k+1 − k < 6 for all 1 ≤ k < 6,
and (3) there do not exist 1 ≤  < j ≤ 6 such that j−  is divisible by 6.

174. Mock AIME 1 2006-2007 Problem 11:Let Sn be the set of strings with
only 0’s or 1’s with length n such that any 3 adjacent place numbers
sum to at least 1. For example, 00100 works, but 10001 does not. Find
the number of elements in S11.

175. Mock AIME 1 2006-2007 Problem 2:Let ⋆() be the sum of the digits of
a positive integer . S is the set of positive integers such that for all
elements n in S, we have that ⋆(n) = 12 and 0 ≤ n < 107. If m is the
number of elements in S, compute ⋆(m).

176. Mock AIME 1 2007-2008 Problem 10:An oreo shop sells 5 different fla-
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vors of oreos and 3 different flavors of milk. Alpha and Beta decide to
purhcase some oreos. Since Alpha is picky, he will not order more than
1 of the same flavor. To be just as weird, Beta will only order oreos, but
she will be willing to have repeats of flavors. How many ways could
they have left the store with 3 products collectively? (A possible pur-
chase is Alpha purchases 1 box of uh-oh oreos and 1 gallon of whole
milk while Beta purchases 1 bag of strawberry milkshake oreos).

177. Mock AIME 1 2007-2008 Problem 3:A mother purchases 5 blue plates,
2 red plates, 2 green plates, and 1 orange plate. How many ways
are there for her to arrange these plates for dinner around her circular
table if she doesn’t want the 2 green plates to be adjacent?

178. Mock AIME 1 2007-2008 Problem 8:A sequence of ten 0s and/or 1s
is randomly generated. If the probability that the sequence does not

contain two consecutive 1s can be written in the form
m

n
, where m,n

are relatively prime positive integers, find m + n.

179. Mock AIME 1 Pre 2005 Problem 14:Wally’s Key Company makes and
sells two types of keys. Mr. Porter buys a total of 12 keys from Wally’s.
Determine the number of possible arrangements of My. Porter’s 12
new keys on his keychain (rotations are considered the same and any
two keys of the same type are identical).

Note: The problem is meant to be interpreted so that if you cannot
produce one arrangement from another by rotation, then the two ar-
rangements are different, even if you can produce one from the other
from a combination of rotation and reflection.

180. Mock AIME 1 Pre 2005 Problem 6:A paperboy delivers newspapers to
10 houses along Main Street. Wishing to save effort, he doesn’t always
deliver to every house, but to avoid being fired he never misses three
consecutive houses. Compute the number of ways the paperboy could
deliver papers in this manner.

181. Mock AIME 1 Pre 2005 Problem 7:Let N denote the number of permu-
tations of the 15-character string AAAABBBBBCCCCCC such that

None of the first four letters is an A. None of the next five letters is a B.
None of the last six letters is a C. Find the remainder when N is divided
by 1000.

182. Mock AIME 3 Pre 2005 Problem 2:Let N denote the number of 7 digit
positive integers have the property that their digits are in increasing
order. Determine the remainder obtained when N is divided by 1000.
(Repeated digits are allowed.)

183. Mock AIME 4 2006-2007 Problem 1:Albert starts to make a list, in in-
creasing order, of the positive integers that have a first digit of 1. He
writes 1,10,11,12, . . . but by the 1,000th digit he (finally) realizes that
the list would contain an infinite number of elements. Find the three-
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digit number formed by the last three digits he wrote (the 998th, 999th,
and 1000th digits, in that order).

184. Mock AIME 4 2006-2007 Problem 10:Compute the remainder when
�2007

0

�

+
�2007

3

�

+ · · · +
�2007
2007

�

is divided by 1000.

185. Mock AIME 4 2006-2007 Problem 5:How many 10-digit positive integers
have all digits either 1 or 2, and have two consecutive 1’s?

186. Mock AIME 4 2006-2007 Problem 8:The number of increasing sequences
of positive integers 1 ≤ 2 ≤ 3 ≤ · · · ≤ 10 ≤ 2007 such that  −  is
even for 1 ≤  ≤ 10 can be expressed as

�m
n

�

for some positive integers
m> n. Compute the remainder when m is divided by 1000.

187. 2016 JBMO Problem 4: A 5 × 5 table is called regular if each of its cells
contains one of four pairwise distinct real numbers, such that each
of them occurs exactly once in every 2 × 2 subtable.The sum of all
numbers of a regular table is called the total sum of the table. With
any four numbers, one constructs all possible regular tables, computes
their total sums, and counts the distinct outcomes. Determine the
maximum possible count.

188. 1988 AJHSME Problem 25:An unfair coin has probability p of coming up
heads on a single toss. Let  be the probability that, in 5 independent
toss of this coin, heads come up exactly 3 times. If  = 144/625, then

(A) p must be 2
5 (B) p must be 3

5
(C) p must be greater than 3

5 (D) p is not uniquely determined
(E) there is no value of p for which  = 144

625

189. 2017 JBMO Problem 4:Consider a regular 2n-gon P,A1, A2, · · · , A2n in the
plane ,where n is a positive integer . We say that a point S on one of
the sides of P can be seen from a point E that is external to P , if the line
segment SE contains no other points that lie on the sides of P except S
.We color the sides of P in 3 different colors (ignore the vertices of P,we
consider them colorless), such that every side is colored in exactly one
color, and each color is used at least once . Moreover ,from every point
in the plane external to P , points of most 2 different colors on P can
be seen .Find the number of distinct such colorings of P (two colorings
are considered distinct if at least one of sides is colored differently).

190. 1992 AHSME Problem 29:An unfair coin has a 2/3 probability of turning
up heads. If this coin is tossed 50 times, what is the probability that
the total number of heads is even?

(A) 25
�

2
3

�50
(B) 1

2

�

1 − 1
350

�

(C) 1
2 (D) 1

2

�

1 + 1
350

�

(E) 2
3

191. If the sum of all elements of a non-empty subset of S = {1,2, ...,9} is
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a multiple of 3, this subset is called nice. How many subsets do S are
nice?
Solution: Because 1+2+...+9=45 is divisible by 3, so if A is nice, S − A
is also nice. We only need to consider subset with less than or equal
to 4 elements. Separate S into three remainder categories: {1,4,7},
{2,5,8} and {3,6,9}.

� 1 element: choose one from {3,6,9}:
�3
1

�

= 3

� 2 elements:

– both are from {3,6,9};
– one is from {1,4,7} and the other is from {2,5,8};
�3
2

�

+
�3
1

��3
1

�

= 12

� 3 elements:

– all 3 elements are from {1,4,7} or {2,5,8} or {3,6,9};
– choose one element from each category;
�3
1

�

+
�3
1

��3
1

��3
1

�

= 30

� 4 elements:

– two elements are from {3,6,9}, one from {1,4,7} and one
from {2,5,8};

– one element is from {3,6,9}, three from {1,4,7} or {2,5,8};
– two elements are from {1,4,7} , two from {2,5,8};
�3
2

��3
1

��3
1

�

+ 2
�3
1

��3
3

�

+
�3
2

��3
2

�

= 42.

So there are 3+12+30+42=87 nice subsets with less than or equal to
4 elements, and there are also 87 nice subsets with 5 to 8 elements. S
is also nice. So there are 2*87+1=175 nice subsets.

192. In how many ways to assign 7 students into 5 different sports teams
such that student A and B are not in the same team? Assume each
student can only join one team and each team has at least one student.
Solution:

� one team has 3 students and each of the other 4 teams has 1
student:
�7
3

�

5! −
�5
1

�

5! = 3600

� two teams have 2 students and each of the other 3 teams has 1
student:12
�7
2

�

5! −
�5
2

�

5! = 11400

Total=3600+11400=15000.

193. In how many ways to choose two non-empty subsets A and B from
S = {1,2, ..., n} such that the largest element of A is smaller than the
smallest element of B?
Solution: Assume |AUB| = k,2 ≤ k ≤ n. There are k−1 ways to separate
the k elements into A and B.
So the number of ways=

∑n
k=2(k − 1)
�n
k

�

= (n − 2)2n−1 + 1.
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194. If each vertex of a square pyramid is painted with one of five colors and
the two ends of any edge must be different colors, how many different
colorings are possible?
Solution: Assume the square pyramid is S-ABCD, and the five colors
are 1,2,3,4,and 5.

� S,A,B: 3 different colors
�5
3

�

3! = 60 colorings. WLOG assume S=1,
A=2, B=3.

� C, D:

– C=2, D= 3 or 4 or 5
– C=4, D= 3 or 5
– C=5, D= 2 or 4

Total=60(3+2+2)=420 ways.

195. If the six faces of a cube are painted with six different colors and any
two adjacent faces must be painted in different colors, how many dif-
ferent colorings are possible?
Solution: Any three faces sharing the same vertex must use different
colors. So there are at least three colors.

� 3 colors: each pair of opposite faces use the same color:
�6
3

�

= 20

� 4 colors: One pair of opposite faces use different colors, but the
other two pairs use the same color. Assume the top and bottom
faces use different colors. There is only one way to arrange the
vertical faces:

�6
4

��4
2

�

= 90

� 5 colors: Assume the top and bottom faces use the same color:
�6
1

�

=
6, and the vertical faces use 4 different colors:

�5
4

�1
2(4 − 1)! = 15.

Total=6*15=90.

� 6 colors: Each uses one color. Put the face with color 1 as the
bottom. There are 5 choices for the top face, and (4-1)! ways to
arrange the vertical faces:

�5
1

�

(4 − 1)! = 30.

Total=20+90+90+30=230 ways.

196. Assume 1 ≤ , b, c ≤ 9. How many triangles with three side lengths
a,b,c are isosceles?
Solution:

� a=b=c:
�9
1

�

= 9 equilateral triangles.

� a=b>c:
�9
2

�

= 36.

� a=b<c<a+b: (2,2,3), (3,3,4), (3,3,5),(4,4,5), (4,4,6), (4,4,7),(5,5,6),(5,5,7),(5,5,8),
(5,5,9),(6,6,7),(6,6,8),(6,6,9),(7,7,8),(7,7,9),(8,8,9).

Total=9+36+16=61.
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197. In how many ways to distribute 11 identical pieces of candy to 6 kids,
assume no more than 3 kids get zero piece?
Solution: 1 + 2 + 3 + 4 + 5 + 6 = 11,0 ≤  ≤ 11.

� all  ≥ 0:
�11−1
6−1
�

=
�11−1
6−1
�

= 252.

� exactly one  = 0:
�6
1

��11−1
5−1
�

= 1260.

� exactly two  = 0:
�6
2

��11−1
4−1
�

= 1800.

� exactly three  = 0:
�6
3

��11−1
3−1
�

= 900.

Total=252+1260+1800+900=4212.

198. How How many k-sided polygons can be formed by using the vertices
of a convex n-sided polygons as the vertices of the pentagon and the
diagonals of the decagon as its edges? (Assume n > 2k)
Solution: Assume the n-sided polygon is A1A2...An, and the k-sided
polygon is A1A2...An,1 ≤ 1 < 2 < ... < k ≤ n.

� 1 = 1 and 2 ≤ 2 < 3 < ... < k ≤ n − 1. so 1 ≤ 2 − 1 < 3 − 2 < ... <
k − k ≤ n − k − 1:

�n−k−1
k−1
�

� 2 ≤ 1 < 2 < ... < k ≤ n: so 1 ≤ 1 − 1 < 2 − 2 < ... < k − k ≤ n − k:
�n−k
k

�

Total=
�n−k−1
k−1
�

+
�n−k
k

�

= n
k

�n−k−1
k−1
�

.

199. What is maximum number of points of intersection between the diag-
onals of a convex n-sided polygon?
Solution: For any group of 4 vertices, there is one interior intersection
of the diagonals. Therefore, the maximum number of intersections
(when there are no coincident intersections) is

�n
4

�

.

200. In how many ways to arrange 8 girls and 25 boys sitting in a round
table and there are at least two boys between any two girls?
Solution: Let  be the number of boys between the th and + 1th girl.
Then 1 + 2 + ... + 8 = 25, and each  ≥ 2. Let y =  − 2 ≥ 0, so we
have y1+y2+ ...+y8 = 9, which has

�9+8−1
8−1
�

=
�16
7

�

solutions. For each ar-
rangement of boys between girls, there are also (8-1)! ways to permute
8 girls in a circle and 25! ways to permute 25 boys. Total=

�16
7

�

7!25!.

201. What is the maximum number of triangles in a n-sided polygon if we
connect all vertices and no three diagonals intersect at the same point?
Solution:

� All three points are vertices:
�n
3

�

� Two points are vertices and the third one is one intersection point:
Any intersection point corresponds 4 vertices, and they form 4 this
kind of triangles: 4

�n
4

�

.
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� One points is vertex and the other two are intersection points: Any
two intersection points correspond 5 vertices, and they form 5 this
kind of triangles: 5

�n
5

�

.

� All three are intersection points: Any three intersection points cor-
respond 6 vertices, and they form only one this kind of triangle:
1
�n
6

�

.

Total=
�n
3

�

+ 4
�n
4

�

+ 5
�n
5

�

+
�n
6

�

.

202. How many interior line segments are created by connecting diagonals
of a convex n-sided polygon?
Solution: There are

�n
4

�

interior intersection points. Each diagonal is cut-
ting into thenmberoƒ nterorpontsonthsdgon + 1. So the total
number of line segments is equal to the 2* the number of intersection
points + the number of diagonals=2

�n
4

�

+ n(n−3)
2 .

203. Find the number of positive integer solutions to  + b + c = 6n, where
 ≤ b ≤ c.
Solution:

�  = b = c = 2n;

�  = b < c or  < b = c : so the unequal one must be even between
2 and 6n − 2, but not equal to 2n, since not all three are equal.
So there are 3n − 2 solutions, which correspond to  = b < c or
 < b = c.

�  < b < c: Assume there are k solutions in this case.

Without the restriction  ≤ b ≤ c, there are
�6n−1
3−1
�

= (6n − 1)(3n − 1)
solutions, which is equal to 1 + 3!(3n − 1) + 3!k = (6n − 1)(3n − 1), so
k = 3n2 − 3n + 1. Total=1 + (3n − 2) + (3n2 − 3n + 1) = 3n2.

204. How many ways are there to color n sectors of a circle with m colors
such that adjacent sectors have different colors?
Solution: Assume the n sectors are S1, S2, ..., Sn. Let An be the number
of ways. Easy to see A2 =m(m − 1).
If we don’t assume S1 and Sn adjacent, there are m(m − 1)n−1 ways
since S1 has m choices, and then S2 has m−1, S3 has m−1 choices,...,
Sn has m− 1 choices. Within the m(m− 1)n−1 ways, there are An ways
such that S1 and Sn are different; and there are An−1 ways such that
S1 and Sn are the same. So An + An−1 = m(m − 1)n−1. By fixed point
method, An = (m − 1)n + (−1)n(m − 1).

205. Alice has m pieces of candy to distribute among n kids. The distribution
process is as follows: the first kid gets 1 piece of candy, plus 1

7 of the
remaining candy; the second kid gets 2 pieces of candy, plus 1

7 of the
remaining candy; and so on, until the nth kid gets exactly n pieces of
candy. What are the values of m and n?
Solution: Let Ak be the number of pieces of candy distributed to kth



4.21. EXTRA COUNTING PRACTICE PROBLEMS 241

kid. So

A1 = 1 +
1

7
(m − 1)

Ak = k +
1

7
(m − A1 − A2 − ... − Ak−1 − k)

Ak+1 = k + 1 +
1

7
(m − A1 − A2 − ... − Ak − k − 1)

so

Ak+1 − Ak = 1 −
1

7
(Ak + 1)

Ak+1 =
6

7
Ak +

6

7

Ak =
1

7
(
6

7
)k−1(m − 36) + 6

m =
n
∑

k=1

Ak =
n
∑

k=1

1

7
(
6

7
)k−1(m − 36) + 6n = (m − 36)(1 − (

6

7
)n + 6n)

m =
7n

6n−1
(n − 6) + 36

Easy to see n must be 6 such that m is an integer. So n = 6, m = 36.

206. (AOPS) Begin with the 200 digit number 98765432198765...543210,
where the digits 0-9 are repeated in reverse order. From the left,
choose every third digit to form a new sequence. Repeat the process
with the new number. Continue repeatedly until the result is a two-digit
number. What is the remaining two-digit number?
Solution: Consider the positions 1-200. The selected positions in the
nth round are multiples of 3n. SO the last two positions are 81 = 34,
and 162 = 2∗ 34, which correspond to 98.

207. Begin with the 200 digit number 98765432198765...543210, where the
digits 0-9 are repeated in reverse order. From the left, remove every
third digit to form a number. Repeat the process with the new number.
Continue repeatedly until the result is a three-digit number. What is
the remaining three-digit number?
Solution: Consider the positions 1-200. The positions of the first two
digits of the remaining three-digit number must be 1 and 2. Assume
after n rounds, three digits are left. Let k be the position of the third
digit after k rounds. So n = 3. From k−1 to k, all multiples of 3 less
than k−1 are removed: k = k−1 − [ k−13 ] =k−1 −

k−1−r
3 , where r=1 or

2.
3k = 2k−1 + r.

3n = 2n−1 + r = 3∗ 3 = 9, n−1 = 4

3n−1 = 2n−2 + r = 3∗ 4 = 12, n−2 = 5

3n−2 = 2n−3 + r = 3∗ 5 = 15, n−3 = 7
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3n−3 = 2n−4 + r = 3∗ 7 = 21, n−4 = 10

3n−4 = 2n−5 + r = 3∗ 10 = 30, n−5 = 14

3n−5 = 2n−6 + r = 3∗ 14 = 42, n−6 = 20

3n−6 = 2n−7 + r = 3∗ 20 = 30, n−7 = 29

3n−7 = 2n−8 + r = 3∗ 29 = 87, n−8 = 43

3n−8 = 2n−9 + r = 3∗ 43 = 129, n−9 = 64

3n−9 = 2n−10 + r = 3∗ 64 = 192, n−10 = 95

3n−10 = 2n−11 + r = 3∗ 95 = 285, n−11 = 142

3n−11 = 2n−12 + r = 3∗ 142 = 426, n−12 = 212 > 200.

So n = 12, and 1 = 142. The positions of the third digit is 142. The
remaining three digit number is 988.

208. There are 5 balls and 5 boxes labeled with the numbers 1,2,...,5. In
how many ways to assign the 10 balls into the 10 boxes such that the
ith ball is not assigned into the ith box,  = 1,2, ...,5?
Solution: This is derangement problem:

!n = n!
n
∑

k=0

(−1)k

k!
.

Let Aj = (1, 2, ..., n)|j = j, j = 1,2, ..., n. Looking for |Ac1A
c
2...A

c
n
|. Easy to

see that
|Aj| = (n − 1)!,

|AAj| = (n − 2)!...

By P.I.E,
|Ac1A

c
2...A

c
n
| = n! − (|A1UA2U...UAn|),

|A1∪A2∪...∪An| =
n
∑

k=1

|Ak |−
n
∑

<j

|AAj|+
n
∑

 ̸=j ̸=k
|AAjAk |+ ...+(−1)n|A1A2...An|

=
�

n

1

�

(n − 1)! −
�

n

2

�

(n − 2)! + ... + (−1)n
�

n

n

�

(n − n)!

When n = 5,

|Ac1A
c
2...A

c
5| = 5!−(|A1∪A2U...∪A5|) = 5!−(5!−5!/2!+5!/3!+5!/4!−5!/5!) = 44.
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